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Chapter  10 

INFLUENCE  OF  HEAT  COKOUaiOR  ALONG  AXIS  ON  SAT  EXCHANGE  IN  TUBES 

10-1.  PRELIMRARY  REMARKS 

In  heat -exchange  problem  for  tubes,  we  ordinarily  assume 
that  the  change  in  heat-flux  density  caused  by  heat  conduction 
along  the  axis  Is  snail  In  comparison  with  the  radial  variation. 

In  other  words,  we  neglect  heat  transferred  by  conduction  In  the 
axial  direction.  In  nost  cases,  this  assuqptlon  Is  Justified  In 
practice.  It  can  lead  to  significant  errors,  however.  If  the  am¬ 
ber  Pe  (x/d)  Is  snail  (see  $6-1).  Such  conditions  are  encountered, 
for  exanple,  for  heat  exchange  with  a  flow  of  liquid  netals  (since 
Pr  is  snail,  Pe  Is  also  snail)  and  for  ordinary  liquids  In  direct 
proximity  to  the  entrance  {x/d  snail) .  Thus  determination  of  heat 
exchange  with  allowance  for  heat  conduction  near  the  axis  is  of 
both  theoretical  and  practical  Interest. 

Neglec;  of  axial  heat  conduction  significantly  simplifies 
determination  of  heat  exchange,  since  here  the  sole  mechanise  for 
transfer  of  heat  along  the  axis  Is  convective.  Thus  any  "thermal 
disturbance"  appearing  In  the  flow  can  only  move  downstream  with 
the  velocity  at  which  the  fluid  moves.  Here  the  temperature  field 
In  a  certain  flow  section  will  depend  on  the  temperature  fields 
(and  the  velocity  fields)  In  the  preceding  sections  alone.  If  we 
allow  for  the  heat  conduction  caused  by  the  axial  temperature 
gradients,  then  the  "thermal  disturbance"  will  not  only  be  carried 
along  by  the  moving  fluid,  but  will  also  propagate  upstream.  Under 
these  conditions,  naturally,  the  temperature  field  in  the  given 
.ow  section  will  depend  on  the  temperature  fields  in  both  preced¬ 
ing  and  succeeding  sections. 

This  feature  of  heat-exchange  processes  considered  with  al¬ 
lowance  for  axial  heat  conduction  substantially  complicates  the 
calculations,  since  It  Is  necessary  to  allow  for  the  relationships 
: —  g  heat -exchange  processes  In  different  parts  of  the  tube:  the 
stilling  segment,  heating  segment,  and  exit  segraert  (i.e.,  the  seg- 

f'  llowing  the  heating  portion) .  Here  the  stilling  segment  will 
not  ,e  isothermal.  Owing  to  upstream  transport  o*  heat  by  conduction, 
u  av,4. uniform  temperature  field  appears  In  the  stilling  sej?aent;  It 
Is  connected  with  the  temperature  field  In  the  heating  segment. 

Thus  on-i  a  few  heat-exchange  problems  can  be  solved  with  allowance 
for  axial  heat  conduction. 


-  - 
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10-2.  LlfHTUt  KUSSELT  IUMER  13  WJID  MO  FLAT  TUBES 

Let  ar  consider  the  heat-exchange  process  far  from  the  en¬ 
trance  in  the  beating  segment  of  a  tube,  allowing  for  axial  heat 
conduction  for  two  types  of  boundary  conditions:  constant  wall 
temperature  (t#  ■  const)  and  constant  heat-flux  density  at  the 

wall  lq%  ■  const). 

Since  the  beat-exchange  process  Is  investigated  far  froa  the 
tube  entrance,  l.e.,  for  large  I,  the  boundary  conditions  at  the 
entrance  cross  section  will  naturally  be  ellalnated.  If  we  assuae 
that  the  tube  extends  to  Infinity,  there  will  also  be  no  boundary 
conditions  specified  at  the  exit  cross  section.  All  reaalnlng  con¬ 
ditions  are  the  saae  as  in  SS6-1  and  8-1. 

Taking  the  foregoing  conditions  Into  account,  with  allowance 
for  heat  conduction  along  the  axis,  we  can  write  the  energy  equa¬ 
tion  for  the  flow  In  a  rand  tube  as  follows: 

jg+  y  j  jy-(l  -*)  jfr  (10-1) 


As  we  can  see  from  (10-1),  here  the  temperature  depends  not 
only  on  M  and  X,  hut  also  on  Pe,  which  appears  together  with  a  term 
allowing  for  the  heat  conduction  along  the  axis.  Wien  Pe  •»  •,  this 
tern  vanishes  and  (10-1)  goes  over  to  (6-2) . 

1.  He  first  Investigate  heat  exchange  in  a  round  tube  when 
*#  •  const,  a  case  considered  by  D.L.  Labuntsov  [1]  and  others  [2]. 

Here  It  la  convenient  to  replace  t  by  the  temperature  ♦■/-<«.  This 
substitution  does  not  change  (10-1).  The  boundary  condition  at  the 
wall  has  the  form 


•«0  far  A— I.  (10-2) 

He  seek  i  particular  solution  for  0  In  the  form 

ay  (—02). 

Substituting  this  expression  Into  (10-1),  we  obtain 

t"(*)+x+'t*) + [W 


As  usual,  we  represwat  the  function  f(R)  as  an  infinite  power 
series : 


t(A)= 


Determining  the  series  coefficients  from  the  preceding  equation. 
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we  obtain  the  recursion  relation ships 


bm  —  — 


P  + 


(*L)' 


nr 


■f  ^m-4  ■ 


where  m  takes  on  even  values  (0,  2,  4  ...). 

Prom  boundary  condition  (10-2)  it  follows  that  ij>(l)  ■  0;  satis¬ 
fying  this  condition,  we  obtain  a  relationship  for  determining  the 
eigenvalues  B . : 


Pe)=o. 

«|s0 


This  equation  has  an  Infinity  of  roots,  i.e.,  there  is  an  in¬ 
finitely  Increasing  sequence  of  eigenvalues  ft  (Pe)  (t=  1,  2,  3...)corres- 
pondlng  to  the  eigenfunctions  $i\R,  Pe). 

Thus  the  general  solution  of  the  problem  has  the  form 


*  =  V  A4t(R,  Pe)exp{— p<(Pe)XJ.  (10-3) 

(=i 

It  is  clear  from  the  structure  of  (10-3)  that  in  the  heat-ex¬ 
change  problem,  when  t  -  const  and  allowance  is  made  for  axial 

heat  conduction,  temperature-field  stabilization  will  also  set  in  . 
Thus  when  X  is  sufficiently  large,  the  temperature  distribution  will 
be  described  by  the  first  term  of  Series  (10-3),  while  the  local 
Nu  number,  determined  in  the  usual  manner,  will  cease  to  depend  on 
tube  length. 

The  limiting  value  of  Nu  is 


Nu  _ _ =2i^- 

Nu»~  F\4RJr= i  +i  (Pe) 


(10-h) 

Here  0—4 J  0(1—  R7)R  dRls  the  mean  mass  temperature  of  the  fluid 


in  the  given  cross  section;  ^1(Pe)  is  the  value  of  the  function 
^(fl,  Pe),  averaged  in  accordance  with  the  same  law. 
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TABLE  10-1 


Value  of  Num  for  Round  Tube  with  = 
const  3 


Pe 

1.0 

3.16 

10 

31.6 

100  ■  foaee  1 

h 

2.045 

4,625 

6.75 

7.28 

7.315 

NU* 

4.04 

3.96 

3.74 

3.68 

* 

3.66 

1)  or  more. 


Fig.  10-1.  Dependence  of  Nu^  •> 

«  a Ji/\  on  Pe  =  wh/a  for  a  flat 
tube  with  t  *  const. 

9 


It  follows  from  (10-4)  that  when  we  allow  for  the  axial  heat 
conduction,  the  limiting  value  of  Nu  for  our  problem  will  depend 
on  Pe.  This  relationship  has  been  determined  elsewhere  [1]  by  cal¬ 
culation  of  $,  and  Nu  for  various  values  of  Pe.  The  results  are 
1  00 

shown  in  Table  10-1. 

A  different  method  has  been  used  to  estimate  the  limiting 
values  of  Nu^  for  a  flat  tube  with  constant  wall  temperature  [3]. 

Figure  10-1  shows  the  computational  results. 

For  both  round  and  flat  tubes,  Nu  increases  as  Pe  decreases. 

00 

The  reason  is  that  as  the  contribution  of  axial  heat  conduction 
increases  as  compared  with  that  of  convective  transfer,  the  temp¬ 
erature  profiles  become  more  and  more  filled,  and  the  temperature 
gradient  at  the  wall  increases  more  rapidly  than  the  mean  mass 
temperature  of  the  fluid. 

2.  Let  us  now  look  at  the  case  of  heat  exchange  when  qs  = 

*  const  [1].  Here,  as  in  the  similar  case  considered  earlier  (see 
§8-1),  we  introduce  the  excess  temperature  'where 

is  the  I'nown  particular  solution  of  Eq.  (8-2)  for  the  region  of 
f  • abilized  heat  exchange;  t  is  the  constant  fluid  temperature 
in  the  stilling  segment  farrrom  the  entrance  to  the  heating  segment 


(i.e  ,  for  f— — <»),  where  axial  e  t  conduction  no  longer  has  any 
Influence . 

Since  R)  is  also  a  particular  solution  of  (10-1),  after 

making  the  substitution  we  hare 

(10-5) 

This  equation  must  be  solved  under  the  boundary  condition 


corresponding  to  q  *  const  (see  58-1). 

A  solution  can  be  obtained  by  the  same  method  as  for  the 

case  in  which  t  *  const.  Analysis  of  the  solution  shows  that  the 
8 

heat-exchange  process  will  become  stabilized  sufficiently  far  from 
the  entrance.  Then  the  expression  for  the  temperature  field  will 
have  the  form 

•4=*,-»+x(4RT‘7+T^,~*T^*“"ar)+c»  (10-6) 

i.e.,  it  differs  from  the  expression  for  t*  only  in  the  constant  C. 


Pig.  10-2.  Comparison  of  theor¬ 
etical  value  of  Nu^  with  experi¬ 
mental  heat -transfer  data  for 
mercury  flowing  in  a  round  tube. 


The  constant  C  characterizes  the  additional  temperature  rise 
in  the  fluid  and  the  wall  in  the  region  of  stabilized  heat  exchange 
caused  by  heat  supplied  by  conduction  along  the  axis.  The  value  of 
C  can  be  found  from  an  expression  following  from  the  energy-balance 
equation: 

|  X  jjj  2v  dr  =  v\  cvpuiC, 


from  which  we  have 

C=p?j^««  =  pT.-T- 
0 
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r 


The  mean  mass  temperature  of  he  fluid  in  the  thermal-stabil¬ 
ization  region  Is 

i 

7=4fi,i  -«•)*«=, -7+R,);  (10-7) 


the  temperature  head  Is 


U 


n  *.rf 

i r~r 


and  the  limiting  Nusselt  number  Is 


Nu 


fc d  _« 

ir 


4.36. 


Thus  when  we  allow  for  axial  heat  conduction,  the  limiting 

value  of  Nu  in  the  heat-exchange  problem  with  q  *  const  will 

*  s 

remain  the  same  as  before  (see  $8-1),  l.e.,  equal  to  4.36.  Again 
as  before,  the  fluid  and  wall  temperatures  in  the  region  of  stab¬ 
ilized  heat  exchange  will  vary  linearly  along  the  tube  length, 
but  they  will  be  greater  in  absolute  value  by  an  amount  C. 


Figure  10-2  compares  the  theoretical  value  of  Nuw  with  experi¬ 
mental  data  on  heat  exchange  for  mercury  flowing  in  a  round  tube; 
the  values  were  obtained  at  the  Moscow  Power  Institute  [4,  5].  The 
measurements  were  carried  out  at  a  distance  of  (18-43) d  from  the 
entrance  to  the  heating  section  for  an  Re  range  between  600  and  2300 

at  a  *  const.  As  we  can  see,  within  experimental  accuracy,  we  find 

8 

good  agreement  between  the  theoretical  and  experimental  values  of 

Nu^.1 

10-3.  NUMERICAL  METHOD  FOR  DETERMINING  HEAT  EXCHANGE  IN  TUBES  WITH 
ALLOWANCE  FOR  HEAT  CONDUCTION  ALONG  THE  AXIS 


Considerable  difficulties  are  Involved  in  applying  analytic  . 
methods  to  determination  of  heat  exchange  in  the  thermal  initial 
segment  of  a  tube  with  allowance  for  heat  conduction  along  the 
axis.  Numerical  methods  are  more  effective  in  solving  such  prob¬ 
lems. 


Fig.  10-3.  Derivation  of 
’•“at-balance  equations. 


Let  us  look  briefly  at  one 
such  method,  the  method  of  straight 
lines, as  applied  to  heat  exchange 
in  a  round  tube  (including  the 
thermal  initial  segment)  (see  [8]). 
The  method  consists  in  replacing 
the  continuous  radial  temperature 
variation  by  a  step  variation;  here 
the  temperature  distribution  over 
the  length  remains  continuous.  With 
such  an  approach,  the  partial  dif¬ 
ferential  equation  describing  the 
continuous  temperature  field  in  the 


l/259 
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fluid  flow  is  replaced  by  a  sys ;en  of  ordinary  differential  equations 
that  are  easily  solvable. 

Let  us  consider  steady  hear,  exchange  in  a  round  tube,  assuming 
that  the  physical  properties  of  the  fluid  are  constant,  that  the 
flow  is  stabilized,  and  (for  simplicity)  that  the  heat  of  friction 
can  be  neglected.  We  divide  the  tube  along  the  radius  into  several 
coaxial  cylindrical  layers,  whose  thicknesses  5^  need  not  be  identi¬ 
cal  in  the  general  case  (Pig.  10-3) .  The  tube  wall  can  be  treated 
as  one  layer.  The  heat  flow  produced  along  the  axis  by  conduction 
and  convection  is  computed  on  the  assumption  that  the  fluid  tempera¬ 
ture  and  velocity  do  not  vary  radially  within  each  layer,  but  equal 
the  mean  values  for  the  given  layer.  Consequently,  the  heat  flow 
through  the  cross  section  of  1  .yer  i  in  the  *  axis  direction  is 

(10-8) 


where  t.  is  the  fluid  temperature  in  the  given  cross  section  of 
layer  £:  a.  is  the  cross-sectional  area  of  layer  t;  X  and  e  are 

t  p 

the  thermal-conductivity  coefficient  and  specific  lsobarlc  heat 
capacity  of  the  fluid;  G.  is  the  rate  at  which  the  fluid  flows 

through  the  cross  section  of  layer  t. 

On  the  assumption  that  the  temperature  at  the  middle  of  each 
layer  equals  the  mean  temperature  of  the  fluid  in  this  layer,  we 
write  an  expression  from  the  heat  flow  from  layer  i  into  layer 
i  +  1  for  a  segment  with  length  dx;  it  has  the  form 


,M<< 


(10-9) 


where  ^+t=Y(rfl+rf*+i^  are  the  diameters  corresponding  to 

the  centers  of  layers  i  and  i  +  1. 

We  use  (10-8)  and  (10-9)  to  set  up  the  neat-balance  equation 
for  a  length  element  of  each  layer.  For  the  first  layer  (next  to 
the  wall),  we  obtain 

(10-10) 

where  q^  is  the  heat  flux  at  the  wall,  referred  to  unit  length  of 

tube.  If  we  are  gil'en  q  (s),  the  distribution  at  the  wall  of  the 

s 

heat-flux  density  along  the  tube  length,  then  q,**ndqr.  .*»,(/  is  the 
inside  diameter  of  the  tube. 


If  we  ar3  given  the  wall-temperature  distribution  t,(x)t  then 

b 


•l 


where  dtil=-^-(d +</,). 


?tr  ary  :f  :.a-  ren!i;^  5  other  than  the  first},  the 

b* it-ci'jir*  *rntl=  will  bare  tti  font 

i «  < ">-u> 

Ibes  -a  rlrtae  of  the  axial  *  Taetrj  of  the  temperature  field, 
the  last  tent  in  (10-11)  will  nsl.ij  for  the  last  layer. 

He  tins  obtain  t  seconi -crJs r  ordinary  differential  equations, 
vhich  allow  for  tbe  .'bssiry  ccsdit'scs  at  ti.--*  wall.  Ve  solve  this 
system  to  fled  the  tes?  ers  .are  variation  as  a  function  of  x  for 
east  layer,  to  within  c.sscant  values.  The  constants  are  found 
from  the  boundary  eoodltiees  at  the  entrance  and  exit  of  the  tube 
(or  at  infinity) . 

After  the  equations  describing  the  temperature  field  have 
been  found,  it  is  not  difficult  to  determine  the  local  beat-trans¬ 
fer  coefficient.  Thus  when  f  fxi  is  given  at  the  inside  wall  sur¬ 
face.  • 

ie—  f 

The  wall  temperature  is 

<r=l.-r^. 

If  we  are  gives  the  distribution  ts(c)  at  the  inside  wall  sur¬ 
face.  then 

SK.-U 
m—  .  . 


The  neac  mass  temperature  of  the  fluid  is  determined  in  the 
usual  Banner. 

The  approximate  net  rod  presented  here  will  be  sore  effective 
the  fewer  the  number  of  layers  required  to  attain  the  necessary 
accuracy.  Estimates  obtained  by  comparing  the  results  of  computa¬ 
tions  by  the  approximate  net hod  with  exact  solutions  for  certain 
problems  have  shown  that  the  error  does  not  exceed  1-21  even  for 
ol vision  into  four  layers. 

it -4.  NEAT  EXCHANGE  IN  ROUND  AND  FLAT  TUBES 

'Let  use  the  net  hod  of  the  preceding  section  to  investi¬ 
gate  best  exchange  in  a  round  tube  (Including  the  thermal  initial 
^■“caent )  with  allowance  fcr  axial  neat  conduction  [8].  For  simpli¬ 
city  ,  ve  shall  assune  that  the  tube  wall  is  infinitely  thin.  Let 
the  stilling  segment ( — »<* <■  0# be  heat-insulated,  and  let  a  con¬ 
stant  heat-flux  density  q  or  constant  wall  temperature  t  be  main- 

* alned  at  the  surface  of  the  heating  segment  (0  For  x  =  — 

the  fluid  temperature  in  the  stilling  segment  is  constant  and  equal 
t All  ether  conditions  are  the  sane  as  in  $5  6—1  and  8-1. 
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2.  We  first  consider  heat  exchange  for  »  const.  We  divide 

the  tube  cross  section  into  four  layers:  6i**6j-fo/6 ««»**“ 64 *=*r0/3,  and 
set  up  the  heat-balance  equations  for  each  layer;  this  yields  the 
following  system  of  differential  equations: 

fl|  pe-*e-,  _  b,&,  +  C,  =  C,  (0,  -  6t). 

°»P*  *8",  —  9,)=C, (0|  —  8,),  qq 

a,  Pe-0",  _  6,0',  4.  C,  (0,  -  0.)  r=C,  (0,  -  8«), 

0.  Pe-  *0",  -  6,0', + C,  (0,  -  0J = 0. 

t— t 

Here  9  =  -77^  ;  a j,  bi,  C,**-'Cj(i  =  1,  2, 3««»4)are  constants.  The  deriva¬ 
tives  are  taken  with  respect  tc  the  dimensionless  coordinate 
***=-—•  When  *<0C,  =  0,  «h.«X>0C,  =  l. 

A  solution  of  System  (10-12)  is  found  for  *<0  >0.  The 

constants  are  found  from  the  boundary  conditions: 


for  X = —  00 
for  X=0 
for  X  =00 


0  =  0; 

9jr<o=9Jr>0 .  9,jr<o==9,jr>o» 
0’=4. 


(10-13) 


The  last  boundary  condition  follows  directly  from  Eq.  (10-6) 


By  solving  the  problem,  we  obtain  the  following  equations . 
For  the  temperature  field: 
for  X>0 


for  X  <  0 


0j  =  AX + Atj  exp  (—  tjX)  -f  A«,; 


0«=£fl<i  exp  (M0- 

1=1 


(10-14) 


For  the  mean  mass 
for  X>0 

I 

for  X<0 


temperature  of  the  fluid: 

•  §=4*  +  2Cjexp(—  «,*)  +  <;,; 
/=' 

9  =  V  D,  exp  faX). 

1=1 


For  the  local  Nusselt  number: 


(10-15) 


jl=J]£,exp<-.JAr)+£..  (10-16) 

1=1 

Here  Nu  =  eu*/A;  A(],  Bi},  C)t  Di%  Et,  *j.ndHjare  constants  that  depend 
on  Pe.  Table  i0-2  shows  the  values  of  the  constants  needed  to 
determine  0  and  Nu. 
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TABLE  10-2 

Values  of  Constants  In  Eqs .  (10-15)  and  (10-16) 


Pe 

1.0 

*.5 

10 

43 

F» 

1 

1.0 

9,5 

to 

45 

c, 

0,0132 

0,0144 

0,0058 

-0,0004 

• 

-0,0069 

-0.0077 

— 0,0118 

-0,0292 

Ci 

0,'.W4 

0,0006 

-0.0003 

—0,0066 

Ei 

0,2330 

0.2330 

0.2330 

0.2330 

Cl 

1  0,0013 

0.0014 

0,0017 

'■  0,0020 

6,65 

14,6 

33,7 

42,6 

cA 

4,0083 

0,6485 

0,0461 

0,0075 

*i 

10,3 

23,5 

64,2 

105 

D, 

4.0439 

0,6814 

0,0596 

0.0029 

«» 

18,4 

44,8 

157 

435 

Dt 

-0.0171 

-0,0160 

—0,0047 

0,0000 

t*i 

0,995 

6.05 

73.5 

849 

D, 

0,0000 

0.0003 

0,0008 

-0,0011 

l*i 

7.97 

22.9 

173 

2000 

d\ 

-0.0012 

-0,0011 

-0,0008 

0.CO04 

i*i 

11,8 

32,7 

222 

2990 

Ei 

-0,0536 

-0.0627 

-0,0753 

-0,0809 

1*4 

19,1 

49,3 

236 

3860 

Ei 

a 

-0,0095 

-0,0134 

-0.0313 

-0.0647 

Fig.  10-4.  Temperature  distribu¬ 
tion  over  flow  cross  section 
when  Pe  *  1  for  various  values 
of  X. 


J-X-I;  J-JC-0.1:  i  —  X— 0,06  4  — 

-0.001;  l-X - 0.05;  f-X - 0,1: 

X  —  1 .0. 


X- 

1- 


Figure  10-4  shows  the  temperature  distribution  over  the  flow 
cros^  section  for  Pe  «  1,  computed  from  Eqs.  (10-14).  Owing  to 
upstream  heat  conduction,  the  temperature  field  will  not  be  uni¬ 
form  in  the  stilling  segment,  as  the  figure  shows.  Figure  10-5 
shows_the  variation  in  0  with  length  for  various  values  of  Pe. 

re  O’  is  larger  the  smaller  Pe.  Wien  Pe  is  small  enough,  a  no¬ 
ticeable  increase  in  0  is  found  even  in  the  stilling  segment.  As 
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Fig.  10-5.  Dependence  of  <?  on  X  for  a  round  tube  with  Pe  -  1,  2.5, 
and  10  with  (solid  lines)  and  without  (dashed  line)  allowance  for 
axial  heat  conduction. 


Pe  increases,  the  mean  fluid  temperature  approaches  limiting  values: 

8=0  for  *<0»»»<}  =  4pL.-^-  for  *>0,  values  corresponding  to  negligible 
change  in  the  heat  flux  produced  by  axial  heat  conduction.  " 

Figure  10-6  shows  Nu  as  a  function  of  X  for  various  values 
of  Pe  in  accordance  with  Eq.  (10-16).  The  figure  also  shows  a  curve 
for  the  limiting  case  (Pe  ♦  «)  corresponding  to  negligible  influence 
of  axial  heat  conduction.  As  the  figure  shows,  the  influence  of  axial 
heat  conduction  appears  primarily  as  a  reduction  in  Nu  as  Pe  decreases 
at  small  X.  Thus,  for  example,  when  X  =  0,  Nu  has  the  following  val¬ 
ues: 

Pe  =  l,0;  2,5;  10;  45; 

NUjri_0=6,14;  6,7;  8.73;  17,2. 


Fig.  10-6.  Dependence  of  Nu  on 
X  for  round  tube  with  Pe  *  1, 
2.5,  10,  and  45  with  (solid 
lines)  and  without  (dashed 
line)  allowance  for  axial  heat 
conduction. 
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TABLE  10-3 

Values  of  Reduced  and  Relative  Length^  of 

Thermal  Initial  Segment  for  Round  Tube 

with  q„  ■  const 
’  s 


l  V, 

Pi 

9t  4 

A 

Pt 

*K"  A 

4 

l.O 

0.485 

0.485 

10 

0.106 

1.05 

2.5 

0,224 

0.560 

45 

0,064 

3.78 

This  result  is  understandable  from  the  physical  viewpoint, 
since  the  flow  of  heat  out  of  the  layer  near  the  wall  to  the  stilling 
segment  causes  a  reduction  in  the  temperature  gradients  at  the  wall. 


Moreover, 


the  reduced  length 


of  the  thermal  Initial  segment 


decreases  as  Pe  Increases,  reaching  a  limit  of  0.07.  Here  the  rela¬ 
tive  length  of  the  thermal  initial  segment  Increases.  Table  10-3  _ 
shows  the  dimensionless  lengths  of  the  Initial  segment.  They  were* 

computed  on  the  basis  of  the  condition  that  X*  RpTr  when  Na*IjO)N>» 


As  we  can  see  from  (10-16),  when  X  ♦  -,  Hu  approaches  Its  limit 


=  E~'  4 ,29. 

which  Is  only  1.6%  below  the  limit  Hu,,  *  4.36  obtained  from  the 

exact  calculations.  To  eliminate  this  difference, caused  by  the 
approximate  nature  of  the  numerical  calculations.  It  Is  best  to 
let  the  constant  E j.  equal  11/48. 

Thus,  for  the  case  under  consideration,  for  small  Pe,  the 
axial  heat  conduction  Influences  heat  exchange  only  In  the  region 
of  the  thermal  Initial  segment,  whose  length  is  relatively  slight. 
This  is  particularly  clear  from  Pig.  10-7,  which  shows  the  ratio 
of  Nusselt  numbers,  computed  with  (Nu)  and  without  (Nu~)  allow¬ 
ance  for  axial  heat  conduction.  When  Fe>50  — *X  >0.002,  tne  ratio 

1 .05 r-  > 0,85  .  We  can  say  with  confidence  that  when  Pe  >_  100, 

the  Influence  of  axial  heat  conduction  will  be  negligible. 

If  the  tube  wall  has  sufficient  relative  conductivity  in  the 

axial  direction,  which  is  characterized  by  (l  —  wtmm  d*  ls  the 

outside  diameter  of  the  tube  and  1.1s  the  thermal-conductivity 

s 

coefficient  of  the  wall,  this  may  have  a  significant  Influence  on 
heat  exchange  In  the  Initial  segment.  Figure  10-8  shows  Nu  as  a 
function  of  X  for  Pe  *  10  tinder  the  same  conditions  as  in  the  pre¬ 
ceding  case,  but  with  allowance  for  wall  heat  conduction  In  the 

axial  direction.*  The  calculations  were  carried  out  for  a  value  of 


*/?*•) 
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the  para9eter|i-^-j^-«9oo  the  u.s»ptlob  that  &  cons  tun 

density  is  saintalned  at  the  cutside  nail  surface,  and  that  the  wall 
t hemal  resistance  is  negligible  in  the  radial  directions.*  As  the 
figure  shows,  axial  heat  conduction  in  the  wall  has  no  influence  on 
■u_  or  the  length  cf  the  tbemil  initial  segueat,  tot  it  does  sub¬ 
stantially  redace  beat  transfer  in  the  initial  segpent.  This  redaction 
In  beat  transfer  is  associated  with  re  non!  of  heat  along  the  wall 
fron  the  heating  segment  to  the  stilling  segment.  Figure  19-$  shows 
the  variations  in  wan  mass  temperature  of  the  flaid  and  tenpera- 
ture  of  the  wall  inside  surface  urder  the  sane  conditions.  Lite 
fluid  axial  heat  conduction,  the  wall  heat  ccndaetlon  Increases  9  and 


It  is  not  difficult  to  ot'.cls  expressions  for  5  and  in  the 

region  of  stabilized  heat  exchange  with  allowance  for  axial  heat 
conduction  in  the  fluid  and  the  wall;  to  do  this,  we  add  a  tens 
allowing  for  wall  heat  conduction  to  Eq.  (10-7).  As  a  result  we  ob¬ 
tain 


and 


t*7F1FY,|‘lil||,t,^(7-1]  (19-17) 


(19—18) 


Iffeen  the  tube  length  l  »  l  t,  these  equations  can  be  zsed, 

with  a  certain  degree  of  approxmatlon,  for  all  positive  values  cf 

X. 


3-  Let  us  now  consider  the  ease  of  beet  exchange  In  a  round  tde 
whose  wall  teuperwture  is  maintained  constant  and  equal  to  over 

the  segaent  between  w  ;  the  wall  is  heat-insulated  between 


The  results  cf  computations  carried  out  with  the  netted  and 
the  conditions  specified  in  Si  are  sheen  in  Figs.  10-10  and  10-11. * 

r.~  we  see,  the  variatlcn  in  8  =  alcng  the  tube  length  depends 

essentially  on  Pe.  For  sell  Pe,  the  temperature  field  in  the  still¬ 
ing  segaent  is  nonunifom  for  a  considerable  distance  fron  the  r  * 

*  0  section.  As  Pe  Increases,  however,  the  region  of  not&aifom 
lenperature  distribution  contracts  rapidly,  and  at  Pe  »_  ICC,  the 
temperature  distribution  over  the  length  cf  the  stilling  segment 
(except  for  very  snail  |r|)  becoass  nearly  uni  for*.  In  the  heat- 
*ng  segment,  0  varies  no  re  sharply  along  the  length  the  greater  Pe. 
a:.  iue  t hemal  initial  sepwnt,  Ku  is  significantly  lower  for  snail 
Pe  than  for  large,  as  for  the  case  in  which  qr  »  const.  The  limiting 

value  of  liu^  rises  slightly  as  ?e  decreases,  as  has  been  shown  by 
a  acre  rigorous  theoretical  analysis  (see  $10-2). 

The  data  given  show  that  for  heat  exchange  in  a  round  tube 
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tb  «  c  xjI,  the  ailsl  beat  cc,  can  be  neglected  If 

**  ^  105,  y*;i>  ( for  ?e  =  1 13,  the  axial  neat  conduction 

hu  as  effect  oaly  fer  a  segasnt  0.5c  long). 

Let  jj  consider  heat  each  ge  in  a  flat  tube  with  an  abrupt 
change  In  wai1  teeperatare.  Let  ?  temperature  of  both  wal.s  be 
t#1  then  — «»<-*<#  ,  and  fj?  when  0  - 1<«  ;  here  tsl  »*  *s2.  In  contrast 

to  the  sane  problem  as  considered  in  § 6-2,  here  we  allow  for  beat 
transfer  owing  to  axial  conduction.* 

figure  1C- 12  shows  t^e  distribution  of  tre  diner,  similes  a  tesp> 
eratuxa •*  over  toe  tube  crofs  section  for  values  X  *  —  3.25, 

0,  and  0.25  with  Pe  -  2  (berejaJ^i.:  k  is  the  width  of  tna 

«  *  c  _  _ 

tube) .  The  disagreement  between  the  dashed  curves  for  ®ki  —*«**>* 

at  X  *  0  Is  explained  by  the  fact  that  a  Halted  rater  of  series 
terns  was  used  in  the  calculation.  The  center  curve  gives  a  c*ite 
good  idea  as  to  the  actual  te  agent  are  distribution  at  z  ■  0 .  Fig¬ 
ure  10-13  shows  the  why  in  which  the  ween  sass  tet; 3  nr'ea 
with  the  length  for  the  sane  value  of  Pe.  By  hypothesis,  t..:. 

X - « t«|  ,  and  MbraI»«lsO.  For  all  other  values  of  J,  siec 

Pe  is  snail,  the  tenge  rat  ere  field  is  noumiforn,  and  hex*  axchatgc 
Is  ohservad  under  the  spedfiud  boundary  conditions;  if  heat  flows 
from  the  fluid  to  the  wall  when  X  >  0,  It  flows  from  the  well  to  the 
fluid  when  X  «  0.  Mxo  Pe  ♦  the  influence  of  axial  heat  conduc¬ 
tion  became!  unimportant,  and  in  the  region -»<J<0  ,  l.e. , 

tnls  tube  segment  here— t  an  ordinary  lsothernal  d^n^liag  s  guent, 
with  no  heat  transfer. 

Ih  ^Tlp~r  10-1*  shows  the  variations  in  the  local  value  of 

with  tube  length  for  both  I  >  0  and  I  <  0.  «*n  X  *  0,  both 
>■,41  tndlh^  go  to  infinity,  and  this  is  associated  with  the  in- 

*"'nite  increase  In  the  temperature  gradient  at  the  wall  when  7*3. 

It  is  interesting  to  note  that  for  the  specified  boundary  conCIt'crs 
(tkl  ■  const  and  tj2  ■  const),  in  contrast  to  the  cases  considered 

*  S$2  and  3,  the  axial  beat  conduction  causes  an  increase  in 

beat  transfer  in  the  the  real  initial  segment. 


■■  /  I  «•  \ 


Fig.  1C— 7-  Values  of 
for  various  values  of  Pe. 


Pig.  10-8.  Dependence  of  Hu  as  a  function  of  I.  1)  No  allowance  for 
axial  heat  conduction;  2)  with  allowance  for  fluid  axial  heat  con¬ 
duction  at  Pe  *  10;  3)  with  allowance  for  axial  heat  conduction  of 

fluid  and  wall  with  Pe  *  10  and 


Fig.  10-9.  Values  of  0_  and  §  as  functions  of  I  with  Pe  *  10.  1)  0 

5  S 

with  allowance  for  axial  heat  conduction  of  fluid  and  wall;  2)  C 
under  the  sane  conditions;  3)  3  with  allowance  far  axial  heat  con¬ 
duction  of  fluid  alone . 


Fig.  10-13.  Values  of  a^for  round  tuie  at  *  const  rith 

allowance  for  axial  heat  conduction. 
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?ig.  10-11.  Values  of  N«  =  /^p£— Pejfor  round  tube  at  tg  =  const  with 

(solid  lines)  and  without  (dashed  line)  allowance  for  axial  heat 
conduction . 


Pig.  10-12.  Distribution  of  0 
over  cross  section  of  flat  tube 
under  abrupt  change  in  wall 
temperature  (Pe  «  2).  1)  1  * 

■  -  0.25;  2)  J  ■  0  (center 
curve);  3)  X  *  +0.25. 


Pig.  j.G-13.  Dependence  of  0  or  I  under  abrupt  change  in  wall  temp¬ 
erature  in  flat  tube.  1)  Pe  *  2;  2)  Pe  “. 
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Pig.  10-14.  Dependence  of  Nu  on  X  under  abrupt  change  in  wall  temp¬ 
erature  for  flat  tube.  Solid  lii.es)  Pe  =  2;  dashed  line)  Pe  •+•  00 . 


Analysis  of  heat  exchange  in  tubes  with  allowance  for  axial 
heat  conduction  is  simplified  substantially  if  we  assume  that  the 
fluid  velocity  is  constant  over  a  cross  section  (bar  flow) .  It  is 
appropriate  to  consider  this  question  in  Chapter  12,  ho’wever,  where 
we  shall  look  at  heat  exchange  in  the  hydrodynamic  initial  segment. 
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Footnotes 


*In  contrast  to  the  theory,  experiments  have  been  report¬ 
ed  [6,  7]  on  heat  transfer  to  liquid  metals  at  low  values 
of  Pe  in  which  a  rapid  increase  in  Nu  was  detected  as 
Pe  increases.  It  has  been  shown  [4,  5J  that these  data  are 
In  error,  since  in  design  of  the  experiments  and  process¬ 
ing  of  the  results  there  was  no  allowance  for  heat  trans¬ 
ferred  by  fluid  and  wall  conduction  in  the  direction  of 
the  tube  axis . 

Equation  (10-10)  has  been  written  on  the  assumption 
that  the  boundary  condition  is  specified  at  the  inside 
surface  of  the  tube  wall.  Thus  the  process  of  heat  con¬ 
duction  in  the  wall  is  neglected. 

3With  allowance  for  axial  conduction  along  the  tube, 


where  q is  the  heat-flux  density  at  the  inside  wall 
surface  and  t  is  the  temperature  of  this  surface. 

255  "The  calculations  were  performed  by  V.V.  Kirillov 

255  *The  calculations  were  performed  by  A.Ya.  Yushin. 
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*The  problem  has  been  solved  analytically  by  Agrawal 
[9],  but  the  computational  results  are  shown  only  for 
le  =  2. 


Transliterated  Symbols 


c  ■  s  *  stenka  =  wall 

h.t  «  n.t  *  termichepkly  nachal'nyy  «  thermal  initial 
h  «  n  ■  naruzhnyy  *  outside 
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Chapter  11 

HEAT  EXCHANGE  IN  ROUND  AND  FLAT  TUBES  MiT.i  BOiftLARY  CC.%D1TXG9CS 

OF  THE  THIRD  KIND 

11-1.  PRELIMINARY  REMARKS 

In  many  heat-exchange  systems,  for  example.  In  heat  exchangers, 
the  fluid  flowing  In  the  tube  Is  cooled  or  heated  by  a  medium  (an¬ 
other  fluid)  that  washes  the  tube  from  the  outside.  Strictly  speak¬ 
ing,  the  determination  of  heat  exchange  for  such  systems  would  re¬ 
quire  solution  of  a  conjugate  problem,  l.e.,  joint  consideration 
of  three  temperature  fields:  In  the  fluid  flowing  within  the  ti.De, 

In  the  tube  wall,  and  In  the  flow  washing  the  outside  of  the  tube. 
Significant  difficulties  are  Involved  In  the  solution  of  such  con¬ 
jugate  problems,  however.  To  eliminate  or  reduce  these  difficulties, 
while  not  going  too  far  from  the  actual  conditions,  we  make  certain 
assumptions.  The  first  consists  In  the  following:  the  temperature 
field  at  the  wall  Is  taken  to  be  uniform,  l.e.,  heat  is  transferred 
only  In  the  direction  normal  to  the  wall  surface,  and  heat  conduction 
along  the  wall  Is  negligibly  small.  Naturally,  this  assumption  ig¬ 
nore  supportable  the  lower  the  axial  temperature  gradients  In  the 
wall  as  compared  with  the  radial  gradients.  As  the  second  assumption, 
we  omit  detailed  consideration  of  the  heat-exchange  process  in  the 
flow  washing  the  outside  of  the  tube;  Instead,  we  specify  boundary 
conditions  of  the  third  kind  at  the  outside  surface  of  the  tube. 

This  means  that  the  local  heat-flux  density  at  the  wall  Is  taken 
to  be  proportional  to  the  difference  between  the  temperature  t  . 
of  the  outside  wall  surface  and  the  temperature  t,  of  the  si.r-  * 
rounding  medium: 


?C  =  #l(^l - i|). 


where  ai_  is  the  coefficient  of  heat  transfer  from  the  outside  .~oe 
surface  to  the  surrounding  medium.  We  assume  the  values  of  i,;  and 

to  be  given.  In  the  general  case,  oi  Is  a  function  of  the  coor¬ 
dinates  of  the  points  on  the  outside  tube  surface.  The  calculations 
are  usually  carried  out  under  the  assumption  that  -  const,  how¬ 
ever.  Naturally,  the  results  of  such  calculations  will  be  closer 
to  the  actual  case  the  better  this  assumption  is  satisfied. 

Under  steady-state  conditions,  q  can  be  represented  by  the 
following  relationships:  s 

qr=u(i  — 1<)  —  (li-i: 
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’  ncre  t  ai  l  t  are  the  mean  mass  emperature  of  the  fluid  and  the 

t  mperatur  *  cf  the  inside  wall  surface  at  the  given  tube  cross  sec- 
.;.on;  a  is  the  local  coefficient  of  heat  transfer  from  the  fluid 
flowing  in  the  tube  to  the  inside  wall  surface;  K 1  is  the  local 
eoefflcien*  of  heat  transfer  fror  the  inside  surface  of  the  wall 
to  the  surrounding  medium;  K  is  tne  local  coefficient  of  heat 
transfer  from  the  fluid  flowing  in  the  tube  to  the  surrounding 
medium.  The  coefficients  o,  and  K  are  associated  by  the  rela¬ 
tionship 


J _ _L_l_L 

(11-2) 


For  a  round  tube. 


K'  2Xe  in  d  r„ld|  • 

for  a  flat  tube  (and  tubes  of  any  cross  section,  provided  6  is 
substantially  less  than  the  cross-sectional  dimensions) 

j _ « _ | _ i_ 

K'  ~  K  "r-  «.  ’ 


where  d  and  are  the  tube  inside  and  outside  diameters; 


wall  thickness;  X, 
wall  material. 


6  is  the 

is  the  thermal-conductivity  coefficient  for  the 


Multiplying  (11-2)  by  the  fluid  thermal-conductivity  coeffi- 
;ient  X  and  dividing  by  d,  we  obtain 


i 


i 


i 


Nu,  Nu  'Iff* 


(11-3) 


Here 


Nnr=J^i  is  a  number  which  we  call  the  general  Nusselt  number; 
Nu=^-  is  the  ordinary  Nusselt  number; 

Bi=^  I®  the  Biot  number. 

For  the  problem  of  heat  exchange  under  boundary  conditions 
of  the  third  kind,  both  Bi  and  the  temperature  of  the  surround- 

medium  are  given;  we  do  not  know  Nu^,  Nu,  or  the  wall  tempera- 

i  and  t..  If  Bi  -*•  ®,  then  t  t,  and  Nu„  =  Nu,  i.e.,  the 

problem  of  heat  exchange  under  boundary  conditions  of  the  third 
kind  goes  over  to  a  problem  with  boundary  conditions  of  the  first 
kind. 


11-2.  HEAT  EXCHANGE  IN  A  ROUND  TUBE  WITH  CONSTANT  TEMPERATURE  IN 
SURROUNDING  MEDIUM 

The  problem  of  heat  exchange  in  a  round  tube  under  boundary 
onditions  of  the  third  kind  was  first  considered  in  a  very  gen- 
ral  formulation  (with  allowance  for  axial  heat  conduction  and 
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and  ene ’g'  dissipu  .  by  L.S.  .eybenzon  in  1922  [lj.  ..e  obtainea 
a  solut  on  in  hyper geometric  functions,  but  did  not  carry  it  all 
the  way  through.  In  1951,  Lauv^rfer  [2]  obtained  a  solution  to  this 
problem  independently  of  Leybenzon,  but  in  a  less  general  formula¬ 
tion  (neglecting  axial  heat  conduction  and  energy  dissipation).  Un- 
fortuna1  ly,  the  hyper geometri  functions  are  not  tabulated,  which 
hampers  p  actical  utilization  of  the  results  obtained.  In  the  en¬ 
suing  discussion,  therefore,  we  shall  consider  a  solution  of  this 
problem  obtained  in  a  form  convenient  for  practical  application. 
This  problem  (Pig.  11-1)  differs  fromthe  one  considered  in  §6-1 
only  in  the  boundary  conditions  at  the  wall.  Here  the  boundary  con¬ 
ditions  at  the  inside  wail  surface  have  the  form 


where  K '  and  are  constants. 

Introducing  the  dimensionless  variables 

n  t  — h  y _ 2  '  x  —  wd  n  r 

0  ^"PC  d  ’  pe=— 

we  write  the  energy  equation  and  boundary  conditions  in  the  form 


d*e  ,  i  de 

dR1  ‘  R  dR  ""'1 

(11-4) 

de 

dR 

(11-5) 

e(0,  /?)=!. 

(11-6) 

A  solution  has  been  obtained  for  this  problem  by  Schenk  and 
Dumore  [33;  they  used  the  ordinary  method  of  separation  of  variables. 
Letting 


8  =  /ty  (R)  exp  (—  t*X) 

and  substituting  this  expression  into  (11-4),  we  obtain 

f+Irr^d-^HO.  (u-7) 

The  boundary  conditions  (11-5)  for  ip  are  written  as 

*'(!)=  — rr Bi*(l),  *'(0)=:0.  01-8) 

A  general  solution  of  the  problem,  satisfying  Eq.  (11-7)  and 
Conditions  (11-6)  and  (11-8),  can  be  written  as  a  series  in  eigen¬ 
functions: 

#(*■  *>=  (n  , 

/i  =  0 

whe-’e  f  («— 0,  I.  2  . . .) are  the  eigenvalues  of  System  (11-7)  and  (11-8). 
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If  ^  U  is  represented,  as  usual,  as  a  power  series  of  the 
(6-10)  ty;  ■?  with  coefficients  b2r  that  are  the  same  as  in  the  prob¬ 
lem  with  -  const,  and  if  Condition  (11-8)  is  satisfied,  we  then 
‘■'btain  thr  .’ollowing  equation  fo~  calculating  the  eigenvalues: 

as  so 

V  2 no,  »*"  =  —  BiV6tB«*,,. 

*=o 


Pig.  11-1.  On  the  problem  of  heat 
transfer  in  a  round  tube,  with 
ambient  medium  at  constant  tempera¬ 
ture  . 


TABLE  11-1 

Values  of  Constants  in  Problem  of  Heat  Exchange 
in  a  Round  Tube  with  Constant  Temperature  of  Sur¬ 
rounding  Medium 


BI  -  1 

H»4 

m 

*« 

< 

». 

N 

0 

1.2716 

1,6170 

1.120 

0,994 

2,0000 

4,0000 

1,295 

0.953 

1 

5.2951 

28,038 

-0,171 

0,005 

5,7439 

32,992 

-0.447 

0,036 

2 

9.3063 

86.607 

0.078 

0,001 

9,6450 

93,026 

0,246 

0.006 

BI  x 

40 

BI  =  0» 

M 

•» 

i 

•« 

•l 

*n 

'  0 

2.6069 

6,7959 

1.469 

0.847 

2.7044 

7,3136 

1.466 

0,819 

1 

6,5096 

42.377 

-0.764 

0,091 

6,6790 

44,609 

-0.803 

0.101 

2 

10.450 

109.20 

0.539 

0.028 

10,673 

113,92 

0.587 

0,032 

3 

— 

14,67! 

215,24 

-0,475 

0,015 

7r.e  values  of  will  now  depend  on  the  values  of  Bi.  Table 

11— x  gives  the  first  three  values  of  (n  =  0,  1,  and  2)  for 

Bi  *  1,  ‘i,  D,  and  <*».  The  eigenvalues  correspond  to  a  series  of 
eigenfunctions  whose  values  are  given  in  Table  11-2  for  the  same 
Bi.  The  ccefficients  A  ,  computed  from  (6-16),  are  given  in  Table 
ll-l. 
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TABLE  11-2 


Values  of  Functions  tylR)  vn  Problem  of  Heat  Exchange 
in  Round  Tube  With  Constant  Temperature  of  Surround¬ 
ing  Medium 


1I.0S0 

(S.«l 

o.:« 

0,472 
:  0.i<«* 

— ..06C 
j  — 4.2M  . 

i-Vf 

— 1  -v=  .  1 

-*.*7»  i 


{  »■  I  ♦»  I  I 


l.*W 
9  .fV> 

(i.f'D 

— o.  1 

-0.3hl 
—4,444  | 
— i ■!.♦«  l 
-'1.359  I 
— >.3M  i 


?jso  !  t!k?  |  -o 


1.00) 
0.097 
0.622 
0.20 
—0.076 
-0.323 
— 0.4» 

0  .  i.D 

— 0  323 

-c.se 

—6.003 


1 ,090 
0.746 
0.176 
-0.S6 
— 2,464 
-0.1*0 
0.13!  | 
0.33  i 
0^-59 

0,571  I 


Cat.  nS*. 
6-1 


1)  See  Table  6-1. 


Let  us  determine  the  temperature  of  the  inside  wall  surface. 
In  accordance  with  (11-9), 


^T^rrt 


(11-10) 


The  mean  mass  temperature  of  the  fluid  is 


0=4  J  (1  ~R')RdR. 


I 


0  C.C5  (HO  C.1S  0.Z)  0?s 

Fig.  11-2.  Variation  in  0  along 
length  of  round  tube  for  various 
values  of  Bi. 


Substituting  0  from  (11-9)  into  this  expression  and  integral . ng, 
we  obtain 


a»e*p(-2«;pr-f)’ 


(ii-i:) 
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Fig.  11-3.  Var’  ‘.ion  in  Nu  (so¬ 
lid  lines)  and  Nu^  (dashed  line) 

along  length  of  round  tube  for 
various  values  of  Bi. 


where  B  are  constants  whose  values  are  given  in  Table  11-1.  Figure 
n 

11-2  illustrates  Relationship  (11-11). 

The  local  Nujf  number  can  be  found  either  from  the  Fourier  law 
or  from  the  heat-balance  equation.  Using  the  second  method,  we  ob¬ 
tain 

X  (t—tt)*ddx=£  — ^  wfcv  dt. 


from  which  we  have 


After  substituting  the  value  of  S’  from  (11-11)  into  this  expres¬ 
sion,  we  finally  obtain 


N«*=-r"-^ - •  (11-12) 

nzzQ  ■ 


It  is  simplest  to  determine  the  local  value  of  Nu  from  (11-3): 


Bi  Nii^ 

SI  — Nu^  ■ 


(11-13) 


Figure  11-13  shows  the  variation  in  Nu  and  Nu^  along  the  tube 
length  for  various  values  of  Bi. 

When  Bi  0,  i.e.,  for  a  thermally  isolated  flow,  the  fluid 
temperatu:  e  does  not  vary  (0  =  1),  while  Nu^  =  0  even  though  Nu  is 
finite. 
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so  that 


W?  m  31  ®,  the  function  r  {!)■*■  0  (see  Table  11-2), 

ts  1 1  »  const  and  Nu^  •+•  Nu;  J.n  other  words,  the  problem  of  heat 
exchange  with  =  const  r«idu<.  .  to  the  problem  of  heat  exchange 

with  t  -  const.  In  practice,  by  Bi  =  40,  the  value  of  Nu  at  t .  = 

s  JL 

*  const  will  differ  by  no  more  than  2%  from  Its  value  at  t  =  const; 

s 

thus  for  sufficiently  large  Bi  we  can  use  the  equations  for  Nu  with 
constant  wall  temperature  (see  §6-1).  At  the  same  time,  for  small  Bi, 
this  computational  method  may  lead  to  significant  error.  For  example, 
when  Bi  =  1,  the  error  reaches  15-20?. 


Fig.  11-4.  Values  of  Nu^  and  Nu^  for  round  tube  as  functions  of  Bi 
(solid  lines);  Nu^  =  Nu^  =  3.66  when  Bi  =  <®  (dashed  line). 


The  limiting  Nusselt  numbers  corresponding  to  values 
will  obviously  be 


T 


Nu. 


BI  tl 


2B1  -4‘ 


(11-14 


They  naturally  depend  on  Bi.  These  relationships  are  illustrated 
in  Fig.  11-4.  As  Bi  varies  from  0  to  »,  Nu^ot  varies  from  0  to  3.66, 

•while  Nu^  changes  by  only  15? ,  approaching  the  same  limit . 

The  length  of  the  thermal  initial  segment  for  Nu  and  Nu  is 

K 

.early  independent  of  Bi,  and  has  roughly  the  same  value  as  when 
^  =  const,  i.e., 

■tifc  (0.055 -n  0,065)  Pe. 

The  mean  Nusselt  number  over  the  length  is 

Nuk=^=—  A-Pe-f  lne,„„  (11-15)  . 

where  is  the  mean  mass  temperature  of  the  fluid  a  distance  l 

from  the  tube  entrance,  as  determined  from  (11-11). 

The  mean  heat-transfer  coefficient  K,  computed  with  the  aid  of 
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11-15),  refers  to  the  mean  log&i  .w.mic  temperature  head.  In  other 
■ords,  the  amount  of  heat  transferred  from  the  fluid  flowing  in  the 
ube  to  the  surrounding  medium  is  determined  by  the  equations 

'Qc= R'&t  niult. 


where 


XT  _  ~ **=< 


In  - 


<•-<  i 


ficl  - ft 


For  small  values  of  reduced  length,  the  series  in  Eqs.  (11-9)- 

(11-12)  converge  very  slowly.  Moreover,  for  such  values  of  X>  good 

results  are  given  (when  t  =  const)  by  the  approximate  Leveque  so- 

s 

lution  (see  §6-3).  Thus  it  is  of  interest  to  consider  a  solution 
based  on  the  same  assumptions  as  the  Leveque  solution,  but  with 
boundary  conditions  of  the  third  kind.  Such  a  solution  has  been  ob¬ 
tained  for  the  case  -►  »  [4].  In  other  words,  we  consider  the 

problem  of  heat  exchange  in  the  thermal  initial  segment  with  allow¬ 
ance  for  the  finite  thickness  of  the  tube  wall;  a  constant  tempera- 
t  1  is  maintained  at  the  outside  surface  of  the  tube.  Then  the  temp¬ 
erature  t  of  the  inside  wall  surface  will  vary  with  the  length.  The 

following  expressions  are  obtained  for  this  temperature  and  the  lo¬ 
cal  Nujf  number: 


(11-16) 

(11-17) 


where  is  the  fluid  temperature  at  the  tube  entrance; 

T  is  a  gamma  function;  P e=wd/a\ 

K  is  the  coefficient  of  heat  transfer  from  the  fluid  flowing 
in  the  tube  to  the  outside  wall  surface,  referred  to  the 
temperature  difference  —  tgj 


Figures  11-5  and  11-6  show  the  distributions  with  length  for 
the  temperaturg  of  the  Inside  wall  and  Nu^  for  various  values  of 
the  parameter  X. 

The  ."esults  obtained  in  this  section  show  that  for  boundary 
jonditions  of  the  third  kind,  a  depends  on  Xg,  <5,  and  .  This 

is  explained  by  the  fact  that  as  these  quantities  vary,  the  tempera- 

-  268  - 


Fig.  11-5.  Variation  in  temper¬ 
ature  of  inside  wall  surface 
along  tube  length  for  various 
values  of  the  parameter  X. 


Fig.  11-6.  Variation  in  Nu# 
along  tube  length  for  various 
values  of  the  parameter  X. 


ture  distribution  at  the  inside  tube  surface  changes,  while  the 

nature  of  the  distribution  of  t  ir.  turn  influences  a.  We  observed 

s 

this  influence  in  §6-5  in  considering  heat  transfer  when  wall  temp¬ 
erature  varies  with  the  length. 

11-3.  HEAT  EXCHANGE  IN  A  FLAT  TUBE  WHEN  THE  SURROUNDING  MEDIUM  IS 
AT  CONSTANT  TEMPERATURE 

The  problem  of  heat  exchange  in  a  flat  tube  with  symmetric 
heating  and  constant  temperature  of  the  external  medium  (the  re¬ 
maining  conditions  are  the  same  as  for  the  problem  with  t  =  const, 

s 

see  §6-2)  reduces  to  solution  of  the  equation 

•'••It  (u-18) 


under  the  boundary  conditions 
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(11-19) 


(*L\  = 
V*®'  />=' 


=0; 


) 


TABLE  11-3 

Values  of  Constants  in 
Problem  of  Heat  Exchange 
in  Flat  Tube  with  Constant 
Temperature  of  Surrounding 
Medium 


A 

•» 

J 

•* 

I 

*» 

0 

1.0000 

Bi  -=2 
1.0000  I 

1.088 

0.990 

1 

4.6562 

21.680 

-0.117 

0.008 

2 

8.5618 

73,304  | 

0,038 

0,001 

G 

1.5518 

Bl-20 

2.4081 

1,183 

0.936 

i 

5.3976 

29.134 

— *0*266 

0,043 

2 

9.3025 

86,536 

0.132 

0,011 

0 

1.6816 

Bi  — ao 

2.8278 

1,201 

0.914 

l 

5.6699 

32.148 

-0,292 

0,053 

2 

9.6678 

93.466 

0,153 

0.015 

Fig.  11-7.  Values  of  Nu^c 
for  flat  tube  (solid  lines) 
and  round  tube  (dashed  lines) 
as  a  function  of  Bi. 


Here  we  let 


i *  nr 


K'h  . 
~ ’ 


h  *  2rQ  is  the  distance  between  the  tube  walls. 

The  solution  obtained  in  [5]  by  separation  of  variables  has 
the  form 


#<*.  >>)=£  4*.<K)«p( — r,2nFTir)-  (11-20) 

n=0 

The  eigenvalues  tn  and  the  coefficients  A  are  given  in  Table 
il-3,  and  the  eigenfunctions  ^  (y)  are  shown  in  Table  11-h  for  two 
values  of  Bi. 

The  mean  mass  temperature  of  the  fluid  in  a  given  cross  sec¬ 
tion  is 


00 


B„  exp 

/1 3=0 


r2  _L 

■  Pe 


(11-21)  - 
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where  the  Bn  are  constants  tha.  depend  on  Bi  (see  Table  11-3). 


From  the  heat-balance  equation,  we  determine  the  coefficient 
of  heat  transfer  K  from  the  fluid  flowing  in  the  tube  to  the  sur¬ 
rounding  medium  (see  §11-2);  we  then  use  Eq.  (11-21)  to  obtain  an 
expression  for  the  overall  Nusselt  number  (local  value): 


Nuk 


£  8-‘!«p(-TFl) 

J»=0 


(11-222 


TABLE  11-4 

Values  of  Functions  <pn(Y)  in  Problem  of  Heat  Exchange 
in  Flat  Tube  with  Constant  Temperature  of  Surrounding 
Medium 


— 

BI  =  2 

BI  =  20 

Bi  oo 

r 

4. 

*1 

4. 

4. 

4. 

0.0 

1.000 

1.000 

1.000 

1.0000 

1  000 

1.000 

0.1 

0.995 

0.894 

0,656 

0.968 

0.858 

0.598 

i 

0.2 

0.980 

0,599 

—0.137 

0.954 

0.475 

-0.282 

0,3 

0.957 

0.182 

—0.843 

0.986 

-0.039 

—0.948 

Cm.  ts&i. 
6-3 

0.4 

0.923 

-0.272 

—1 .021 

0.818 

—0.544 

-0.920 

0.5 

0.884 

—0.678 

-0,602 

0.725 

-0.922 

-0.259 

0.0 

0.835 

—0.977 

0.140 

0,618 

—1,102 

0.572 

0.7 

0.783 

—1.143 

0.82*.) 

0.502 

—1 .081 

1.114 

0.8 

0.726 

0,667 

—1.186 

1 .229 

0.380 

-0,902 

1,189 

0.9 

-1.135 

1.318 

0.254 

-0.627 

0.902 

1,0 

0.607 

-1 .039 

1.226 

0.127 

-0,316 

0,460 

1)  See  Table  6-3. 


The  local  value  of  Nu  =  ah/X  is  found  from  (11-3). 

Letting  X  approach  °°,  we  find  the  limiting  Nusselt  numbers: 

(11-23) 

(11-24) 


Nu  = 


Koo  ' 


Nu 


4 

3  • 

BI  c 


ft 


T  “  *o 


For  a  flat  tube  with  t *  const,  the  length  of  the  thermal 
initial  segment  is  nearly  Independent  of  Bi,  and  has  roughly  the 
same  value  as  for  a  rcund  tube,  i.e.,  /„.T/d^0,06Pe. 


The  nature  of  the  variations  in  0,  Nu#,  and  Nu  along  the  tube 


length  are  the  same  as  for  a  round  tube  (see  §11-2).  When  Bi  + 

we  arrive  at  the  problem  of  heat  exchange  in  a  flat  tube  with  t  = 

s 

*  const  (see  §6-2).  Figure  11-7  shows  Nu^oo  as  a  function  of  Bi. 

As  Bi  varies  from  0  to  “,  Nu^„  varies  from  0  to '3.77.  We  note  that 


in  this  range  of  Bi  values,  NuOT  varies  by  a  total  of  7$, 


decreasing 


s  Bi  increases.  For  comparison,  the  same  figure  shows  analogous 
■“lationships  for  a  round  tube. 

For  this  case,  the  average  value  of  the  Nusselt  number  over 
the  length  equals 


WuK  =  *fL= — -L  Pe  4  In  ex=I.  ( 11-25 ) 

where  K  is  the  length-averaged  value  of  the  coefficient  of  heat 
transfer  between  the  fluid  flowing  in  the  tube  and  the  surrounding 
medium,  referred  to  the  mean  logarithmic  temperature  head. 

11-4.  HEAT  EXCHANGE  IN  A  FLAT  TUBE  WITH  ONE  WALL  HEAT-INSULATED 
AND  AN  EXTERNAL  MEDIUM  WITH  CONSTANT  TEMPERATURE  AT  THE 
OTHER  WALL 


This  problem  is  analogous  to  that  considered  in  §6-4,  with 
the  difference  that  here  there  is  assumed  to  be  an  external  medium 
with  constant  temperature  at  one  of  the  walls  (t,  =  const  rather 


than  £  =■  const).  As  before3  the 

s 

TABLE  11-5 

Values  of  Constants  in 
Problem  of  Heat  Exchange 
in  Flat  Tube  with  One 
Wall  Heat -Insulated  and 
with  an  External  Medium 
Having  Constant  Tempera¬ 
ture  at  the  Other  Wall 


n 

•(i 

2 

•(i 

An 

o 

|  2.59(11 

BI  =  2 

1  6.7553 

\  1.104 

1  0,980 

i  i 

|  10,0398 

|  101 ,804 

|  0,276  | 

|  0,016 

0  I 

|  3,4537  | 

BI  =  10 
|  11.9280 

I  1,80  | 

|  0,937 

0 

3.8187 

BI  «=oo 
14,5825 

2,176 

0,896 

1 

1 1 ,8972 

141,5434 

1,427 

0,061 

2 

19,9248 

397,0051 

1,20 

0,018 

other  wall  is  heat-insulated. 

TABLE  11-6 

Values  of  eigenfunctions 
^n(Y)  in  Problem  of  Heat 

Exchange  in  Flat  Tube  With 
one  wall  Heat-Insulated 
and  an  External  Medium  with 
Constant  Temperature  at  the 
Other  Wall 


BI 

=  2 

BI  =  10 

BI  =*  oo 

Y 

*» 

4, 

4. 

0 

0,5000 

0,5000 

0,1000 

0.1 

0,5994 

0,5912 

0,1997 

1 

Ck,  TaC.i. 
6-8 

0,2 

0.6952 

0,6286 

0,2972 

0.3 

0,7834 

0.5662 

0,3889 

0,4 

0,8600 

0,3866 

0,4709 

0,5 

0,9240 

0,1158 

0,5396 

0,6 

0.9719 

—0.1836 

0,5923 

0,7 

1,0041 

-0,4403 

0,6282 

0,8 

1 ,0223 

-0,6068 

0,6486 

0,9 

1,0295 

-0,6778 

0,6567 

1.0 

1,0306 

-0,6889 

0.6580 

1)  see  Table  6-8. 


Equation  ( 6-6 1) ,  as  well  as  the  first  and  third  boundary 

conditions  of  (6-62),  will  be  valid  in  this  case,  provided  we 

replace  t  by  £-,  in  the  expression  for  0.  In  place  of  the  second 
S  -L 

boundary  ’indition  of  (6-62),  we  have  the  condition 


—  Bi  Qy_0. 


V  1  k  the  origin  is  shifted  to  the  wall  through  which  heat, 
exchanged) . 
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The  solution  of  this  problem  [6]  has  the  form 


e=J  A.fc.inexpf- -r#,.prxV 

n=0  * 


(11-26) 


The  mean  mass  temperature  of  the  fluid  is 

oo 


e==  Jj  fi»exp(— t'-pf'x)- 

n=0 


(11-27) 


Tables  11-5  and  11-6  give  values  of  the  constants  e  ,  A  .  B  ' 

°  n-*  n*  nJ 

and  the  eigenfunctions  <^n(Y)  as  functions  of  Bi. 

The  local  value  of  the  general  Nusselt  number  is 


**i«*(— r'.prx) 


(11-28) 


J  b-cxp(“X*-K"x) 


*=o 


where  X  is  the  local  coefficient  of  heat  transfer  from  the  fluid 
flowing  in  the  tube  to  the  surrounding  medium. 

The  local  value  Nu  *  a h/\  is  found  from  (11-13). 

The  limiting  Nusselt  numbers  are 


Nu 


K  Oo 


Bl«2 


Nu  — 

“  6  BJ  —  *n 


(11-29) 

(11-30) 


Fig.  11-8.  Dependence  of  Nu^ 
on  Bi  for  flat  tube  with  heat¬ 
ing  on  one  side. 


As  Bi  varies  from  0  to  00 ,  NuXoo  varies  from  0  to  2.^3,  and 

Nu®  varies  from  2.692  to  2.^3.  Figure  11-8  illustrates  the  dependence 
of  Nu^  on  Bi.  A  substantial  change  in  Nu^  is  found  only  within  the 
relatively  narrow  range  In  Bi  values  between  0.6  and  10. 
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I 

The  ’  on 5th  of  thermal  initia  egment  for  a  *'lat  tube  with 

-■ating  or  one  side  has  the  same  value  for  t ,  =  const  as  for  t  = 

1  s 

const,  i.e.,  i  ./h  =  0.21Pe. 
n  •  u 

The  man  value  of  the  general  Nusselt  number  is 

Nua.  =  -^-=— Pe  -j  InOlc-i,  (11-31) 

where  K  is  the  length -averaged  coefficient  of  heat  transfer  between 
the  fluid  flowing  in  the  tube  and  the  surrounding  medium. 
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Transliterated  Symbols 

c  *  s  =  stenka  =  wall 

h.t  *  n.t  *  thermicheskiy  nachal'nyy  =  thermal  initial 
ji  =  1  *  logarifraicheskiy  =  logarithmic 


Chapter  12 


HEAT  EXCHANGE  IN  THE  HYDRODYNAMIC  INITIAL  SEGMENT  OF  ROUND  AND 
FLAT  TUBES 

12-1.  PRELIMINARY  REMARKS 

In  the  preceding  chapters,  we  studied  heat  exchange  for  stab¬ 
ilized  flow.  In  this  case,  if  p  and  y  are  constant,  the  velocity 
profile  is  parabolic  over  the  entire  length  of  the  heat-exchange 
segment.  Such  a  flow  is  realized  in  practice,  when  the  heat-exchange 
segment  is  preceded  by  a  sufficiently  long  stilling  segment,  along 
which  the  parabolic  velocity  profile  is  formed.  In  many  heat-ex¬ 
change  devices,  the  tube  fluid  entrance  coincides  with  the  initial 
heat-exchange  segment;  such  devices  are  often  made  from  short  tubes 
over  which  a  parabolic  velocity  profile  cannot  form,  or  within  which 
the  formation  process  occupies  a  significant  portion  of  the  tube. 

In  such  case,  the  heat-exchange  process  takes  place  in  the  hydro- 
dynamic  initial  segment,  i.e.,  the  velocity  profile  changes  along 
the  length  of  the  tube.  This  problem  is  also  of  particular  inter¬ 
est  since  laminar  flow  is  maintained  even  for  Re  »  Re.  „  over  a 

kr 

certain  portion  of  the  length  of  the  hydrodynamic  initial  segment. 
Thus,  for  example,  under  favorable  entrance  conditions,  laminar 
flow  is  maintained  up  to  Re  =  105.  Naturally,  as  Re  increases,  the 
length  of  the  segment  occupied  by  the  laminar  boundary  layer  is  re¬ 
duced. 

The  flow  field  in  the  initial  segment  can  be  divided  into  the 
dynamic  boundax-y  layer  and  the  flow  core.  As  we  move  away  from  the 
entrance,  the  thickness  6  of  the  boundary  layer  increases,  while  the 
core  section  contracts,  until  the  boundary  layer  fills  the  entire 

tube  cross  section  at  x  -  l  (Fig.  12-1).  Beginning  at  this  dis- 

•*  •  © 

tance,  the  velocity  profile  ceases  to  vary  with  the  length  (see 
§5-**).  The  same  scheme  can  be  applied  to  the  temperature  field  in 
the  thermal  Initial  segment.  If  Pe  Is  sufficiently  great,  we  can 
distinguish  In  the  flow  between  a  thermal  boundary  layer  whose 
temperature  varies  along  the  normal  to  the  wall,  and  an  isothermal 
core  whose  temperature  equals  the  temperature  of  the  fluid  at  the 
entrance.  The  thickness  A  of  the  thermal  boundary  layer  increases 
with  distance  from  the  entrance,  while  the  section  of  the  isothermal 
core  contracts  (Fig.  ±2-1) .  At  a  distance  x  =  l  .  from  the  entrance, 

the  boundary  layer  reaches  the  tube  axis,  and  the  isothermal  core 
vanishes.  As  x  increases  further,  the  temperature  at  any  point  in 
the  flow,  even  near  the  axis,  will  vary  both  radially  and  longitud¬ 
inally  . 
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Pig.  12-1.  Development  of  dyna¬ 
mic  and  thermal  boundary  layers 
in  initial  tube  segment,  a) 

A  <  6;  b)  A  >  6. 


Depending  on  Pr,  the  thickness  of  the  thermal  boundary  layer 
may  be  either  greater  (Pr  <  1)  or  less  (Pr  >  1)  than  the  thickness 
of  the  dynamic  boundary  layer.  When  Pr  *  1,  these  thicknesses  will 
be  roughly  the  same. 

The  reduced  lengths  the  thermal  and  hydrodynamic 

initial  segments  have  roughly  the  same  numerical  values  (in  any  case, 
they  are  of  the  same  order  of  magnitude).  Equating  these  quantities, 
we  have 


Ar.i^Pr  /nr. 


Depending  on  the  value  of  Pr,  we  can  have  three  characteristic 
Cuses.Pr>l,  /„.,>/*.«•;  2)  Pr<l,  l„.T  < /„.r  -nd3)  'Pr« f;  In  the  first  case, 

th®  velocity  profile  will  be  nearly  parabolic  over  almost  the  entire 
length  of  the  thermal  initial  segment.  Consequently,  if  the  tube  • 
length  ls*ln. t,  the  heat  transfer  can  be  determined  with  a  certain  de¬ 
gree  of  approximation  from  the  equations  for  hydrodynamically  stab¬ 
ilized  flow. 

In  the  second  case,  when  the  velocity  profile  at  the  entrance 
is  uniform,  the  velocity  profile  will  be  nearly  uniform  over  the 
entire  length  of  the  thermal  initial  segment.  If  /</,,. T,  in  this  case, 

then,  with  a  certain  error,  the  heat  exchange  can  be  determined  on 
.he  basis  of  the  bar-flow  model,  i.e.,  we  assume  that  the  fluid 
flow  resembles  the  motion  of  a  continuous  solid  bar,  all  points  of 
-hich  have  exactly  the  same  velocity  with  respect  to  the  stationary 
.-ills.  Naturally,  if  we  can  use  the  bar-flow  model  regardless 

the  value  of  Pr.  In  any  case,  such  a  scheme  is  useful  for  estimac- 
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Ing  Ut'  upper  ilmi1'  for  heat  transfer  near  the  tube  entrance  (sc e 
§1  2-2j. 

In  all  cases  other  than  1  nd  2,  allowance  must  be  made  for 
the  change  in  velocity  profile  with  length  when  heat -exchange  cal¬ 
culations  are  carrle’  out. 

12-2.  HEAT  EXCHANGE  IN  BAR  FLOW 

Let  us  consider  heat  exchange  in  round  and  flat  tubes  during 
bar  flow,  i.e.,  we  assume  w£  -  =  const.  Letthe  temperature  of 

the  fluid  at  the  entrance  and  the  wall  temperature  be  constant  and 
equal  to  and  ts,  respectively,  and  let  all  remaining  conditions 

be  the  same  as  in  the  corresponding  problems  of  heat  exchange  during 
flow  with  a  parabolic  velocity  profile  (see  §§6-1  and  6-2). 

For  a  round  tube,  the  energy  equation  and  the  boundary  condi¬ 
tions  will  have  the  form 

r'8  .  1  dO  d% 
lRf~'  R‘  dR~dX  ' 

for  *  =  8=1,  (12-1) 

for  X>0  *nd/?  =  1  8  =  0. 


where 


6= 


t-tc. 


Pe  -/  *  = 


w9d 

a 


From  the  mathematical  viewpoint,  this  problem  is  identical 
to  the  problem  of  heat  conduction  in  a  long  cylinder  under  unsteady 
conditions  and  boundary  conditions  of  the  first  type.  The  solution 
methods  for  such  problems  are  well  known  [1],  The  solution  of  Prob¬ 
lem  (12-1),  i.e.,  the  expression  for  the  temperature  field  in  the 
fluid  flow  has  the  form 


n=l 


(12-2) 


where  the  e  are  the  sequential  roots  of  a  zero-order  Bessel  func¬ 
tion  of  the  first  kind,  JqJ  the  roots  have  the  following  numerical 
values: 

n  1  2  3  4  5  6 

2,4048  5,5201  8,6537  11,7915  14,9309  18,0711 

where  J ^  is  a  first-order  Bessel  function  of  the  first  kind. 

The  mean  mass  temperature  of  the  fluid  is 


e= 


exp  (-«’*). 


(12-3) 


-  277  - 


The  local  Nusselt  number  is  f  i  from  the  equation 

Nu=~'  = — -  . 

A  *  Jx~  i 

Substituting  in  0  and  0  from  (12-2)  and  (12-3),  we  find 

£  * .  v— \*) 

- .  (12-4) 

The  limiting  Nusselt  number  is 

Nu^=*’  := 5,783. 


The  length  of  the  thermal  initial  segment  is 

-'-f=0,0466Pe. 

a 

Figure  12-2  compares  the  Nu  relationships  in  a  round  tube  for 
bar  flow  and  for  flow  having  parabolic  velocity  profile.  The  differ¬ 
ence  is  extremely  significant.  In  accordance  with  what  was  said  in 
§12-1,  curve  1  corresponds  to  Pr  =  0  and  curve  3  to  Pr  +  ».  The  re¬ 
lationships  for  finite  values  of  Pr  should  lie  between  thuse  curves . 

For  heat  exchange  in  a  flat  tube,  the  energy  equation  and  bound 
ary  conditions  have  the  form 

<re 

Wr~  dx ' 

for  A'  =  0»ndO<P<  1  0=1, 
for  A’^0»nu}'==  l  0  =  0, 


(12-5) 


w.  ere  K=_  y-  ;  Pe=— ;  h  =  2r.  is  the  distance  between  the  walls. 

This  problem  is  identical  to  the  problem  of  unsteady  heat  con¬ 
duction  in  an  Infinite  plats  under  boundary  conditions  of  the  first 
kind.  The  solution  has  the  form 

*=S  (12-6) 

rt=0 

where  *» = (2/»  1)  -g-.  n— 0,  1.  2... 

phe  mean  mass  temperature  of  the  fluid  is 

exp  <-£*).  (12-7) 

o  o-o  " 

The  .  ocal  Nusselt  number  is 
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(12-8) 


-  V  exp(— t\X) 
_  ^0 _ _ 

y  —  exp(-»^) 


The  limiting  Nusselt  number  and  the  length  of  the  thermal  Ini¬ 
tial  segment  are 

Nu^  =  2*o  =-•  4,935, 

%^0,0584Pe. 

h 

The  solution  of  Problem  (12-5)  can  be  represented  In  terms  of 
the  function  erfc  x  [1],  which  Is  convenient  for  analysis  when  X  Is 
small. 

2.  Solutions  have  been  given  in  §1  for  two  elementary  heat-ex¬ 
change  problems  in  bar  flow.  Many  more  such  problems  can  be  consid¬ 
ered.  If  we  neglect  the  Influence  of  axial  heat  conduction,  then  the 
energy  equation  for  bar  flow  reduces  to  the  Fourier  heat-conduction 
equation.  There  are  well-developed  methods  for  solving  the  heat-con¬ 
duction  equation;  solutions  are  also  known  for  numerous  problems  of 
unsteady  heat  conduction.  Under  appropriate  boundary  conditions, 
these  solutions  are  easily  employed  to  determine  heat  exchange  for 
bar  flow.  In  particular,  we  can  obtain  heat-exchange  equations  for 
flows  In  tubes  of  different  shapes  (circular,  flat,  rectangular,  etc.), 
under  different  boundary  conditions  at  the  wall  (of  the  first,  se¬ 
cond,  or  third  kinds),  and  for  a  nonuniform  temperature  distribu¬ 
tion  over  the  entrance  cross  section.  Thus,  for  example,  heat-exchange 
calculations  have  been  carried  out  for  the  Initial  segments  of  flat 
and  rectangular  tubes  under  boundary  conditions  of  the  first  kind 
for  uniform  and  nonuniform  temperature  fields  at  the  entrance  [2,  3, 
4].x  Naturally,  these  results  can  only  be  used  for  quantitative  es¬ 
timates  of  heat  transfer  if  the  tube  length  l  <  /„r. 


0,001  0,01  0,1 


Fig.  12-2.  Values  of  Nu  ^  for  round  tube  with  =  const. 

1)  Bar  flow;  2)  flow  with  variation  in  velocity  profile  along 
length,  Pr  =  0.7;  3)  flow  with  parabolic  velocity  profile. 


1  /  2  9  ^ 
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3-  As  ■ic  have  already  noted  j  .  <>12-1,  when  Pr  <<  1  (for  liguia 
m  als,  f o'  example),  /IIT<^/„.r  and,  consequently,  we  can  ase  the  bar- 
model  ’etermin^  heat  exchr-ige  in  the  thermal  initial  seg- 
ront.  Unde  •  these  conditions,  however,  Pr  is  usually  fairly  small, 
that  it  s  necessary  to  consid  -  the  axial  heat  conduction. 

Some  r>rv  •  lems  of  heat  exchar  during  bar  flow  in  round  and 
flat  tubes  ve  been  considered  with  allowance  for  axial  heat  con¬ 
duction  [5,  6j.  In  [5].  solutions  were  obtained  for  two  types  of 
boundary  conditions:  a;  with  constant  entrance  temperature  and  con¬ 
stant  temperature  of  surrounding  medium  (t  =  const  in  the  special 

case);  b)  for  a  step  variation  in  the  temperature  of  the  surrounding 

medium  (step  variation  in  t  in  the  special  case).  In  [6],  the  cal- 

s 

culations  were  performed  for  an  arsitrary  change  in  q  over  the 
heating  segment,  and  q  =  0  for  the  stilling  and  exit  segments. 

u 

Figures  12-3  and  12-4,  taken  from  [5],  give  an  idea  as  to  the  in¬ 
fluence  of  axial  heat  conduction  on  heat  exchange  in  a  round  tube 
and  on  the  length  of  the  thermal  initial  segment  for  t q  =  const  and 

t  *  const.  In  these  and  other  cases  considered  in  [5],  axial  heat 
s 

conduction  had  a  substantial  influence  only  within  the  thermal  ini¬ 
tial  segment  for  values  Pe  <  100.  The  limiting  value  of  Nu^  does 

not  depend  on  Pe,  and  has  the  same  value  as  was  found  earlier  with¬ 
out  regard  to  axial  heat  conduction  (Nu^  =  5*783,  sec  paragraph  1 
of  this  section) . 

4 .  The  bar-flow  model  can  also  be  used  to  determine  heat  ex¬ 
change  for  motion  in  tubes  of  free-flowing  materials  consisting  of 
fine  particles  [7,  8,  9].  Observations  show  that  when  such  a  mater¬ 
ial  moves  as  a  continuous  flow  in  a  vertical  tube  under  its  own 
weight,  the  layer  of  particles  experiencing  deceleration  at  the 
wall  is  negligible.  Thus  the  assumption  that  the  velocity  is  con¬ 
stant  over  the  cross  section  and  the  lengtn  is  quite  well  satisfied.2 


(solid  lines)  and  without  (dashed  lines)  allowance  for  axial  heat 
conduction . 


2/294 
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Fig.  12-4.  Dependence  of  l  ./ d 

n « v 

on  Pe  for  ba.  motion  in  round 
tube.  1)  With  allowance  for  ax¬ 
ial  heat  conduction;  2)  with  no 
such  allowance. 


5.  Utilization  of  the  bar-flow  model  considerably  simplifies 
the  analysis  of  heat-exchange  processes.  Thus  such  an  approach  is 
often  used  to  analyze  complex  heat-exchanga  processes  even  when 
the  condition  requiring  that  the  velocity  be  constant  over  the  cross 
section  is  not  necessarily  satisfied.  Although  such  computations 
give  a  qualitatively  correct  picture  of  the  process,  the  quanti¬ 
tative  results  may  differ  substantially  from  the  actual  values  of 
heat  transfer  (see,  for  example.  Fig.  12-2). 

12-3.  HEAT  EXCHANGE  UNDER  BOUNDARY  CONDITIONS  OF  THE  FIRST  TYPE 
WHEN  VELOCITY  PROFILE  VARIES  WITH  LENGTH 

A  theoretical  analysis  has  been  given  for  heat  exchange  in 
the  hydrodynamic  initial  segments  of  round  and  flat  tubes  for  uni¬ 
formly  distributed  velocity  and  temperature  at  the  entrance  and 
constant  wall  temperature  [10-14 ] .  In  all  these  studies,  the  phy¬ 
sical  properties  of  the  fluid  were  assumed  to  be  constant,  while 
energy  dissipation  and  axial  heat  conduction  were  neglected.  An 
experimental  study  of  heat  transfer  near  the  entrance  to  a  tube 
has  been  reported  in  [15]. 

1.  Let  us  first  consider  heat  exchange  in  a  round  tube.  Figure 
12-2  (curve  2)  shows  the  results  of  heat-transfer  calculations, 
based  on  published  data  [10,  11],  for  Pr  =  0.7.  A  numerical  method 
was  used,  and  the  change  in  velocity  profile  was  taken  into  account 
by  means  of  Eq.  (c'-33).3  As  we  might  expect,  heat  transfer  is  con¬ 
siderably  greater  near  the  entrance  than  for  stabilized  flow  (curve 
3).  This  is  explained  by  the  fact  that  the  velocity  profile  is  so 
’id]  in  the  hydrodynamic  initial  segment  as  compared  with  the  velo¬ 
city  profile  far  from  the  entrance;  in  addition,  the  transverse 
velocity  components  present  also  play  a  certain  role. 

Stephan  [12]  has  carried  out  a  more  complete  investigation 
into  heat  exchange  in  a  round  tube  when  the  velocity  profile  var¬ 
ies  w_'  the  length.  In  the  region  of  low  reduced-length  values, 
where  t  ie  thicknesses  of  the  dynamic  and  thermal  boundary  layers 

3/294 
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Fig.  12-5-  Values  of  Nu  prj in  hydrodynamic  Initial  segment  of 

round  (dash-dot  lines)  and  flat  (solid  lines)  tubes  at  i  =  const. 

s 

are  small,  he  used  exact  methods  of  boundary-layer  theory  for  the 
calculations.  In  regions  of  large  reduced-length  values,  where  the 
velocity  profile  is  nearly  parabolic,  he  constructed  approximate 
solutions  for  the  temperature  fields,  resembling  the  solutions  for 
stabilized  flow,  but  with  constants  depending  on  Pr.  Interpolation 
was  used  where  these  conditions  are  not  satisfied. 

Figure  12-5  shows  the  calculated  results  for  Pr  between  0.1 

and  1000.  The  axis  of  ordinates  shows  Nu  «  ad  /X,  where  a  is  the 

e 

length-averaged  heat-transfer  coefficient  for  the  segment  between 
x  «  0  and  x  *  Z,  referred  to  the  mean  logarithmic  temperature  head 

on  this  segment .  The  axis  of  abscissas  shows  the  reduced  length 

wh„,  Re=  K>,da/v  H .  por  both  round  and  flat  tubes,  heat  transfer 

'ar  the  entrance  is  described,  in  approximation,  by  the  equation 
.  .*  a  plate  in  a  longitudinal  flow: 

a.  =  0,664  (■!*-)' V«, 

>  •  ’n  our  notation. 

Si- 0,664  (bTC-^'V5  S  (12-9) 

This  result  is  not  surprising,  since  the  boundary-layer  thick¬ 
nesses  are  small  near  the  entrance,  and  the  flow  and  heat-exchange 
co  litions  are  independent  of  the  shape  and  dimensions  of  the  tube 
cross  section,  being  close  to  the  conditions  for  a  plate  in  a  lon- 
git’  ■  r v  L  flow.6  Far  from  the  entrance,  the  velocity  profiles  are 

very  nearly  parabolic,  and  ?Tu  becomes  constant  when  l  >  l  .  ,  hav- 

n.z 

ing  .  aiip  of  3.66  for  a  round  tube  and  7.54  for  a  flat  tube. 

The  computational  results  for  heat  transfer  in  the  hydrodynamic 
initial  sp  nent  can  be  represented,  approximately,  as 


*  .*  »  */294 
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0  r 


Fig.  12-6.  Increase  in  heat 
transfer  in  hydrodynamic  ini¬ 
tial  segment  of  round  tube  for 

t  -  const, 
s 


where  Nustb  is  the  length -averaged  Nusselt  number  over  the  segment 

between  x  *  0  and  x  *  l  for  stabilized  flow  (see  Chapter  6).  Figure 
12-6  shows  this  relationship  for  a  round  tube.  The  values  of  Nu  are 
taken  from  Fig.  12-5,  while  the  values  of  are  computed  from 

Eqs .  (6-26a)  (following  preliminary  integration  over  the  length) 
and  (6-29). 

For  heat  exchange  in  a  round  tube,  the  relationship  between 
e  and  the  reduced  lengt1  *..n  be  described  to  within  about  +5/E  by 
the  equation 

ro+^ir-r)’  (12-10> 

which  is  valid  for 

Equation  (12-10)  is  in  good  agreement  with  experimental  data 

[15]  (for  y  /y  .  =  1),  but  it  does  not  allow  for  the  way  in  which 

s  zn 

heat  exchange  is  influenced  by  changes  in  the  fluid  physical  pro¬ 
perties  with  temperature.  For  liquids,  we  need  only  consider  the 
Influence  of  variable  viscosity.  Analysis  of  experimental  data  on 
heat  exchange  for  a  flow  of  type  MC  oil  (see  §7-5),  including 
measurements  in  the  hydrodynamic  initial  segment,  shows  that  it 
is  possible  to  allow  for  the  influence  of  variable  viscosity  by 
means  of  the  ratio  (vis/yzh)~°  ’  ll>>  which  has  been  used  earlier  for 

the  region  of  developed  flow.  This  is  quite  clear  from  Fig.  12-7, 
which  shows  experimental  data  for  a  wide  range  of  U3/uzb*  Thus  if 

we  include  the  correction  e  in  (7-8*0,  we  obtain  an  equation  that 
will  be  valid  for  the  entire  flow  region  in  the  thermal  initial 
segment  (including  that  portion  over  which  the  velocity  profile 
develops) : 


Nu  =  1 ,55« 


■j_  j_\— ‘/3  (  yc 
Pe  '  d  )  {  Pm  ) 


(12-11) 


where  e  is  found  from  the  curve  of  Fig.  12-6  or  from  Eq .  (12-10) 
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\  l 

( 'or  .  The  computations .  method  with  Eq.  (12-11)  and 

i  ?  limits  -jf  applicability  are  th*  same  as  for  (7-84). 7 


Fig.  12-7.  Comparison  of  Eq. 
(12-11)  with  exf  .rimental  data 
on  heat  exchange  for  flow  of 
type  MC  oil. 

A  —  j~  *=0,095  —  1;  0-^  =  1 -670. 


Fig.  12-8.  The  function  F(Pr). 


2.  The  same  method  used  for  a  round  tube  was  employed  by 
?phan  to  determine  heat  exchange  in  the  hydrodynamic  initial 
•  sment  of  a  flat  tube  [12],  His  results  are  illustrated  in  Fig. 
12-5.  Similar  calculations,  but  employing  approximate  methods  of 
f-undary-layer  theory,  were  carried  out  by  Sparrow  [13].  The  com- 

ut.tional  results  for  0.01c an  be  described  by  the  equation 


where 


[/1+c(r k'ij 


Nu=^-;  Ro=^ 

A.  V 

pe  =  !^;  (/,,  —  2/l. 


(12-12) 


For  • '  ■'s 
f  Fig.  12-0,  C 
6,27  »"»«  =  */»• 


0.01  <Pr<2  the  function  F(Pr)  is  found  from  the  curve 
=  7.3  and  n  =  for  Pr  >  2,  the  function  F(Pr) - pr,/3 , 


The  values  of  Nu  found 


from  tne  curves  of  Fig.  12-5  and  Eq. 


7294 
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(12-12)  ig  ee  to  within  10-15/5;  ’his  is  apparently  connected  with 
the  approximate  nature  of  the  calculations  in  [13]. 

12-4.  HEAT  EXCHANGE  UNDER  BOUNDARY  CONDITIONS  OF  THE  SECOND  KIND 
Wh f N  THE  VELOCITY  PROFILE  CHANGES  WITH  LEN6TH 


Let  us  investigate  heat  exchange  in  a  round  tube  with  a  uniform 
distribute  a  of  velocity  and  temperature  at  the  entrance  and  constant 
heat-flux  lensity  at  the  wall.  We  assume  that  the  physical  properties 
of  the  fluid  are  constant,  and  that  energy  dissipation  is  negligible; 
we  also  ignore  heat-flux  variations  caused  by  axial  heat  conduction. 
The  solution  of  this  problem  was  given  in  [16], 


Allowing  for  these  condii  ors,  we  write  the  energy  equation  as 

(12-13) 


w. 


dt  .  dt  I  d  /  d!  \ 

u*dx  Or  °  r  Or  dr  J' 

The  temperature  boundary  conditions  are 

for  x  = 


for  xS'O 


0««^0^r<r,  /  =  /,,  I 

0 r  =  r,  J 


(12-lA) 


Remembering  that  we  shall  later  make  use  of  the  approximate 
method  of  boundary-layer  theory,  we  apply  Eq.  (12-13)  to  the  region 
of  the  thermal  boundary  layer.  Transforming  the  left  side  with  the 
aid  of  the  equation  of  continuity,  we  obtain 

<>(»«#)  I  1  d{wM)  „  t  d  {.  dt\  Mo  1CN 

- - U2-I5; 

where 0*/— V.  *ois  the  fluid  temperature  at  the  entrance. 


We  multiply  this  equation  by  r  dr,  and  integrate  it  over  the 
thickness  A  of  the  thermal  boundary  layer,  i.e.,  between  (rQ  -  A) 
and  rQ : 


j  rdr  +  wfir  j  =or 


r9 

dO  i 

IF  j  * 

r*— 4 


The  second  term  on  the  left  side  equals  zero,  since  (KV)f_,t=0 
and  $,^,^=0.  The  right  side  equals 


rB — A 


s  ince 


Changing  the  sequence  of  differentiation  and  integration  in 
the  first  term  on  the  left  side  of  the  equation,  we  arrive  at  the 
relatle  as hip 
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(12-16) 


4-  [  w,*rar=±<l,. 

Integrating  (12-16)  between  x  3  0  and  x,  and  going  over  to 
dimensionle.-s  variables,  we  obtain  Integral  relationships  of  the 
following  form: 

If  A  £  6,  then 

f  (12-17) 

If  A  >  6,  then 

(12-17a) 

1-4  I-* 

where 


a _ .  p _ •&, . 

vs,  ' 


Here  A  and  A  are  the  thicknesses  of  the  thermal  and  hydrodynamic 
boundary  layers;  and  are  the  velocities  of  the  fluid  at  the 

entrance  and  in  the  flow  core  (i.e.,  at  the  external  boundary  of 
the  boundary  layer) . 

To  use  Relationships  (12-17)  and  (12-17a),  we  must  know  the 
w  (R)  and  0(R)  distributions  over  the  boundary-layer  thickness. 

X 


The  velocity  distribution  over  the  cross  section  of  the  dyna¬ 
mic  boundary  layer  is  described  by  the  equation 

r.-r,  o -,<*<».  (5.25) 

an  l  ♦'he  velocity  in  the  core  by  the  equation 

(5-26) 

The  dimensionless  thickness  5  of  the  dynamic  boundary  layer 
can  be  computed  from  Eq.  (5-29)  or  with  the  aid  of  one  of  the  equa¬ 
tion-  for  J  ~(X9  R)  given  in  35-4.  We  use  Eq.  (5-33).  Letting  R  -  0 

in  this  equation,  we  obtain  Wt  =  f  (see  Fig.  5-11).  With  this 

relu. -ionsbip  and  (5-26),  it  Is  easy  to  compute  5  for  various  values 

1  X 

of  ^ — j.  The  results  of  this  computation  are  shown  in  Table  12-1. 
Equations  (5-25)  and  (5-26),  together  with  Table  12-1,  com- 
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TABLE  1°-1 


pletely  deter  i  a  the  velocity  distribution  in  the 


Value  ol  6  as 
function  of 

J_  JL 

Re  •  d 


8.35-10-* 

0.1 

3.95- 10-« 

0.2 

9.75-  IO-« 

o.:i 

2.00- !0-» 

0.4 

3.53- 10-* 

0.5 

5.8  -10-* 

0,6 

9.18- 10-* 

0.7 

I.46-10-* 

0.8 

2.51  -10-* 

0.9 

6.43- 10-* 

0.99 

hydrodynamic  initial  segment.  With  an  increase  in 
r7"T  *-1’  W'-2  and  r,-*2(l -/?*)»  the  velocity 

distribution  in  the  initial  segment  goes  over  to 
the  parabolic  profile  for  stabilized  flow. 


The  function  selected  for  Q(R)  must,  first, 
satisfy  the  10I lowing  boundary  conditions  at  the 
external  boundary  of  the  thermal  boundary  layer 
and  at  the  wall: 


(12-18) 


(this  last  condition  follows  from^the  energy  equa¬ 
tion  at  R  -  1)  and,  second,  when  a=1  it  must  go 
over  to  the  familiar  expression  for  the  tempera¬ 
ture  field  in  the  case  of  stabilized  heat  exchange: 


‘-'•-'xiay-w].  (12-w) 


where  t  'q  is  the  temperature  on  the  tube  axis  (for  A<1  /',  =  /, 

This  last  condition  is  unconditionally  valid  if  if  A >5, 

however,  it  will  not  be  satisfied,  strictly  speaking  since  the 
velocity  profile  will  then  cease  to  be  parabolic.  On  the  assumption 
that  this  difference  i,s  not  great,  we  take  (12-19)  to  be  valid  in 
approximation  for  as  well. 


In  first  approximation,  we  can  use  (12-19)  as  the  unknown 
function  in  the  thermal-boundary-layer  region  at  the  Initial  tube 
segment;  we  then  replace  rQ  by  A(x).  The  quantity  r/rQ  =  1  —  y/rQ 

must  be  replaced  by  1 — ^-s=  1  — y'H — *  As  a  result,  we  obtain  the  ex¬ 
pression 


e= 


e 


which  satisfies  all  of  the  conditions  formulated.  Calculations  car¬ 
ried  out  by  means  of  this  equation  show,  however,  that  it  does  not 
satisfactorily  describe  the  temperature  distribution  over  the  bound¬ 
ary-layer  cross  section.  Significantly  better  results  can  be  obtained 
1 f  we  ad d  a  term  containing  the  logarithmic  to  this  equation.8  Thus 
we  finally  represent  the  function  Q(R)  in  the  form 

e=A[f-  4-^  +  (l-  A) (E lnE)*].  (12-20) 

w..cr.  £  — -  1  — i — (-  R- 

A  A 

ri;  i."  function  also  satisfies  all  the  conditions  Indicated  above. 
It  still  contains  an  unknown  quantity,  the  dimensionless  thickness 
&(x)  ^  he  ^hermal  boundary  ayer. 
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To  determine 

(  -25)  and  (5-26) 
the  value  of  d(R) 


A,  we  substitute  the  value  of  V  (R)  ,  found  from 

Into  Integral  relationship  (12-17),  together  with 
from  (12-20) .  After  integration  we  obtain 


(12-21)  - 


Equation  (12-21)  is  valid  for  the  case  in  which  A <8.  Using 
Integral  relationship  (12-17aJ,  we  can  without  difficulty  obtain 
an  analogous  equation  for  A  >8.  , 


If  1  JC 

Since  we  know  the  relationship  between  6  and  we  can 

use  (12-21)  to  determine  .the  thickness  A  of  the  thermal  boundary 
layer  as  a  function  ofpL.^_and  Pr;  we  can  then  determine  the  temp¬ 
erature  field  and  heat-transfer  coefficient. 


By  definition,  the  local  heat-transfer  coefficient  equals 


For  the  case  in  which  A<1  (here  »  tQ),  we  can  represent 
tg  —  i  as 


tc -/  =  (/„ (12-22) 
When  R  «  1,  we  obtain  the  following  expression  from  (12-20): 

f  _  ft  _  A  i  _  3  q<4  A 

*c  *  t  —  9  *  x 

It  follows  from  the  heat  balance  that 


/  — 


t. 


Qrd  1  X 

T’WT- 


Ti,us  when  A<1,  the  expression  for  the  local  Nu  number  will 
have  the  form 


8 


(12-23) 


This  ^xnression  is  valid  both  for  A<8  and  for  A>£ 

Begin -ing  with  the  reduced-lengthy v^lue  for  wtjich  A  becomes 
unity,  we  must  distinguish  two  cases:  A<8  and  A>8. 
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In  he  first  case  (A<8),  v.  Iocity-profile  stabilization  term¬ 
inates  before,  or  at  the  game  time  as,  temperature-profile  stabil¬ 
ization.  Thus  as  soon  as  A  becomes  unity,  stabilization  of  the  heat- 
exchange  process  occurs  and  Nu  lakes  on  the  constant  (limiting) 
value 


Nu 


i 


3  ,1  /..»  ‘ 

T-4PT~ 


If  we  let  6=1  and  A=l,  we  can  find  the  reduced  length  of  the 
thermal  initial  segment  from  (12-21);  it  equals  p^-“=0,0365.  Conse¬ 
quently,  Nuro  =  4.36,  which  corresponds  to  the  previous  results. 

In  the„second  case  (A>8),  the  velocity  profile  will  change 
even  after  A  has  become  equal  to  unity.  Thus  the  heat-exchange 
process  is  stabilized  only  in  the  tube  cross  section  at  which  the 
velocity  profile  has  becomq,  stabilized.  We  cannot  use  Eq.  (12-22) 
for  the  segment  over  which A=  1,«*>4<T, since  /  tQ.  For  this  seg¬ 
ment,  we  can  determine  tg  —  t  from  the  relationship 


fc 


J  (tc  —  t)wjdr+  l  {te  — t)w„rdr 
.  0  r,_4 


When  A=l,  Eq.  (12-20)  goes  over  to  (12-19).  Using  (12-15), 

(5-25)  and  (5-26),  we  find  t  —  t  and  then  Nu.  As  a  result,  we  have 

s 


6-4T+r» 


Nu=  I  i  —  :i  Z  l  _  i  -  • 
1  - --f*1  +To**  +’20*4“TT*1 


(12-24) 


When  f=  lt.Nu==Nu<10=4,36.  Here  the  length  of  the  thermal  initial 
segment  corresponds  to  the  length  of  the  hydrodynamic  initial  seg¬ 
ment,  and  it  can  be  found  from  Table  12-1  as  the  value  of  the  ar¬ 
gument  for  which  ?=0,99. 


_L  Jii 

Re  *  d 


as  0,064,  or 


J_  /„.T  0,064 

Pe  *  d  “  Pr  * 


The  values  of  Nu  have  been  computed  in  the  10* 10"1  range 

for  Pr  =0.7,  1,  10,  100,  1000  •>«*«>.  The  computational  results  are  shown 
in  Fig.  12-9.  As  we  might  expect,  for  the  same  value  of  ~-.i,  Nu 

will  be  larger  the  smaller  Pr. 


The  curve  for  Pr  -*■  «°  represents  a  limit,  and  corresponds  to 
parabolic  distribution  of  the  velocity  over  the  entire  tube  length. 
This  curve  coincides  with  the  exact  solution  (8-13),  with  the  ex¬ 
ception  of  a  narrow  region  of  values  of  ~.f_(from  2»10**2  to  7*10-2}, 
where  th<-  difference  amounts  to  -5%.  c  d 

For  small  values  of  ~  t  when  the  velocity  profile  is  para¬ 
bolic  it  is  not  difficult  to  obtain  an  asymptotic  expression  for  Nu. 
In  this  case  A<1  and  1=1,  Eq.  (12-21)  takes  the  form 
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i.e 


•  > 


Determining  A  from  this,  vre  substitute  it  into  (12-23);  neglect- 

\  jc  3 

ing  4  jjjf-y,  which  is  small  in  comparison  with  -g-A,  we  obtain 

Nu=  1,31  ( 12-25 ) 

which  is  in  very  good  agreement  with  Eq.  (8-14). 


Pig.  12-9.  Value  of  Nu  in  initial 
segment  of  round  tube  when  velocity 
profile  varies  along  the  length,  q  - 
*  const.  3 


When  is  small,  i.e.,  near  the  tube  entrance,  where  the 

bour.da”  --layer  thicknesses  are^  small,  we  can  obtain  another  asymp- 
lc  expression  for  Nu.  When  and  2<1,  Expression  (12-21) 
cakes  the  form 


^0,2355- 0,0265  =  4 


_L  _£ 

Pe  '  a 


^he  computational  results  whos  that  the  ratio  Sjh  depends 
basicuily  Just  on  Pr,  while  when  0,7  Pr’<  1 000  and  =!— £-<4-10-* 

Coi  10<Pr.<1000»nd^-™«£2-i  ),  it  is  described  by  the  equation 

—  =  0,54Pr-'/3. 
s 

Substituting  this  value  into  the  preceding  equation,  we  find 
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0,54^  Pr'"3 (0.2355  -  0,1  143Pr:/3)  =  4~~j. 

Sl^ce  vhe  second  term  in  parentheses  is  small  as  compared  with 
the  first,  we  take  an  approximate  estimate,  letting  Pr  *  1.  We  then 
obtain 


*=5,80 

Substituting  this  expression  into  (12-23)  and  neglecting 
4  since  it  is  so  small,  we  obtain 

Pe  a  * 

Nu=0.46(^-.^_,/*Pr,/3.  (12-26) 

This  equation  coincides  exactly  with  the  equation  for  local  . 
heat  transfer  for  a  plate  in  a  longitudinal  flow  when  q  =  const 

[17].  Thus  for  the  case  in  which  t  =  const  as  well,  helt  transfer 

s 

near  the  entrance  is  described  in  approximation  by  the  flat-plate 
relationship,  for  q3  c  const. 


Pig.  12-10.  Increase  in  heat  transfer  in  hydrodynamic  initial  seg¬ 
ment  of  round  tube  at  q  *  const.  Curve)  Equation  (12-27);  circles) 
experimental  data. 


MJ  («  M*  V  V  Vi  o,t  o,j  4*  M  (I  4* 


Fig.  12-11.  Ratio  Nu/NuQ  as  function  of  Pg/Pzh  for  type  BM-*J  oil 

(circles)  and  water  (triangles).  Empty  circles  correspond  to  de¬ 
veloped  flow  and  black  circles  to  the  hydrodynamic  initial  segment. 


The  following  interpolation  equation  can  be  recommended  for 
uhe  entire  region  of  values  of  l/Re»x/d,  corresponding  to  the  hy¬ 
drodynamic  initial  segment  (with  the  exception  of  very  small  values) 


Nu 

Nu*,t 


0,35 


(, Krt'+w'GH-rj- 


(12-27) 


where  Nu  ,,  is  the  Nusselt  number  for  stabilized  flow  with  <?  = 
s  tb  s 

*  const  (see  §8-1).  This  equation  describes  the  computational  re¬ 
sults  1  thin  the  10**  <0,064 and  0,7  <  Pr  <  1000  ranges  to  within 
about  6%.  For  values  of  >0,064,  the  velocity  profile  becomes 
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p  rabolic  and,  consequently,  Nu  =  Hustb*  EQuatlon  (12-27)  is  com- 

p;  ed  with  experimental  data  [18]  in  Pig.  12-10.  Here  only  data  for 

water  at  low  temperature  heads  are  plotted  [t  —  t  «  (2-10)°C]  so 

s 

as  to  minimize  the  influence  of  the  temperature  dependence  of  physi¬ 
cal  properties.  It  can  be  seen  that  the  calculated  and  experimental 
data  are  in  satisfactory  agreemen*  The  spread  that  is  present  in 
the  experimental  points  is  evidently  associated  with  the  difficul¬ 
ties  of  experimentation  at  low  temperature  heads. 

Experimental  data  for  water  and  type  BM-4  oil,  covering  the 
hydrodynamic  initial  segment  and  the  region  of  developed  flow  (see 
§9-1,  paragraph  2)  were  used  to  allow  for  the  influence  of  variable 
viscosity  on  heat  exchange  in  flow  of  liquids  in  the  presence  of 
large  temperature  gradients.  These  data  are  shown  in  Pig.  12-11  as 
the  relationships  between  Nu/NuQ  and  Vs/u2h,  where  Nu  is  the  Nusselt 

number  found  experimentally,  and  NuQ  is  computed  from  Eq.  (12-27) 

(i.e.,  for  constant  physical  properties).  We  can  see  that 

Nu  _  /  |»« 

S5T ,  V  »*■  / 

not  only  for  developed  flow,  but  also  in  the  hydrodynamic  initial 


segment.  Using  Relationship  (8-15)  for  Nu 
equation 


we  arrive  at  the 


where 


Nn-uu(^r(1+2^i)(£.r*.  (12-28) 


0'*  *60'*  *610'J  *t«rz  *  6  0'*  *610*  *60 


Fig.  12-12.  Heat  transfer  in 

hydrodynamic  Initial  segment  of 

flat  tube  for  q  *  const, 
s 


The  heat-transfer_coefficient  in  (12-28)  refers  to  the  local 
temperatur  head  i  —  t,  while  the  physical  properties  of  the  liquid 

in  the  expressions  for  Nu,  Pe,  and  Re  are  chosen  at  f  =  4-(/c+r). 


Equation  (12-28)  encompasses  ^he  entire  flow  region  in  the 
thermal  initial  segment.  Including  the  portion  over  which  the  velo¬ 
city  profile  is  formed.  In  the  rest  of  the  region,  (12-28)  is  used, 
like  (9-19)  for  developed  flow  (see  §9-1,  paragraph  2). 

i 

The  dependence  of  p,  y,  and  X  on  T  must  be  taken  into  ac¬ 
count  for  gas  flowing  at  high  temperature  gradients.  The  heat  trans¬ 
fer  and  resistance  in  this  case  can  be  determined  by  numerical  in¬ 
tegration  of  the  system  of  energy,  motion,  and  continuity  equations, 
written  in  approximation  for  the  boundary  layer.  Such  calculations 
have  been  carried  out,  for  example,  in  [19]  for  helium  flowing  in  a 
round  tube  with  uniform  distribution  of  velocity  and  temperature  at 
the  entrance,  and  constant  heat-flux  density  at  the  wall.  The  calcu¬ 
lations  show  that  if  the  physical  properties  in  the  expressions  for 
Nu  and  £  are  selected  for  a  mean  mass  temperature  F  of  the  gas,  then 
in  the  hydrodynamic  initial  segment  (which  coincides  with  the  thermal 

initial  segment  in  this  case),  Nu  will  depend  little  on  qa  (or  T /F); 

s  s 

at  the  same  time,  C  varies  quite  sharply.  Thus,  for  example,  when 
the  parameter  q^d/T^X^  changes  from  0  to  27,  Nu  changes  by  5— 10% , 

while  £  increases  by  roughly  a  factor  of  2  (here  Aq  is  the  thermal- 

conductivity  coefficient  of  the  gas  or  the  entrance  temperature  Tq). 

2.  Siegel  and  Sparrow  [20]  have  solved  the  problem  of  heat  ex¬ 
change  in  a  flat  tube  with  uniform  velocity  and  temperature  distribu¬ 
tion  at  the  entrance  and  constant  and  identical  heat-flux  densities 
at  the  two  walls.  The  solution  was  obtained  by  the  same  method  and 
under  the  same  basic  assumptions  as  in  paragraph  1.  The  final  results 

are  shewn  in  Pig.  12-12  as  the  dependence  of  Nu  on  and  Pr.  Here 

Nu-aA/WRe-aroA/v  (A  is  the  distance  between  the  walls). 

Heat  exchange  in  the  hydrodynamic  initial  segment  of  a  flat 
tube  for  constant  heat-flux  density  at  one  wall,  with  the  other 
wall  heat-insulated,  has  been  considered  in  [21].  The  values  of 
Nu-a djx  at  the  heated  wall  and  the  adiabatic  temperature  0_  _  * 

—  m  5 

at  the  heat-insulated  wall  are  given  In  Table  12-2. 

TABLE  12-2 

Values  of  Nu  at  Heated  Wall  and  0„  „  at  Heat-Insul- 

a.s 

ated  Wall  of  Plat  Tube  with  Uniform  Velocity  Profile 

at  Entrance 

a  10  Pr  =  0.7  Pr  a  O.m 

®».c  Nu  I  ®.i  c  Nil  j  *»•« 

—0,000200 
-0,00200 
—0,00500 
—0,0100 
—0,0200 
— 0,0480 
— 0,0655 
— 0.0680 
— 0.0600 
— 0,0643 


0.00010  40.4  — 0,000200 

0,0010  15.50  -0.00200 

0,0025  I!,  40  -0.00500 

0,0050  0,20  --0,0100 

'.010  7,40  -0.0199 

0,025  6,00  — 0.04.13 

0,050  5.55  — 0,0509 

0,10  5,40  -0,0639 

0,25  5.39  -0,0643 

oo  5,39  —0.0643 


52,8  —0.000200  — 

18,50  -0.00200  24.2 

12.00  —0,00500  1 5, 8 

9,62  —0,0100  11.7 

7,1.8  —0,0200  8,80 

6,13  —0,0433  0,48 

5,55  —0,0589  5,77 

5,40  —0,0639  5,53 

5,39  -0,0643  5,47 

5,39  — 0,0643  5,39 
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A  cer4  lin  general! zetion  of  the  Integral  method  for  determining 
t'  boundary  layer  In  the  initial  tube  segment  has  been  given  in 
[22].  In  this  generalized  form,  tne  method  can  also  be  used  to  de¬ 
termine  heat  exchange  in  prismatic  tuber..  The  calculations  are  only 
carried  out  for  a  flat  tube,  however.  They  agree  well  with  the  data 
of  Pig.  12-12. 
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Footnotes 


lIn  these  studies,  an  attempt  was  made  to  allow  for  the 

influence  of  convective  heat  transfer  along  the  normal 

to  the  wall  (i.e.,  for  the  term  »,  missing  from  the 

neat-conduction  equation)  as  well  as  for  the  influence 
of  the  deviation  of  the  actual  velocity  profile  from  the 
uniform  profile.  For  this  purpose,  a  correction  is  intro¬ 
duced  into  the  initial  heat-conduction  equation  in  the 
form  of  a  constant  factor.  The  value  of  this  correction 
is  found  later  by  comparing  the  solution  to  the  problem  of 
a  plate  in  a  longitudinal  bar  flow  with  the  known  exact 
solution  of  this  problem. 

2We  note  that  in  such  calculations,  the  physical  proper¬ 
ties  of  the  free-flowing  material  (p,  X,  a)  for  a  state 
of  motion,  or  for  the  so-called  limiting  shear.  These 
properties  differ  from  the  properties  of  the  material 
when  stationary. 

*In  [11],  in  contrast  to  [10],  the  heat-transfer  calcu¬ 
lations  take  into  account  the  transverse  velocity  compon¬ 
ent,  which  makes  It  possible  to  refine  the  data  of  [10] 
by  as  much  as  15% .  Figure  12-2  shows  the  data  of  [11], 

"in  addition  to  the  round-tube  data.  Fig.  12-5  gives  the 
same  author’s  data  for  a  flat  tube.  Thus  the  equivalent 
diameter  is  taken  as  the  characteristic  dimension. 

5In  the  equation  for  the  plate,  a  is  referred  to  the  ini¬ 
tial  temperature  head,  and  In  Eq.  (12-9)  to  the  mean  log¬ 
arithmic  head.  The  difference  is  slight  for  small  x,  how¬ 
ever. 

‘This  is  so  provided  the  mean  radius  of  curvature  for  the 
section  perimeter  substantially  exceeds  the  boundary-layer 
thickness.  K.D.  Voskresenskiy  has  called  attention  to  this 
fact . 

7 liquation  (12-11)  refers  to  the  case  in  which  the  tube 

fluid  entrance  coincides  with  the  initial  heated  segment. 

If  there  is  an  unheated  segment  of  length  l'  <  l  ,  then 

n  •  s 
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we  can  use  (12-11)  with  a  certain  degree  of  approximation, 
substituting  the  sum  V*  +  l  in  place  of  l  in  the  equation 
for  jj'-y-.  g>  then  Eq.  (7-810  is  valid  or,  what 

is  the  same  thing,  (12-11)  with  e  *  1. 

#We  can  see  that  the  function  Q(R)  must  contain  the  log¬ 
arithm  by  analyzing  the  energy  equation,  using  the  method 
of  successive  approximations. 


Transliterated  Symbols 
Kp  *  kr  *  kriticheskiy  «  critical 

H.r  *  n.g  »  nachal'nyy  gidrodinamiche3kiy  *  hydrodynamic 
initial 

h.t  *  n.t  =  nachal'nyy  thermicheskiy  *  thermal  initial 

c  *  s  ■  stenka  *  wall 

a  *  e  «  ekvivalentnyy  =  equivalent 

ct<S  *  stb  *  stabilizorovannyy  *  stabilized 

sc  «  zh  *  zhidkost'  =  fluid,  liquid 

a.c  =  a.s  »  adiabaticheskiya  stenka  *  adiabatic  wall 
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Chapter  13 

HEAT  EXCHANGE  IN  TUBES  OF  ANNULAR  CROSS  SECTION 

13-1.  HEAT  EXCHANGE  UNDER  BOUNDARY  CONDITIONS  OF  THE  FIRST  KIND  WITH 
STABILIZED  FLOW 

Technology  makes  wide  use  of  heat-exchange  equipment  In  which 
a  fluid  moves  within  an  annular  tube  formed  by  two  coaxial  cylin¬ 
ders,  with  heat  exchanged  through  one  or  both  walls  of  the  annu¬ 
lar  tube.  Examples  are  exchangers  of  the  "tube -in-tube,"  Field- 
tube,  and  similar  types. 

Heat  exchange  calculations  for  annular  tubes  can  be  carried 
out  by  the  same  method  used  for  round  or  flat  tubes  (see  Chapters 
6  and  8) .  The  computations  are  more  complex,  however,  since  an 
additional  parameter  appears  In  the  form  of  the  ratio  of  the  radii 
of  the  Inner  and  outer  tubes.  Quite  diverse  boundary  conditions 
at  the  walls  can  also  occur  for  annular  tubes. 


1.  Let  us  first  consider  the  case  of  fully  developed  (stab¬ 
ilized)  flow  and  heat  exchange  when  one  wall  is  at  constant 
temperature  and  the  other  is  heat-insulated.  We  assume  that  the 
physical  properties  of  the  fluid  are  constant,  and  ignore  heat 
conduction  along  th  axis  and  the  heat  of  friction.  We  use  the 
method  of  successive  approximations  (iterations)  developed  by 
Relchardt  [1],  and  subsequently  applied  in  [2,  3]  to  problems  of 
heat  exchange  with  laminar  flow  in  tubes.  The  method  is  based  on 
utilization  of  two  relationships  connecting  the  temperature  dis¬ 
tribution  and  distribution  of  heat-flux  density  over  the  tube 
cross  section.  We  first  set  up  these  relationships  for  the  case 
lr  which  a  constant  temperature  t  ^  is  set  up  at  the  inside  tube 


wall 

(4 

V  <>'  Jr 


l  Fig. 
=0. 


13-1), 


while  the  outside  wall  is  heat-insulated,  i.e.. 


For  hydrodynamic  stabilization  of  the  flow,  heat  is  trans¬ 
ported  normal  to  the  wall  solely  by  conduction.  Thus  we  can 
write  *-he  ratio  of  the  heat-flux  densities  at  an  arbitrary  point 
and  "•  ♦’'£  wall  *r  the  following  form: 


T  ^"grating  this  expression,  we  find 
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/«  —  tr  | 


(*L 


i 


flc. 


dr. 


Pig.  13-1. 
The  Problem 
of  heat  ex¬ 
change  in 
an  annular 
tube. 


Dividing  the  first  integral  by  the  second, 
we  obtain  the  first  relationship  in  which  we  are 
interested: 


where 


A 


A. 


(13-1) 


To  obtain  the  second  relationship,  we  make 
use  of  the  energy  equation 


i  d  /  d»\ 
r  <*['*)• 


where  0=/— <ci-  Replacing  dQ/dr  by  -q/\  in  the  equation,  we  multiply 
it  by  r  dr  and  integrate  between  r  and  r2,  making  allowance  for 

the  fact  that  q  0  =  0.  As  a  result  we  obtain 

’Si 


i  r  »*•’  j 

9=-r^],Tf8’*rdr 

r 

and,  accordingly, 

«•» 

^0,=  — pcpj^^rdr. 

Por  thermal  stabilization  with  t  -  const,  the  fluid  tempera¬ 
ture  along  the  axis  will  vary  exponentially,  i.e.,  0~cxp(— const x). 1 

')!> 

From  this  we  have  directly  that  Thus  in  the  expression  for 

q/q found  on  the  basis  of  the  relationships  given  above,  we  can 

substitute  for  Sf/Sa:.  As  a  result  we  obtain  the  second  relation¬ 
ship. 


(  HI V.RdR 

<7 _ _ 

R  1 

\.W,RdR 

k, 

where  Wx=~. 


V322 


(13-2) 
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i.iiOJ.-ftuiatiMJIsflW.f''  i :  ■ 


r- 


It  is  also  siople  to  obtain  i  .1  itlonshlps  similar  to  (13-1) 

:  1  (13-2)  for  the  case  in  which  the  temperature  tg2  of  the  outside 

wall  is  maintained  constant,  while  the  inside  wall  is  heat- insulated 
(<jgl  ■  0).  They  have  the  fora 


0= 


i-Ui 


K 

J£- 


(13-3) 


<*  i— ■*•»  *■ 


~4R 

♦«i 


[mjtdR 

9  _  I  A. 


«r=*F~« 


[«V,RdR 

*> 


(13-4*) 


In  (13-2)  and  (13-1!),  the  velocity  is  a  known  function  of  R 
(see  §5-2) : 


2 


(I  +«f)ln/?,+(l-R*) 


(13-5) 


The  following  procedure  is  used  to  determine  the  heat  exchange 
by  tie  iteration  method. 

A  suitable  function  for  determining  the  heat-flux  density  is 
specified  in  first  approximation.  This  function  must  evidently 
satisfy  the  boundary  conditions  at  the  inside  and  outside  walls. 

We  can  take  a  linear  relationship,  for  example: 

for  a  tube  with  internal  heating, 

(JL\  _lz±  • 

\  ?e  i  Ji  l  — R\‘ 

for  a  tube  with  external  heating 

f_S_\  _R~R, 

\9ei  )\  I  — Ri  ’ 

Substituting  these  expressions  into  (13-1)  and  (13-3),  we  find 
the  first  approximation  for  the  temperature  distribution  0^.  Sub¬ 
stituting  0 j  into  (13-2)  and  (13-*0,  we  find  the  second  approxima¬ 
tion  for  the  distribution  of  heat-flux  density  or  We 

next  determine  the  second-approximation  temperature  distribution 
G.^,  etc.  The  process  is  repeated  until  the  last  approximations  are 

in  sufficiently  good  agreement  with  the  preceding  ones. 

...  vf?’  the  temperature  field  has  been  found,  there  is  no  diffi¬ 
culty  in  a  ••mining  the  limiting  values  of  Nuw.  If  we  take  the 
■'Tui  valent  diameter  d,-‘2(rt—rl),  as  the  characteristic  dimension,  we 
-  atain  the  following  expressions  for  Nuw  at  the  inside  and  outside 
...  ils  with  nonsymmetric  heating  (i.e.,  with  heating  of  Just  the  in- 
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side  or  Just  the  outside  wall): 


NS-, 


__  2(i-  a.) 


«  V*". 


where  5  Is  the  dimensionless  mean  mass  temperature  of  the  fluid. 


Fig.  13-2.  Distribution  of  heat-flux  density  (a)  and  temperature 
(b)  over  width  of  annular  tube  heated  (cooled)  from  within,  for 
various  values  of  ^  Inside  wall;  2)  outside  wall. 


In  isolated  cases,  the  iteration  method  can  be  used  for  analy¬ 
tic  determination  of  heat  exchange.  Thus,  for  example,  in  third 
approximation,  the  following  results  are  obtained  for  a  round  tube:3 


Q WOO  /8  13  H  ni  |  ^  _  *  />•  i  1 1  f>* ]  pit  \ 

819  ^800  (i  “  *"51  K  2  *  »■*{«  *  75  *  )' 


8  =  0,558  «ndNu00  — 3,678. 


This  value  of  Nuro  differs  by  only  0.5%  from  the  value  found 
by  exact  calculation  (Nu«,=3,658). 


Since  the  expression  for  W  is  so  complex,  calculations  for 

annular  tubes  can  only  be  carried  out  by  a  numerical  method.  Fig¬ 
ures  13-2,  13-3,  and  13-4  show  the  results  of  a  numerical  calcu¬ 
lation  Figure  13-2  shows  the  distributions  of  heat-flux  density 
and  temperature  over  the  width  of  an  annular  tube  with  internal 
heating  for  various  values  of  r-^/rg.  Figure  13-3  also  gives  data 

f>  ;*  a  tube  with  external  heating.  It  is  noteworthy  that  the  curves 
for  the  relative  heat-flux  density  in  the  externally  heated  tube 
have  maximum,  which  In  greater  In  magnitude  and  the  farther  away 
from  the  outside  wall  the  smaller  v^vi’ 


2,3/322 
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Pig.  13-3.  Distributions  of  heat-flux  density  (a)  and  temperature 
(b)  over  width  ox*  annular  tube  heated  (cooled)  externally,  for  var¬ 
ious  values  of  rj/rg*  1)  Inside  wall;  2)  outside  wall. 


Pig.  13— ^ -  Limiting 
values  of  Nu  in  annu¬ 
lar  tubes  with  inter¬ 
nal  and  external  heat¬ 
ing. 


TABLE  13-1 

Limiting  Values  of  Nus- 
selt  Numbers  in  Annular 
Tubes  with  Internal 
(n«Imo)  and  External 
(Naajl  Heating  at  t  • 

■  const 


ijr. 

N“?liOO 

1.0 

4.860 

4.860 

0.9 

4.955 

4.761 

0,75 

5.143 

4,630 

0.60 

5.422 

4.503 

1/3 

6.549 

4.289 

1/6 

8.709 

4.163 

1/21 

— 

4.049 

1/101  , 

■  — 

3.977 

0 

— 

3.658 

Values  for  the  quantities  Nu1IIa>  and  Nil*,*,  are  given  in  Table 
13-1,  while  their  dependences  on  are  given  in  Pig.  13— ^ - 

When  r1/r2  =  1,  the  annular  tube  degenerates  into  a  flat  tube 
and  Nui„„=Nu2,i«i=4,H6,  which  corresponds  to  the  value  obtained  In 
§6-4  for  a  flat  tube  heated  on  one  side  (If  we*  consider  that  d  * 

I  '•* 

«  24V  As  we  might  expect,  as  r^/r0  decreases,  the  Nusselt  number 

for  an  internally  heated  annular  tube  rises  rapidly,  approaching 
inf  i:.4  ty  in  the  limit  when  *-)/r2  C,  For  an  externally  heated 

annular  tube,  the  Nusselt  number  decreases;  it  is  only  for  very 
small  r./is  that  it  approaches  the  value  of  3.66  for  a  round  tube. 

This  indicates  that  the  flow  characteristic  of  an  annular  tube  is 
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maintained  even  when  r^/rg  is  snail. 

Interpolation  equations  have  been  published  for  Niw  and  Niw 

C33: 

No^. =3.96+0, 9(i-)"“,  (13-6) 

4.03  exp  (0,185i.).  (l3-7) 

The  first  is  valid  when  £-5*0,2  and  describes  the  calculated 

rl 

data  to  within  0.5 %i  the  second  holds  for  --  0, 15,  and  is  accurate 

ft 

to  within  0.2%. 

So  far  as  we  know,  no  quantitative  estimates  have  been  given 
for  the  convergence  and  accuracy  of  the  iteration  method  considered 
Design  practice  has  shown  however,  that  the  method  Is  good  conver¬ 
gence  after  a  few  approximations.  Thus,  for  example,  even  In  un¬ 
favorable  cases,  the  differences  In  Nu*  for  the  third  and  fourth 
approximations  Is  always  less  than  0.5%.  Comparing  the  results  of 
calculations  using  this  method  with  certain  exact  solutions,  we 
see  that  the  method  Is  accurate  enough.  Thus,  for  example,  for  a 
round  tube  Nu»  coincides  with  the  exact  value  by  the  fourth  approxl 
mat ion. 


2.  Let  us  now  consider  heat  exchange  in  an  annular  tube,  in¬ 
cluding  the  thermal  initial  segment.  As  before,  we  assume  the  flow 
to  be  stabilized,  and  keep  the  same  conditions  and  assumptions  as 
in  Paragraph  1.  Let  the  temperature  be  uniformly  distributed  at  the 
entrance  to  the  heated  segment,  let  the  temperature  of  the  inside 
wall  be  constant  *  const),  and  let  the  outside  wall  be  heat- 

insulated  (<7s2  ■*  0) . 

The  problem  reduces  to  solution  of  the  energy  equation 


W  39  -di9-[  1  39 

X  3X  "or*  ^  R  dR 


(13-8) 


under  the  boundary  conditions 


for*=0  -*Rl<R<Kt  0=1, 


Cor  A'  0  "'AR  =  R,  0  =  0, 
OR 


for  X  >  0 -ndf?  £  =  0. 


(13-9) 


Here  we  let 


t  —  tr\  .  y _ 4  X, 

”  •»  -  fc.  ’  A  “  Pc  '  d,  * 

■Pc-~:  *--*7Z=7=J:  '  ^  =  2 (r,-r,). 

The  velocity  f/  is  specified  by  Eq.  (13-5).  The  solution  ob- 

SC 

tained  to  this  problem  in  [4]  by  separation  of  variables  has  the 
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form 


•aC 


(13-10) 


where  •,«-<*«  (/bare  the  eigenvalues  and  eigenfunctions  of  the  problem. 


The  constants 


3+W**-*  l 

for  /?  =  /?,  f =0, 
rf* 

ar 


for  £=/?,  ^=0. 


(13-11) 


« - . 

5  ♦:*».** 


By  definition,  the  Nusselt  number  at  the  Inside  wall  equals 


,Wr,r 
=  2 - 


where  2F  Is  the  mean  mass  temperature  of  the  fluid, 

u  _ 

J  ®»,2  w  dr  *« 

0= = — - — 2- 1  e^/cc'r. 

2«,+!  ~ 


TABLE  13-2 

Eigenvalues  and  Constants  in  Problem  of  Heat  Ex¬ 
change  In  Annular  Tube  with  tgl  *=  const  and  qg2 


n 

R,  =  »,2; 

«,  =  1/6 

%  t=0.5; 

1/3 

R,=  l.o; 

R,  =  1/2 

R,  -  2.0; 

Ri  -  2/3 

/?,  =  20; 

»,  =  20/21 

*« 

% 

•n  1 

«« 

*« 

>'n 

•fl 

o 

n.siW'jro 

1  .’KIIOI 

i  .mmtiO 

1 , 333003 

2,651170 

1 ,4  v^no 

4,813520 

1,540383 

44 .02*71*1 

i 

4 ,  W-liMi 

iWhbw 

4,7)M.T.7 

0.3017,143 

4.71.7710 

i  .fiinUCT 

4.WI7H/13 

l*,<Viri.VM 

4  ,Rf»l740 

:»R>r.r,7.)H 

•» 

n.' “tin  40 

7,'M\AX7 

0.0S0899; 

H.05  :7f»4 

I  .iw.iti 

7. 4:0434 

ft.imtns 

:i 

n.in;«5 

n,**r*r»  in:«i» 

ii,  vas* 

o/ioiww 

II..T.I1M 

1.11*39/ 

1 1  ,30iv») 

iHt.n.7 

1 1 ,40.102 

21.34054 

4 

N.V.iW 

0.2378I40 

14,48151 

o.rvii»4hif 

I4.WJ04 

i.oiwr. 

14,03433 

:».«IS77,» 

14.07321 

io.rar«. 

r» 

I7.4V.VK 

l.*.7:M.7 

17 ,34100 

»,!Vi7  .KiW 

17,'KHI1.* 

i  ,h7.*n;i:» 

l7,»H2ir. 

18.31137 

i« 

h.shilw 

7l>,!»i-J«5 

)M>fl04W 

I'l.poom 

n/MMr.47',) 

1*1 ,  uwr* 

1.770777 

2i  .,.,nar» 

I7.AI00L' 

7 

:  3.84375 

0,194138!) 

LM.'.’OOTiG 

0,4407083 

24,35514 

0,80181180 

24.43017 

1 ,037354 

24.47RIO 

10, 49834 

H 

.7,03685 

0,18587.13 

27,43748 

0.4781 1-61 

27,01)144 

0.8761807 

27.WI.I72 

1  ;.I7H0H 

27,74554 

15,82019 

o 

30,2*199 

0,1738074 

30,67373 

0,4123141 

30,80023 

0,7058158 

30,9568!) 

.,558519 

31,01279 

15,24103 

Using  (13-10),  we  find 
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Pig.  13-5.  Values  of  Nuj  in 
annular  tube  with  -  const 

and  ?s2  *  °*  1)  ^  *  0.2;  2) 

Rl  *  0.5;  3)  Rx  -  1.0;  J|)  R  „ 
•  2.0  5)  flat  tube. 


a> 


2*,.  S5-eiP<— I*) 

Nu,,,— ■=• 


«T 


J];7«P<-«*  X) 


(13-12) 


where 


«=0 


BK=A„Yn(Rt). 


For  x  ■*  » 


%.=n„1-=(2+j.)..  (i3i3) 

vnd  the  •-  - 

for  five  values  of  l  T  ln  **  *  fUnCtl°n  of  * 

corresponding  curve  for  ^flartube^Th^116^ ly  colnclde5  with  the 
approximate  Nu1imo  values  given  in  Tabl?  ^  ?  g  °n  one  slde-  The 
exact  values,  which  can  be  0l0Ee  the 

3.  If  we  know  a  solution  of  the  problem  for  t  -  „ 
can  then  use  the  Duhamel  princinie  («  ka  x  *sl  ~  °nSt*  we 
sion  for  Nu  when  the  tempLatSe  of  the  to  obtain  an  expres- 

f*°ng  the  lenSth.  Thus,  for  exampl^if  fj11.  varles  contin- 
tin  inside  wall  varies  linear lv  t  -  lf  the  temPerature  of 

y»  ^sl  "  tQ  +  const  x,  then 


Nu1M  =  &ii.2j‘ 


on 

2  7hi-cxP(-.’*)j 

M  A  n 


uO 


?:,l-cxp(-,^)i 


(13-14) 


flcO 


-  303  - 


Here  the  eigenvalues  and  constants  are  the  sane  as  for  paragraph 
2  (Table  13-2). 

13-2.  HEAT  EXCHANGE  UNDER  80UNDARY  CONDITIONS  OF  THE  SECOND  KINO 
KITH  STABILIZED  FLOM 

1.  We  first  analyze  the  Uniting  case  of  stabilized  heat  ex¬ 
change  in  an  annular  tube,  assuming  that  the  physical  properties 
are  constant,  the  velocity  profile  is  developed,  and  the  heat  of 
friction  is  negligible.  Let  the  constant  values  qgl  and  qg2  of  heat- 

flux  density-  be  given  at  the  inside  and  outside  walls;  qgl  j*  qg2. 

A  solution  of  this  problem  has  been  published  in  [5]. 

The  condition  for  stabilization  of  the  heat-exchange  process 
over  the  length  can  be  represented  by  the  relationship 


£<2=jk 


from  which  we  find  that  the  heat-transfer  coefficient  at  both  walls. 


also  varies  with  the  length.  Here  tg  and  qg  represent  tgl  and  qgl  or 
tg2  and  <jg2,  while  n  is  the  normal  to  the  wall  surface,  directed 
toward  the  fluid.5 

Where  get  ft*.  «,—*«,  are  constant  ovex  the  length,  the  above 
relationships  yield 

dx  dx  " 

The  mean  mass  temperature  of  the  fluid  is  found  from  the 
heat -balance  equation 

where  is  the  temperature  of  the  fluid  at  the  entrance. 

Taking  (13-15)  into  account s  we  arrive  at  the  relationship 

<H  _<lt'  __  (if  _2(qr,r,  (13-16) 

dx  dx  dx  p cjm{r\-r\) 

Using  this  relationship,  we  can  write  the  energy  equation  as 


(13-17) 


where 


*  (i  -  '■'i ) 


;  Wx=*r;  R  =  ~. 

a  r* 
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We  Integrate  (13-17)  between  B^  and  A,  allowing  for  the  fact 
that  y )  »> .  As  a  result,  we  obtain 

«-=TT  [c  | ^-i2fL]-  ( 13-l8a) 

If  we  Integrate  (13-17)  between  i?2  *  1  and  A,  and  allow  for 
the  fact  that  we  then  obtain  an  expression  analo¬ 

gous  to  the  preceding  one: 


«-=x[c  J  HWfl+nr]-  (13-1. 8b) 

Integrating  (13-l8a)  between  and  A,  we  find 

ft 

Substituting  the  value  of  the  constant  C  and  introducing  the 
dimensionless  temperature 

a  P — 

Wi+faft' 

we  finally  obtain 


(13-19) 


where  p: 


its, 


1c\r  I  +?«!»■* 


I  + 


<7d'» 

</d'« 


Thus  determination  of  the  temperature  field  reduces  to  evalua¬ 
tion  of  an  Integral. 

Equation  (13-5)  describes  the  velocity  distribution  in  an 
annular  tube.  Substituting  this  expression  into  (13-19)  and  inte¬ 
grating,  we  obtain  an  equation  for  the  temperature  field: 

e  -  Tf  [( 1  +  Z)  (R*  -  R])  — 4*  («4  -  R\) — 2  (S’  In  R  -  R3,  In  A,) - 

.  .  m  p  (13-20) 

-(z  +  A^lnAj-Phi^, 

whero  D=(]  —  A*)  (1  +^+  *)• 

Figure  13-6  shows  this  relationship  for  Ai^0.7.r>.  The  /*« 0  curve 

corresponds  to  delivery  of  heat  to  the  outside  wall  alone  (?r.i=0), 

and  the  P=\  curve  to  the  inside  wall  alone  (^2=0).  The  A=0,5curve 

corresponds  to  identical  supply  (or  removal)  of  heat  at  both  walls 

(fcih=0c2r2)..  The  curves  for P<0 correspond  to  the  case  in  which  qri<0 
and  qr. »>0  or  <7Ci>0 •n^ca<o,  here  |?c^2l>kciri!.  Finally,  the  curves  for 
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Pig.  13-6.  Distribu¬ 
tion  of  temperature 
over  cross  section  of 
annular  tube  with 

*  °*75.  1)  Inside 

wall;  2)  outside  wall. 


Pig.  13-7.  Dimension¬ 
less  difference  in 
temperatures  of  outside 
and  Inside  walls  of  an¬ 
nular  tube. 


P>  1  correspond  to  the  case  in  which  fel>0  or  qet<0 

here  j?rir,|>Wc*r*|- 

Lettlng  R-^  *  0  and  qgl  ■  0  in  (13-20),  we  arrive  at  the  equa¬ 
tion  for  the  temperature  field  in  a  round  tube  (see  §8-1):® 


0  = 


R\ 


Letting  R  *  1  in  (13-20),  we  obtain  an  expression  for  the 
dimensionless  difference  in  the  temperatures  of  the  outside  and 
inside  walls  of  an  annular  tube: 


9“=-i£r££=-ir  { <•  -  *5  [>  +*H*]+ 

+  Rl\nRt(R?t  +  Z)  +  {\nRl)[\-R](R]  +  z)  +  z\p}. 

We  note  that  this  equation  was  obtained  first  by  Jacob  and 
Rees  [6]  by  a  different  method.  Figure  13-7,  taken  from  [7],  shows 
0s2  as  a  runctlon  of  Ri  for  various  values  of  the  parameter  P.  The 

point  at  which  0g2  »  0.75  when  R^  =  0  and  P  ■  0  corresponds  to  the 

limiting  case,  where  the  annular  tube  degenerates  to  a  round  tube. 


In  all  other  cases,  when  /?i— 0  ©ei—  =£®:  since  transmission  of  a  finite 
amount  of  heat  by  an  Infinitely  thin  filament  requires  infinitely 
large  temperature  gradients. 

To  determine  the  heat-transfer  coefficients  and  02  at  the 

Inside  and  outslae  -wells,  we  consider  the  expression  for  the  mean 
mass  temperature  of  the  fluid. 


t  = 


Taking  the  integral  on  the  right  side  by  parts,  we  obtain 

r=r^[(‘  J  ]  *■*'*)“' j= 

I  Kt  M, 

I 

Since  we  have 

'-•-7=rr^k 

i»  ij*  1 

Proceeding  in  like  manner,  we  find  the  second  relationship 


/«, — / = 


*Mr- 


tRdR^dt. 


Substituting  dt  from  (13-l8b)  into  the  first  expression,  and 
the  value  from  (13-l8a)  Into  the  second  expression,  we  have 


(13-21) 


We  divide  the  first  equation  by  and  the  second  by 

we  also  multiply  both  equations  by  X  and  divide  by  =  2(r?  -  r^). 

After  substitution  of  the  value  of  C  into  the  resulting  relation¬ 
ship1  and  certain  manipulations,  we  arrive  at  the  final  expressions 
for  the  Nusselt  numbers  at  the  inside  and  outside  walls  of  an  an¬ 
nular  tube: 
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__1 

*■>« 


.£» 

C«. 


- «  [%-IrI tQw-T «- 
1t(i  •'**«)  «4 

*  *  J 


_fn  o 
frt  *' 


Here 


VfM  S 

Nu|fl0  —  * 


(13-22) 


*  -  (<rt_ijX  * 

It  is  easy  to  obtain  equations  for  Nun  In  round  and  flat  tubes 
from  (13-22)  as  special  cases. 

Por  a  round  tube  ( R ^  ■  0),  letting  a2  ■  a  and  2r2  ■*  d,  we 
find  the  following  expression  from  the  second  equation: 


i  * 


(13-23) 


This  expression  Is  known  as  the  Lyon  Integral  [8],  If  we  make 
the  substitution  rjr=2(l-W?!l),  we  then  find  Nu^  *  *18/11,  corresponding 
to  the  \alue  found  earlier  (see  §8-1). 


Por  a  flat  tube,/?=Ki  =  l;  1 — J?i—  *h*r-ft  la  the  tube  width. 


If,  in  addition,  we  introduce  the  coordinate  Y  *  y/h ,  i.e.,  the 
dimensionless  distance  between  the  inside  wall  and  the  point  under 
consideration,  Eq.  (13-22)  will  take  the  form 


i _ 

2 

i  _  i 

WET"* 


(13-2*0 


Substituting  in  IT,~6(K— V2),  wo  obtain  expressions  for  Nui„’ 
and  Nil?* that'  coincide  with  the  previously  derived  equations  ( 8— 43 )  . 

Returning  to  determination  of  heat  exchange  in  annular  tubes, 
we  substitute  Expression  (13-5)  for  the  velocity  profile  in  an 
annular  tube  into  (13-22).  After  integration  we  find 
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J 

N»l«  (!-«*) (!-«,)  (|  -  J ft)A*  ‘WTJ* 


(n-25) 


where 


^=l+^  +  LJ?; 

^l==s**  "*■  ETST+iCr^— iF  to  *,! 

*.= — m+T*!+i*!-Tsr*h 

b  _  ^  I  29  D*  _ n*  23  p»  I  19  pi  _ 

1  144  '7?  32  n!  144  *'l  T  288  * 

f.  _ _  II  I  IS  nJ  3  pt  ,  13  pi  S  pi  t 

»  128  '  64  Al  8  *t“  Q4  *m  laf  **1  * 

B*==~l6+T‘^l+*i6  —  S7?r(‘4  Y^l  +'4“^«)"-T^n^‘'  ' 

The  equation  for  NUg,*  Is  easily  found  from  the  equation  for 
Nuloo  If  in  the  latter  we  replace  /?i  by  URi^alQei  by?ei/?ea- 

Since  the  energy  equation  and  the  boundary  conditions  are 
linear  in  the  temperature,  the  temperature  field  for  ?ci=*=0ci#O 
can  be  represented  as  the  result  of  superposition  of  the  two  fields 
for  the  two  limiting  cases  of  nonsymmetric  heating: 

a)  the  case  in  which  q&1  =  0;  here  m*. 

b)  the  case  in  which  qg2  ■  0;  here  4j=/*.C2.  /Ci-<"ci 


Using  our  definitions,  we  can  then  write 

-7=  (/"C|  -?')+(/,.«, -O;  1 
/c,-7=(fcl-0+  ) 


(13-26) 


In  this  case,  the  relationships  will  differ  from  the  equations 
(13-21)  given  above. 

Dividing  the  first  relationship  by  q  ,  and  the  second  by  <j 

M  1  Ur 

and  going  over  to  Nusselt  numbers,  we  obtain 


Nulw  =  - 


I  +NUlH0O®«.«>?e, 


(13-27) 


NU2»  = 


Qtt 

i  +  Nu2HC0e,.ct  — 


where 


7/323 
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®1.*1  = 


are  the  Nusselt  numbers  and  adiabatic  wall  temperatures  (i.e.,  the 
temperatures  of  the  heat-insulated  walls)  with  nonsymmetrlc  heating, 
when  ■  0  or  qs2  * 

Naturally,  relationships  such  as  (13-26)  and  (13-27)  are  valid 
not  only  for  fully  developed  flow  and  heat  exchange,  but  also  for 
more  general  cases. 


for  nonsymmetrlc  heating  as  a  func¬ 
tion  of  flj,. 


0„  -  as  functions  of  . 
as  2  l 


and 


1 


TABLE  13-3 

Values  of  N*lintf  n«  -jc,  In 

Annular  Tubes  with  Ncnsymmetric 
Heating 


'*  1 

1 

•tsi 

0 

00 

4.36 

-0.1456 

0 

0.01 

54,02 

4.09 

-0,1306 

-0.001307 

0.04 

■58.51 

4.76 

-0.1341 

-0.0049a 

0,1 

11:90 

4.83 

-0.1163 

-0.01161 

0.2 

8,49 

4.89 

-0.1061 

-0,03133 

0.4 

6.58 

£.00 

-0.09146 

-0.03694  . 

O.fc 

5.91 

.1? 

-0.08007 

-0.04867 

1.0 

5.36 

5.38 

-0.06426 

-0.06428 

By  the  symmetry  conditions,  NuiM.-NtikM.and  Ba.ci-Oa.es for  a  flat 

tube.  Por  annular  tubes.  Nui*.,  Nu*,„  ft^ei  — iBa.e*  are  functions  of  R1 

alone.  It  Is  not  difficult  to  establish  the  specific  form  of  these 
functions  from  (13-25)  for  Nulaa  and  the  analogous  equation  for  Nu2a„, 

or  directly  from  (13-21).  Table  13-3  and  Pigs.  13-8  and  13-9  give 
their  values  as  a  function  of 


Figures  13-10  and  13-11  show  Nula0  and  Nu^  as  functions  of  R ^ 

for  various  relationships  between  the  heat-flux  densities  at  the 
wall.  The  nature  of  the  functions  is  easily  understood  If  we  look 

at  Eqs.  (13-27).  If  Nul(iao0,.Cl|i>- l.then  Nula>>0;  if  this  quantity 

takes  on  values  less  than  — 1,  however,  then  Nulao  will  become  nega- 

tive.This  means  that  when  $gl  Is  positive,  the  temperature  head 

A/=/C|  —  T  is  negative  (/«,  < 0-  For  Nu11M08,.e.X|^---»  — 1 ,  Nula0— ±oo.  This 

occurs  since  At  ■+■  0  for  finite  values  of  $sl  and  qs2  (positive  or 

negative).  It  is  also  clear  that  when  — <0,  Nulm  will  always  be 

positive.  Naturally,  this  analysis  also  applies  to  Nu^,.  As  we  can 

see  from  the  curves,  there  is  a  substantial  difference  between  the 
way  in  which  Nulw  and  Nu^,  depend  on  R In  particular,  when  -*•  0, 

N«.« - t1;7  *  andNu*,,— £• 


To  conclude,  we  note  that  (13-19),  (13-21),  and  (13-22)  are 

valid  for  any  axisymmetric  velocity  profile.  Thus,  for  example, 

they  can  be  used  without  difficulty  to  determine  heat  exchange 

for  bar  flow,  l.o.,  with  F  =  1. 

x 


2.  Let  us  consider  heat  exchange  in  the  thermal  initial  seg¬ 
ment  of  an  annular  tube,  on  the  assumption  that  the  temperature 
is  uniformly  distributed  at  the  entrance  to  the  heated  segment, 
the  heat-flux  density  at  the  inside  wall  is  constant  (<?sl  =  const), 

and  the  outside  wall  is  heat-insulated  (qs 2  *  0) .  All  other  condi¬ 
tions  are  the  same  as  in  paragraph  1. 


8  .s/323 
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Fig.  13-10.  Dependence 
of  Nu1ob  on  R ^  for  var¬ 
ious  values  of  qa ^ 


Fig.  13-11.  Dependence 
of  NUg,,  as  a  function 

of  for  various  values 
of  <?sl/^s2* 


In  this  case.  It 
less  temperature  as 


Is  convenient  to  represent  the  dimension- 


while  the  general  solution  of  the  problem  i3  divided  into  two  parts: 


e=e#+e„ 

where  0t  is  the  solution  found  in  paragraph  1  for  the  stabilized 
temperature  field;  0-^  is  an  additional  function  for  the  thermal 

Initial  segment,  which  vanishes  when  X  is  sufficiently  large. 

The  stabilized  temperature  field  is  described  by  Eq.  (13-20). 
When  q52  *  0,  it  can  be  written  as 


~~  Ut 

id*  2(1 — R%) 


F(R ), 


X 


where  F(R)  is  the  right  side  of  (13-20)  when  P  =  1. 

For  ^he  segment  where  thermal  stabilization  occurs,  by  defini¬ 
tion 


le  i  — *  I  1 

Qt%dt  NU|HQ0 

X 
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When  qs2  =  o,  Eq.  (13-15)  yields 


<— U  __  R,  4  x 

nun*"*:- 


Adding  the  three  preceding  equations  term-by-term* 


e. 


JL 

*+*. 


we  obtain 
(13-28) 


where 


X  = 


-l.JL- 

Pe  d,  ’ 


2r  . 


M«j=S““^,funotion  °f  *  <or  8K  When  *=*■•  f(*)=FW=o  - 

The  solution  for  ^  can  be  constructed  in  exactly  the  sane 
manner  as  for  a  round  tube  (see  58-1).  It  has  the  following  form 


a.=f  A-t.(3f)«p(~.;jr). 


ftssf 


(13-29) 


The  eigenvalues  e„  and  eigenfunction  *n  are  found  fron  the 


wm 

equation  and  the  boundary  conditions 


^=0  ror  H—Hl  .«)/?=*,. 


(13-30) 


The  constants  An  are  determined  from  the  relationship 

I  c*n£r«  & 


.  l*lnw,dK 

The  Nusselt  number  at  the  Inside  v/all  Is 


Nu  _  -L‘^_ 
k  —  ■ 


When  X  <*>, 


0,  [  »- 

«=»<l  •  .  .  J 


Nu.,,  =  GJ"1  =  Nu, 


(13-31) 
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TABLE  13-4 

Eigenvalues  and  Constants  for  Problem  of  Heat  Ex¬ 
change  In  Annular  Tube  with  *  const  and  q ^  "  0 


ft,  =  0.2;  G,  =  4.10647 

*1 

1! 

CM 

a,  =  o.n3» 

j?,  -  1.0;  C.-O.Wir* 

3,  =*  20;  0,  t:0.  10445 

t  't  1 

i  | 

I  1 

1  ** 

1  *«  j 

0 

*4 

o.jwMr 

.1.72S»'49 

0.4024.791 

3.710150 

0,4247679 

.1.C1TW2 

8,4459.421 

I 

0. 14*9444 

6  *«•» 

0.M93I.4 

6.994183 

8.1496722 

7. 081240 

0,1446232 

io.ijwj 

0,06424779 

lO.WlVM 

0,flH|?U73 

lo.ssnft 

0.07966486 

14.28475 

0.0779468O 

5 

O.0SV9WS 

It, 46328 

o.owtfiis 

13.51925 

0.85055061 

14.50024 

0.040876.73 

4 

I6.5.*ltf> 

e.tewss# 

io.oosw 

16,77621 

0.10539672 

16,63282 

O.OXKHSM 

5 

.nwn 

o.ono-jnran 

i  mwo 

0.02762987 

tam 

0,03648702 

20.10357 

0,03519695 

6 

27.89124 

ojrr*»nm 

23.160 

0.02163319 

23.26655 

0.02058747 

77320 

0.01956512 

7 

3f»,rt*n?| 

l)  .0950031 

20.401  55 

8,01746174 

54076 

0.01658166 

{6.64210 

0,01570465 

• 

2W.A34* 

o.eiKhaoo 

29.63418 

0.01447! 

29.79465 

0,01369236 

29,61652 

0.01223694 

• 

32.44434 

O.OI36II29 

32.66757 

O.OIZ2I967 

33.04630 

0.01 153)05 

33.17666 

047067097 
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Pig.  13-12.  Values  of  Nuln  In 
annular  tube  with  qe ^  ■  const 
and  qs2  *  0.  1)  i?1  *  0.2;  2) 

*  0.5;  3)  P-l  «  1.0;  4)  flat 
tube. 


Table  13-4  shows  the  eigenvalues  and  constants  for  several 
values  of  R^.  Figure  13-12  gives  Nu^n  as  a  function  of  X  for  four 

values  of  The  relationships  for  =  20  and  a  flat  tube  with 

heating  on  one  side  are  very  close. 

3.  If  we  know  a  solution  for  q gl  =  const,  v:e  can  then  use  the 

Duhamel  principle  (see  §8-4)  to  obtain  an  expression  for  Nu  when 
qQ ^  varies  continuously  with  the  length.  Let  us  look  at  two  examples. 

Where  qQ^  varies  linearly  with  the  length  and  q g2  *  0, 

Nti,.= - s - - - . 

«s0  * 
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TABLE  13-r; 

Constants  in  Problem  of 
Heat  Exchange  in  Annular 

Tube  for  a  ,  =  const  and 

^sl 


<7S2  *  const,  with  i?,«=i,o 


n 

♦nW  ! 

On 

On  */.<».> 

0 

0,130840 

0.452343 

-0,111054 

i 

-0, 121.922 

0.150120 

0,037993 

2 

0.125173 

0.077715 

-0,019943 

3 

-0.124149 

0.018511 

0.012552 

4 

0.1234(10 

0.033598 

—0,0087411 

5 

-0,122972 

0,021803 

0.0004947 

6 

0.122595 

0.019205 

—41,0050478 

7 

— ©,122290 

0.015441 

0.004055G 

8 

0.122052 

0.012700 

-0,0033423 

9 

-0.121847 

0.0I0G62 

0.0028105 

I 

\ 


G,  «=  0,161785;  G,  «= -41,042757; 

•  -0,0855143;  //,  =  0.108548 

~  1  —  i - 


If  the  variation  of  ggl  over  a  segment  of  length  l  is  governed 
by  the  law  qsl  ~b-\-ksm~~(b  »^k  are  constants),  with  qg2  =  0, 


Nu,.= 


«A 

l  +fv*ln  — 


where 


00  y  m  a"~T 

f  i  -  V A-  «p<-  •«  *) + *  s,n  nr  -  K  S  nrv —  *«  w] 
1  "  H{-r)  +«i  J 


G, 


6„  (A')  --  cos  -^+4-  sin  —  \  exp  (—  t  A); 


if _ 5..  /  _ _4_  j [_ 

*  —  b  '  pe  *  rf  * 


The  eigenvalues  and  constants  are  the  same  here  as  for  q  -i  = 

=  const  (Table  13-4) . 

If  the  heat-flux  densities  and  qg2  at  each  wall  are 

constant  but  not  equal  to  one  another,  a  solution  can  be  obtained 
by  -’’^e^oosing  the  temperature  fields  found  for  the  cases  in  which 
just  the  inside  or  just  the  outside  wall  is  heated.  As  we  have 
already  t">ted,  this  method  can  be  used  since  the  energy  equation 
and  the  boundary  conditions  are  linear.  This  method  has  been  used 
in  f'l  |  to  obtain  expressions  for  the  Nusselt  numbers  at  the  inside 
and  on  Idi  walls; 
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where  the  e  are  the  same  eigenvalues  as  in  the  problem  considered 

7fr 

In  paragraph  2  (Table  13-4);  A  and  1>»(R)  are  constants  and  functions 
In  the  solution  for  the  case  In  which  just  the  Inside  wall  Is  heat¬ 
ed  (see  paragraph  2);  D  and  f*(/Z)  are  the  constants  and  functions 

ft 

In  the.solution  for  the  case  In  which  just  the  outside  wall  Is  heat¬ 
ed;  G(R)  Is  a  function  allowing  for  the  radial  temperature  distribu¬ 
tion  when  there  is  thermal  stabilization  and  just  the  inside  wall 
Is  heated; /f(A)ls  th  same,  for  the  case  in  which  just  the  outside 
wall  Is  heated.  The  subscripts  "1"  and  ”2"  indicate  the  values  of  G 
and  B  when  R=Ri  and  R-Rt  Unfortunately,  the  additional  constants 
appearing  in  (13-32)  and  (13-33)  have  only  been  calculated  for  one 
value,  Ui«ln  They  are  given  in  Table  13-5. 

When  X  is  sufficiently  large,  Eqs.  (13-32)  and  (13-33)  reduce 
to  Eqs.  (13-27)  for  stabilized  heat  exchange.  This  clarifies  the 
meaning  of  the  constants:  Gi-Nu,^;  /'A  9«.ci;  G,=e,.rj  ■"«//,—  Nu^,. 

13-3.  HEAT  EXCHANGE  UNDER  BOUNDARY  CONDITIONS  OF  THE  SECOND  KIND 
WHEN  THE  VELOCITY  PROFILE  VARIES  ALONG  THE  LENGTH 

So  far,  we  have  investigated  heat  exchange  in  annular  tubes 
with  fully  developed  (stabilized)  flow.  Here  we  shall  consider 
the  same  problem,  but  under  the  condition  that  both  the  velocity 
and  temperature  distributions  are  uniform  over  the  cross  section 
at  the  entrance  to  the  heated  segment.  Consequently,  the  velocity 
and  temperature  profiles  will  vary  simultaneously  with  the  length. 
Approximate  calculations  have  been  published  for  heat  exchange  un¬ 
der  these  conditions  (the  remaining  conditions  are  the  same  as  in 


Pig.  13-1 3.  Values  of  Nuln  and 
and  various  R^.  1)  Plat  plate; 


Nu2n  in  annular  tube  with  Pr  =  0.7 
2)  developed  flow  and  heat  exchange. 
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1)  Type  of  heating;  2)  heating  of  Inside  wall;  3)  heating  of  outside  wail. 


1 13-2),  >rlth  constant  heat-flux  density  at  one  wall,  the  other  being 
thermally  Insulated  [10] «  The  computational  method  involves  inte¬ 
grating  the  simplified  energy  equation,  which  makes  it  possible  to 
find  an  approximate  expression  for  the  temperature  profile  that  eon- 
tains  a  certain  unknown  function  of  the  s  coordinate.  This  expres¬ 
sion  is  then  substituted  into  the  integral  energy  equitlon.  The  un¬ 
known  function  is  found  by  numerical  integration.  After  this,  'the 
Nusselt  numbers  at  the  heated  walls  are  determined,  together  with 
the  adiabatic  temperatures  at  the  heat-insulated  walls: 


Nu„ 


iar~» 


Nu„= — Sst — ■xGh.s^*- 


where  t*gl,  t",  and  t&  g2  are  the  values  of  the  temperatures  t  -,  t, 
and  tg2  when  qa2  0;  t^2,  t',  and  al  are  the  values  of  the  sane  * 
temperatures  for  qgl  *  0. 

For  heating  of  just  the  inside  wall,  the  calculations  were  car¬ 
ried  out  for  several  values  of  R^  “  r\/*2  (between  0.02  and  1),  while 

for  heating  of  just  the  outside  wall  values  R^  ■  0  (round  tube)  and 

Rl  m  1  (flat  tube  with  heating  on  one  side)  were  used.  Since  the 

difference  in  the  computational  results  for  these  limiting  cases 
proved  relatively  small,  interpolation  was  carried  out  within  the 
Interval  between  R^  ■  0  and  J?^  *  1.  Table  13-6  shows  the  computed 

results.1*  Figure  13-13  gives  Nuln  and  Nu2n  as  functions  of  J-.jL 
(here  Pc -vdja)  for  Pr  »  0.7  and  various  values  of  R^  The  curves 
located  above  the  J?1  •  1  curve  refer  to  heating  of  the  inside  sur¬ 
face,  and  the  curves  located  below  refer  to  heating  of  the  outside 
surface.  The  dashed  line  on  the  left  indicates  the  solution  for  a 
plate  in  a  longitudinal  flow;  the  dashed  lines  to  the  right  show 
the  solution  for  fully  developed  velocity  and  temperature  profiles. 
The  theoretical  results  are  in  satisfactory  agreement  with  the  ex¬ 
perimental  data  obtained  for  air  flowing  in  annular  tubes  with  var¬ 
ious  ratios  of  radii  [10]. 


The  data  given  pertain  to  heating  (cooling)  of  ust  the  inside 
or  Just  the  outside  wall.  Using  these  data  and  a  superposition  meth¬ 
od  (see  §13-2,  paragraph  1),  we  have  no  difficulty  in  determining 
the  Nusselt  numbers  at  the  two  walls,  provided  constant  heat-flux 
densities  qgl  and  qg2  are  maintained  at  each  wall.  Here,  as  before. 

Relationships  (13-26)  are  valid;  with  them,  it  is  simple  to  obtain 
expressions  resembling  (13-27)  for  the  Nusselt  numbers  with  simul¬ 
taneous  heating  of  both  walls; 


I  I  1  fn  a 

Nu,~Na„^*,  ••••*• 

1  I  i  tn  A 


(13-34) 
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where 


NV 


.«j  Nu,  =  -  fcl</* 


{tct-T)k’ 


here  tg2,  and  *  are  the  temper atures  of  the  inside  and  outside 

walls  and  the  mean  mass  temperature  of  the  fluid  with  simultaneous 
heating  of  both  walls. 


Example.  In  an  annular  tube  with  R^  ■  0.10,  let  air  move  (Pr  ■ 
*  0.7)  at  Re  =  2000.  The  ratio  ?s 2/^31  *  2.  We  are  to  determine  Nu 
at  both  walls  a  distance  x/dQ  *  7  from  the  entrance. 

The  reduced  distance  from  the  entrance  is 


Using  Table  13-6  and  the  values  /f,=0,10.  Pr=  0.7 =0.006, 
we  find  Nu„=  16,92;  0..*,=— 0.00182;  Nu„  =  9.35  »«*  0*.e,= —0,0182.  Using 
Eqs.  (13-34),  we  have 

No.  =  (^  -  2  0.0182)  "' =  44.0; 

Nu*= (-os— r°, 00182  )" ‘ = 9*43- 

Knowing  Nu^  and  Nu,,  and  using  the  heat  balance  to  determine  the 

mean  mass  temperature  t,  we  can  easily  calculate  the  wall  tempera¬ 
ture  tgl  and  4s2* 

13-4.  INFLUENCE  OF  RADIATIVE  HEAT  TRANSFER 


For  a  diathermal  medium,  the  influence  of  radiative  heat  trans¬ 
fer  on  convective  heat  exchange  is  felt  only  by  way  of  the  boundary 
conditions . 


If  a  certain  temperature  distribution,  i.e.,  boundary  condi¬ 
tions  of  the  first  kind,  are  specified  at  the  inside  and  outside 
walls  of  an  annular  tube,  then  radiative  and  convective  heat  ex¬ 
change  will  not  influence  one  another,  and  they  can  be  treated  com¬ 
pletely  independently  by  the  usual  methods.  Thus,  for  example,  for 
a  long  tube  with  temperatures  that  are  constant  but  not  identical 
at  the  inside  and  outside  walls ,  the  heat  flow  produced  by  radia¬ 
tion  from  one  wall  to  the  other  will  be 

Q = oenp  (T*tt  —  T*t)  F , 


where  o  is  the  constant  in  the  Stephan-Boltzmann  law;  e  is  the 

pr 

reduc~u  system  emissivlty. 


1 

•np 
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and  £0  are  the  eraissivities  of  the  inner  and  outer  walls;  and 
P2  are  the  wall  surfaces;  and  and  2* g2  are  their  absolute  tempera¬ 
tures  . 

If  the  heat-flux  densities  are  specified  at  the  walls  of  the 
annular  tube,  for  example  as  and  i.e.  if  we.are  •• 

given  boundary  conditions  of  the  second  kind,  then  radiative  heat 
transfer  will  introduce  a  substantial  change  in  the  boundary  condi¬ 
tions.  In  the  absence  of  radiation,  the  boundary  conditions  will 
have  the  form 


while  with  simultaneous  radiative  and  convective  transport  of  en¬ 
ergy,  they  have  the  form 

(£)r_fk=TT(**+ -£"*»). 

where  *>•«  E'cc.  E"m*  »«t£"co  are  the  densities  of  the  incident  and  in¬ 
trinsic  emissions  at  a  given  point  on  the  tube  inside  and  outside 
surfaces . 

Radiative  heat  transfer  may  lead  to  a  substantial  change  in 
the  difference  in  the  temperatures  between  individual  elements  of 
the  inside  tube  surface  as  compared  with  the  values  for  purely 
convective  heat  exchange,  i.e.,  there  will  be  a  certain  equaliza¬ 
tion  of  the  inside-surface  temperatures  (for  the  same  values  of 
qsl  and  As  far  as  we  know,  there  has  been  no  consideration 

given  to  the  problem  of  heat  exchange  in  annular  tubes  under  bound¬ 
ary  conditions  of  the  second  kind  with  allowance  for  radiation. 

In  practice,  we  often  encounter  the  case  in  which  one  wall 
of  an  annular  tube  is.  heat-insulated  (qgl  =  0  or  <?s2  =  0),  while 

the  temperature  of  the  other  wall  is  constant.  In  such  cases,  the 
heat-insulated  wall  delivers  heat  by  radiation  to  the  cooler  wall 
(  ->r  receives  heat  from  the  hotter  wall)  through  which  heat  is  being 
transferred,  while  simultaneously  receiving  heat  from  the  gas  flow 
(or  delivering  heat  to  the  flow)  owing  to  convection.  Since  there 
is  no  resultant  heat  flow  at  the  heat-insulated  wall,  the  heat- 
flux  densities  produced  at  each  point  on  its  surface  by  convective 
and  radiative  heat  exchange  will  be  equal  in  absolute  value  but 
opposite  in  sign.  There  also  is  no  known  solution  for  this  problem, 
but  we  can  make  an  approximate  evaluation  of  the  influence  of  radia¬ 
tion  in  such  a  system.  For  example,  let  the  inside  wall  be  heat- 
insulated.  We  then  can  write  the  following  approximate  relation¬ 
ships  to  represent  the  heat  balance  for  the  insulated  wall  and 
the  gas  flow: 
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«,  (T  -  Tet)  =  ctttp(T*rt  -  T*J‘, 

a,  ff  -  rei) «/. + «, (f  -  7vt)  = -  pc pw £d$r$.. 

Assuming  c^,  a2,  and  T g2  to  be  known, 11  and  solving  these  equa¬ 
tions  simultaneously  (numerically  or  aralytically) ,  we  can  determine 
the  var'ation  in  T  and  fgl  along  the  tiibe  length,  and  can  then  cal¬ 
culate  the  heat  flux  at  the  outside  wall  owing  to  convection  and 
radiation: 


Qi  =  jK(r  -  TCi)  */,  +  «llp  -  T*J  rdt\  dx. 

It 

It  follows  from  these  equations  that  radiation  from  the  heat- 
insulated  wall  may  substantially  Increase  the  heat  flux  at  the 
wall  through  which  heat  is  exchanged.  This  fact  is  often  used  to 
intensify  heat  exchange  in  tubes  by  placing  a  bar  made  from  a  mat¬ 
erial  that  is.  a  good  radiator  within  the  tube.  If  the  heat-flux 
density  is  specified  at  the  tube  wall,  the  presence  of  such  a 
radiating  bar  makes  it  possible  to  reduce  the  wall  temperature  for 
the  same  value  of  q  2. 
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Footnotes 


lSee,  for  example,  §§6-1,  6-2,  and  6-4.  This  will  evident¬ 
ly  also  hold  for  an  annular  tube. 


2The  subscript  "n"  on  Nu  means  that  heating  is  "nonsym- 
metric,"  i.e..  Just  one  of  the  walls  is  heated. 


3The  calculations  make  use  of  Eqs.  (13-3)  and  (13-4)  with 
i?1  *  0.  Here  tgl  is  interpreted  as  the  temperature  on  the 
tube  axis,  while  (*£■), *" *• 

%The  new  variable  R  introduced  here  is  associated  with 

/> 

the  variable  R  by  the  relationship  R  — 


sThe  directions  of  n  and  r  coincide  at  the  inside  wall 


while  they  are  opposite  at. the  outside  wall 


*At  first  glance,  this  transition  to  the  limit  may  not 

ip-pear  to  give  correct  results,  since  according  to  (13-5) 

the  condition  w  =  0  is  maintained  on  the  axis.  In  this 
x 

connection  we  note  that  the  expression  for  the  temperature 
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%*•*&**#»!*!,&*' ifegwyo^wh^regya; 


field  [see  (13-17)  an  (13-18)3  does  not  contain  .lust 
W  .  but  W  R,  When  R  =  0,  w  R  vanishes  regardless  of  the 

XX  x 

value  of  W  on  the  axis . 

X 

309  7The  subscript  "a"  means  that  the  wall  is  adiabatic. 

311  'Calculations  have  also  been  given  in  [9]  for  the  special 

case  of  nonsymmetric  heating;  the  results  agree  with  ours. 

311  *The  way  in  which  Not»  varies  for  small  R 1  cannot  be  seen 

in  Pig.  13-10  since  the  scale  is  too  small. 

319  1  °A  table  has  been  given  in  §12-4  (Table  12-2)  for  /?,  »  1 

(flat  tube).  1 

322  “Approximate  estimates  for  and  <*2  can  be  obtained  on 

the  basis  of  the  data  given  above  for  purely  convective 
heat  exchange. 

Manu¬ 
script  Transliterated  Symbols 

Page 
No. 

296  c  =  s  =  stenka  =  wall 

298  a  -  e  ■  ekvivalentnyy  =  equivalent 

299  h  =  n  =  nesimmetrichnyy  =  nonsymmetric 

309  a.c  ■  a.s  =  adiabaticheskaya  stenka  =  adiabatic  wall 

320  no  *  pr  =  privedennyy  =  reduced 

321  Ha#  =  pad  =  padayushchiy  ■  incident 

3-’l  c(5  =  sb  =  sobstvennyy  =  intrinsic 
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Chapter  14 

HEAT  EXCHANGE  IN  PRISMATIC,  CYLINDRICAL,  AND  CURVED  TUBES 

14-1.  PRELIMINARY  REMARKS 

Investigation  of  heat  exchange  for  viscous  flow  in  prismatic 
or  cylindrical  (but  not  round)  tubes  is  of  great  Interest  from  the 
viewpoint  of  designing  compact  heat-exchange  systems.  Compactness 
problems  are  very  Important  for  many  heat-exchange  plants,  in  parti¬ 
cular  for  systems  cooling  nuclear  reactors.  Examples  of  compact 
systems  are  the  regenerative  rotating-head  exchangers  employed  in 
boiler  and  gas-turbine  plants.  In  such  exchangers,  the  head  forms 
a  system  of  narrow  channels  of  triangular  or  rectangular  shape. 

For  a  fluid  flowing  in  prismatic  tubes,  the  temperature  field 
is  three-dimensional;  this  significantly  complicates  research,  and 
prevents  the  use  of  most  of  the  analysis  methods  used  earlier.  Ap¬ 
proximate  methods  (numerical  or  analytic)  are  ordinarily  employed 
to  determine  temperature  fields  in  prismatic  tubes.  The  finite- 
difference  method  is  used  in  particular,  while  recently  variational 
methods  and  the  associated  Oalerkin  and  Rltz  methods  have  found 
employment.  Elementary  problems  of  heat  exchange  in  tubes  with 
cross  sections  that  are  not  round  (for  example,  for  fully  developed 
velocity  and  temperature  fields)  admit  of  exact  solutions,  by  means 
of  functions  of  a  complex  variable,  for  instance. 

From  the  mathematical  viewpoint,  many  problems  of  heat  exchange 
in  prismatic  tubes  are  analogous  to  certain  problems  in  elasticity 
theory.  Both  types  of  problem  are  described  by  differential  equa¬ 
tions  of  the  same  kind  under  identical  or  similar  boundary  condi¬ 
tions.  This  permits  the  familiar  solutions  obtained  in  the  well- 
field  of  elasticity  theory  to  be  used  directly,  or  after  appro¬ 
priate  modification,  for  heat -exchange  computations. 

Owing  to  significant  computational  difficulties,  problems  of 
heat  exchange  in  prismatic  and  cylindrical  (nonround)  tubes  have 
still  not  received  adequate  development. 

14-?.  HEAT  EXCHANGE  IN  PRISMATIC  AND  CYLINDRICAL  TUBES  UNDER  BOUND¬ 
ARY  CONDITIONS  OF  THE  FIRST  KIND 

1.  Let  us  consider  heat  exchange  in  a  tube  with  cross  section 
in  the  form  of  an  equilateral  triangle  with  a  uniformly  distributed 
entrance  temperature  and  constant  wall  temperature.  We  assume  that 
the  properties  of  the  fluid  are  constant  and  that  the  flow  is  stab¬ 
ilized;  then  neglecting  axial  heat  conduction  and  the  heat  of  fric- 
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Pig.  14-1.  The  problem  cf  heat 
exchange  in  a  triangular  tube. 


tion,  we  write  the  energy  equation  as 


As  usual,  the  x  axis  Is  directed  along  the  tube  axis;  Pig. 
14-1  shows  the  direction  of  the  y  and  s  axes. 

Equation  (5-17a)  describes  the  velocity  profile  In  a  tube 
with  cross  section  In  the  form  of  an  equilateral  triangle.  Sub¬ 
stituting  this  expression  Into  the  energy  equation  and  going 
over  to  dimensionless  variables,  we  obtain 

j£+£-10l.s[(r-l)(Z--. (14-1) 

Here  we  let 


0= 


.  •  Y _ l  jr  -  p»  - 


4= 


z 

ft 


Where  h  is  the  altitude  of  the  triangle,  and  is  the 

equivalent  diameter. 


The  boundary  conditions  have  the  form 

e=i  ipr*=o,  o<y<i •"--y=y<z<y=r; 

0=0  ror  X>0,  0<Y<l~*Z=±-^=Y. 


(14-2) 


An  approximate  solution  of  this  problem  has  been  obtained  by 
V.K.  Migay  by  the  Salerkin  method  [1],  By  the  substitution 

0(A',  Y,  2)-^AF(Y,  Z)e~*x, 

A  and  e  are  constants,  Eq.  (14-1)  is  reduced  to  the  form 
L  (F)  =  *-£+ + «'  [(K - 1)  (Z'  -  i  K*)]  F = 0,  (14-3) 

where  •'=101.25*. 

It  follows  from  the  second  boundary  condition  of  (14-2),  that 
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(14-4) 


f=0  forO<K<l^Z=±^K. 

The  general  solution  of  the  problem  can  evidently  be  represented 
as  the  following  series: 


e=f  AnFn(r,Z)e-*'x.  (14— 5) 

Thus  the  problem  reduces  to  finding  the  eigenvalues  e_  and 
eigenfunctions  F  of  (14**3)  under  the  boundary  condition  (14—4) . 

Following  the  Galerkin  method  [2],  we  approximate  the  eigen¬ 
functions  by  a  polynomial  that  Is  even, In  Z: 

...  =fli«f>i+flaf*+fliip*+ ...  +B.**.  (14-6) 

where  Bu  Bf,  ....  Bm  are  undetermined  coefficients; 

•  =  ?,  =  •;  *t=«Z*  ,  etc. 

The  expression  for  ?n  satisfies  boundary  conditions  (l4-li»), 
since  u  «  0  on  the  boundary  of  the  triangle. 

If  Fnnr,  Z)  Is  to  be  an  approximate  solution  of  ( 14—3)  >  the 

condition  requiring  orthogonality  of  ^(F)  with  respect  to  all  func¬ 
tions  v  (i- 1,2,  must  be  satisfied: 

Jj£(F,,)MKdZ=0  (*  =  I.  2 . m).  (14-7) 

where  the  Integral  Is  taken  over  the  region  f  bounded  by  the  tri¬ 
angle  perimeter. 

Condition  (14-7)  leads  to  a  linear  system  of  algebraic  equa¬ 
tions  In  the  unknown  coefficients  B. ;  the  coefficients  can  be  de- 

termined  from  this  condition.  The  eigenvalues  are  found  from  the 
condition  for  existence  of  a  nontrivial  solution  to  this  equation 
system.  As  a  result,  we  obtain  expressions  for  the  eigenfunctions 
that  are  accurate  to  within  a  constant  factor,  which  Is  later 
found  from  the  normalization  condition: 

JJ  F2nudYdZ=\.  (14-8) 

In  first  approximation,  F  ^  *  B,u>.  In  accordance  with  (14-7), 
we  have  ” 

i  v/ff 

[dY  j  (^+^  +  *'B,.*)-rfZ=0. 

0  0 

Carrying  out  the  calculations,  we  determine  the  value  of  the 
first  eigenvalue  In  first  approximation:  11,4. 
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in  .*•  one  approx ■>. nation. 
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/  i  III  /*; I'1  i  I  -J  /Pul) 

in  ’■*  Irii  -V'proxlmat  Ion,  we  use  an  analogous,  method  to  find 

4.1 1  .  I  -•>•*»■ -111  Mi. ’>7 

see  that  l-.h.  difference  in  the  values  of  c,  TT  and  e.,,t 

III  lit  I 

->  nj",'..  v:!.i  ■  the  a  if  Terence  is  1.155  for-  e  ar.d  r . 

C  i  J.  cl 

V.’c-  t:  us  can  anou-e  t!  *  *  the  first  and  sec  eita-T.  values  c-  an: 

have  been  determines  with  sufficient  accuracy. 

■-U  v  •-*f  us  a  .  for  tne  first  eigenfunction  (in  third 
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proximation)  equal B,=0,I083C,  B,«— 0.4869C«*B,-0.01997Cwhere  C  is  an  un¬ 
known  cons  cant.  Substituting  these  values  into  the  expression  for 
FnIII  and  determlninS  c  by  means  of  (14-8),  we  obtain  the  final 

expression  for  the  first  eigenfunction  in  third  approximation: 

F,*247«-l  lIC«Z*+45f5«y. 

We  use  a  similar  method  to  find  the  second  eigenfunction: 

F*»  152w — 1 1  340«Z»+31.6wr. 

To  complete  the  calculations,  we  must  still  determine  the 
constants  An  in  (14-5).  When  I  *  0,  we  have 


ftatl 

Multiplying  this  equation  by  FyadYdZ,  integrating  over  region 
/,  and  remembering  that 

FkFjmdYdZ=  {  0  for  k^m 
r  \  1  for  *=*, 

we  obtain 

An=\y^dYdZ. 


Pig.  14-2.  Distribution  of  lo¬ 
cal  values  of  Nuw  along  side  of 

triangular  tube. 


The  calculations  yield  /l,  =0.103,  ^,=0,0342. 

Rewriting  (14-5)  with  allowance  for  the  values  found  for  the 
I'  ntMions  and  constants,  we  obtain  the  following  expression  for  the 
temperature  field: 

0 = (22.55*  —  114 -f  4 ,69*K)  exp  (-  10,705*)  -f 

+ (5.2*  —  388.Z1  + 1 ,08.7)  exp  (-  86.57X).  (14-9) 

The  mean  mass  temperature  of  the  fluid  in  the  given  section  is 


where 


5= 


t—U 

u-u 


W.dW 


Wx  =  ^=45m  [see  (5-17*)). 


Performing  the  calculations,  we  find 

0— 0,827 exp  (—  10,705Jf) +0,0902  exp  (- 86, 57X). 

The  local  Nusselt  number  Is 

n «=*=~H(£L- 

Using  (14-9)  and  (14-10) ,  we  obtain 

y)KlM.a»-».24)e*p(-  10.705*)  +  (6.28— 388Z*)  exp( —  86.57*)] 


(14-10) 


Nu— 


0,827  exp  (—  10.706*)  +  0,0902  exp  (— IK.57*) 


(14-11) 


For  I  «*,  we  find 

Nua0= 0,806^—  l)(114,2Z*-30,24).  (14-12) 

This  equation  yields  the  distribution  of  local  values  for  the 
limiting  Nu  numbers  over  the  side  of  a  triangular  tube.  Figure  4-12 

shows  the  ratio  -"air"  as  a  function  of  Z,  where  a  is  the  heat- 

transfer  coefficient,  averaged  over  the  perimeter,  and  calculated 
from  Eq.  (14-12).  At  thejcenter  of  each  side,  aa  has  its  maximum 
value,  which  is  2  times  aa.  As  we  approach  the  corners,  am  drops, 

vanishing  at  the  corners.  This  type  of  variation  in  o  is  dictated 
by  the  velocity  profile;  as  we  can  see,  for  example,  from  Fig.  5-3, 
the  velocity  is  considerably  less  near  the  corners  than  far  from 
them. 


Since  Solution  (14-9)  is  approximate,  it  contains  a  certain 
error;  the  derivatives  of  this  expression  with  respect  to  I  and 
Z  will  contain  still  greater  errors.  Thus  Eqs.  (14-11)  and  (14-12), 
obtained  by  differentiating  (14-9)  with  respect  to  J,  are  inaccur¬ 
ate,  and  they  should  not  be  used  to  determine  the  mean  Nusselt 
number  Nu  over  the  perimeter.  This  is  better  done  by  means  of  Eq. 
(14-10).  We  then  have 


and 


1  I  <W  2.2l3exp(-  10,705*)  + 1.952  cxp(-  86.57*) 
4  •  '  rfX  0.827  exp  (—  10.705*)  +  0,0902  exp  (—  86,57*) 


(14-13) 


Nu„  =  -*;-=  ^’  =  2,68, 


(14-14) 


Th_  value  of  Nu^  is  in  satisfactory  agreement  with  experi¬ 
mental  lata  and  other  calculated  estimates.1 
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Averaging  Hu  over  the  tube  length,  we  find 


or 


=  1 
Nu=-^-='j 


Ni=-iPe  »«» [0.827 exp 
+0,09Q2exp 


(14-15) 


Figure  14-3  compares  values  of  Hu,  computed  from  (14-15),  with 
experimental  data  [1]  on  heat  transfer  in  triangular  tubes.  We  can 
see  that  the  calculated  and  experimental  values  are  in  satisfactory 
agreement . *The  figure  also  shows  a  curve  for  a  round  tube.  As  we 

might  expect,  Hu  is  lower  for  the  triangular  tube  than  for  the 
round  tube  owing  to  the  poor  heat  transfer  at  the  comers.  The  equa¬ 
tions  derived  here  are  valid  for  ^->0,01  (they  may  not  be  accurate 
enough  for  smaller  values). 

2.  Let  us  now  analyse  heat  exchange  in  a  rectangular  tube 
with  a  uniformly  distributed  entrance  temperature  and  constant  wall 
tempe  ture  (the  remaining  conditions  are  the  same  as  for  paragraph 
1).  Here  the  energy  equation  and  the  boundary  conditions  have  the 
form 

F,  ixm=B  -H~ggr»  (14-16) 

where  9m  is  determined  by  Eq.  (5-16); 

8=1  for  Jf=0,  -B<Y<B,  \ 

8=0  for  *>0,  Y=±B\  i  (14-17) 

0=0  for  X>0,  Z=ztH,  i 

where 


t 

4 


L±T.  A  -  . 

4  ’  a#—  2 (*  +  *)* 


here  y  *  A/fc  is  the  ratio  of  sides  for  the  tube  cross  section. 

Figure  14-4  shows  the  direction  of  the  y  and  a  axes.  The  re¬ 
maining  notation  Is  the  same  as  In  paragraph  1. 

An  approximate  solution  has  been  obtained  in  [3,  4]  by  the 
Galerkin  method.  In  [53,  a  numerical  method  was  employed  to  find 
the  limiting  Huw  numbers,  averaged  over  the  perimeter,  while  in 
C5a],  Nu  war  found  as  a  function  of  X.  In  principle,  the  solution 
Is  analogous  to  the  one  considered  in  paragraph  1,  so  that  we 
s.  all  only  give  the  ultimate  results.  The  mean  mass  temperature 
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Fig.  14-4.  Dependence  of  Ru^  on  y  for  rectangular  tube.  1)  t  =  c 

(a)  Data  of  [3,  «,  b)  data  of  BJ;  2)  ,,  -  const  along  length  an 
ts  *  const  along  perimeter. 


f  the  fluid  is 


6  ~t,  -  tr—  S  exP  (~ P"  PTx)- 


(14-18) 


Table  H-l  shows  the  constants  An  and  6n  as  functions  of  the 
ratio  of  the  cross-section  sides. 

(14-18),  it  is  not  difficult  to  compute  the  Nussplt  mm 
ocr  avreraged  over  the  perimeter  in  a  given  section  and  to  find  u 
limiting  value.  The  latter  will  obviously  be 


9, 


(14-19) 


FI  :ure  shows  as  a  function  of  y  on  the  basis  of  put 


K]  M 


TABLE  14-1 

Values  of  Constants  in  Problem 


of  Heat  Exchange  in  Rectangu- 


lar  Tube 

for 

*s  “ 

const 

*"Tj 

li 

1. 

1  h 

4. 

4, 

A, 

1 

.  no  mi 

3J 

0.125 

22.38 

25.61 

31.81 

0,737 

10.091 

0.034 

0.250 

17,76 

28.17 

47.82 

0.758 

0.107 

0.026 

0.500 

13.57 

41.17 

94.93 

0.789 

0.071 

0.0® 

0.667 

12.49 

51.58 

99,71 

0.802 

0.064 

0.043 

1.000 

11,91 

71,07 

157.9 

0.804 

[0.104 

0.014 

2 

no  Mi 

IH-  4J 

C.I00 

23.745 

381 

0,8 

0,064 

0.200 

19.48 

303 

0.813 

0.069 

_ 

0.333 

16.024 

236 

— 

0.835 

0.07 

1.000 

12.25 

[103.5 

— 

0.83 

0,08 

— 

1)  Data  of  [3];  2)  data  of  [4], 


Fig.  14-5.  Dependence  of  Nu  as 
function  of  i-.i.  at  values  y  ■  1, 

PC  ua 

1/2,  and  1/8  for  a  rectangular 

tube  with  t  ■  const, 
s 


ished  data  [3,  4]  (curve  1).  These  data  are  in  excellent  agreement 
hey  agree  Just  as  well  with  the  rerults  of  numerical  calculations 
[53 •  When  y  «  0,  i.e.,  for  a  flat  tube,  Nlu-7,54.  which  agrees  with 
the  value  found  previously  (see  §6-2). 

The  Nusselt  number,  averaged  over  the  perimeter  and  the  length 
and  referred  to  the  mean  logarithmic  temperature  head,  is 

i 

rpe  4 E  (-  P" 

rt=  I 

Figure  14-5  shows  wr  as  a  function  of  for  all  values  of 

,  on  the  basis  of  published  data  [4], 
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Owor  to  the  approximate  nature  of  the  calculations,  there  is 
considerable  divergence  in  the  values  of  the  constants  A^%  A2,  and, 

in  particular,  62,  as  found  from  the  data  of  [3,  4]  (see  Table  14-1). 

The  discrepancy  in  Nu  is  not  very  great,  however:  for^-— >0,01and 

T  =  1—0.5,  it  does  not  exceed  32,  increasing  to  142  when  y  t  0.1. 
Without  a  special  analysis,  it  is  difficult  to  give  preference  to 
one  set  of  data  or  the  other.  Since  the  calculations  are  not  ac¬ 
curate  enough  in  the  region  of  small  Eqs.  (14-18)  and  (14-20) 

can  be  used  when  j^-~->0,01  for  tubes  that  are  not  too  short. 

The  values  of  Nu  and,  in  particular,  Nu«.  for  rectangular  and 

triangular  tubes,  calculated  from  the  equivalent  diameter,  deviate 
significantly  from  Nu  for  a  round  tube .  This  occurs  since  the  velo¬ 
city  and  temperature  profiles  depend  substantially  on  cross-section 
geometry.  Thus  large  errors  may  result  when  heat  transfer  for  pris¬ 
matic  tubes  is  determined  from  the  round-tube  equations  and  the 
equivalent  diameter.  Near  the  tube  entrance,  i.e.,  in  the  thermal 
and  hydrodynamic  initial  segments,  the  velocity  and  temperature 
fields  depend  little  on  cross-section  geometry,  since  almost  all 
the  velocity  and  temperature  changes  are  concentrated  in  the  layer 
near  the  wall.  Thus  near  the  entrances  of  prismatic  tubes,  Nu  and 

Hu  computed  from  dQ  will  differ  little  from  the  corresponding  round- 

tube  values.  In  passing,  we  note  that  approximate  determination  of 
heat  exchange  in  the  hydrodynamic  initial  segment  of  a  rectangular 
tube  for  x  «  l  can  be  based  on  the  bar-flow  model  (see  §12-2, 
paragraph  2).  *g 


TABLE  14-2 

Values  of  Ffu^  and  C  for  Tubes  of 
Elliptical  Cross  Section  as 
Function  of  Ratio  Between  Semi- 


maj  or 

and 

Semiminor 

Axes 

1.25 

2.0 

4.0 

8.0 

1G.0 

3.G7 

3.74 

3,79 

3,72 

3.05 

C 

o.o  m 

0,0158 

0,0239 

0.0388 

1 

0,0578 

3.  Calculations  for  heat  exchange  in  a  tube  of  elliptical 
cross  section  have  been  given  in  [6]  for  constant  fluid  temperature 
at  the  entrance  and  constant  wall  temperature.  Table  14-2  shows 
values  of  Nusselt  numbers  averaged  over  the  perimeter,  calculated 
from  the  equivalent  diameter.  They  depend  on  the  ratio  b^/b^  or 

of  ell'pse  semiaxes,  but  vary  within  fairly  narrow  limits  and  are 
close  to  the  values  of  Nu  for  a  round  tube.  The  Nusselt  number 

09 
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averaged  over  the  perimeter  and  over  the  length  can  be  found  from 
the  approximate  expression 


ifC='+-r4-.  <*-21) 

which  holds  for  values  pg-^^0,02.  Table  14-2  gives  values  of  C  as 
a  function  of  fc-j/ig* 


Fig.  14-6.  Dependence  of  flu  as  function  of  Pe  h/l 
and  u3/v2h  for  motion  in  rectangular  tube.  1)  Sym¬ 
bols;  2)  oil. 
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Fig.  14-7.  Heat  transfer  In  rectangular 
tube  as  a  function  of 

s  zn 


4.  We  have  so  far  assumed  that  the  physical  properties  of  the 
fluid  are  constant.  If  heat  exchange  occurs  under  sufficiently 
great  temperature  differences,  we>  must  allow  for  the  variation  In 
physical  properties  with  temperature.  So  far  as  we  know,  there  have 
been  no  theoretical  evaluations  of  the  influence  of  variable  physi¬ 
cal  properties  on  heat  exchange  in  prismatic  tubes.  There  is  an 
experimental  study  by  Ye. A.  Krasnoshchekov  and  the  author  [7]  In 
which  the  mean  heat  exchange  was  measured  in  a  rectangular  tube 
(ft/fr~0.192:  ///i  =  227;  A -3,3  mm)  with  flows  of  type  MK  oil  and  transformer 
oil.  The  measurements  were  carried  out  in  the  following  ranges: 

20<Re<2070,  l.ff*10~a<  0,03^0,2  <-£■-<  420  with  both  heating  and 

coo'  _  of  the  fluid. 

The  measurement  results  are  shown  in  Fig.  14-6;  we  see  that 
In  the  thermal  Initial  segment  of  the  rectangular  tube,  as  for 

round  and  flat  tubes,  Nu'x^Pe-^y/s. 3  The  effect  of  variable  viscosity 
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is  showr  in  Pig.  I*.-?,  wh^gji  shews  the  same  data  with  K’u/Nh,"  as  a 
function  of  yg/vi2h*  Here  Nu  is  the  experimentally  determined  Nusselt 

number,  iiile  iJu^  is  the  value  conputed  from  Eq.  (6-58)  for  a  flat 

tube  on  assumption  that  thr  Physical  properties  of  the  fluid  are 

constant;  u  is  the  value  of  th*  dynamic-viscosity  coefficient  at  the 
6  m 

wall  temperature ,  while  p.,h  is  the  value  at 

The  measurement  results  are  quite  satisfactorily  described  by 
the  following  equation  (see  the  curve  of  Pig.  1*1-7): 

Nu  —  1 ,85  (Pe  -f-J'5  (~)"0'".  (lJi-22) 

where 


_ qc<i, 

IT  uji 


here  q  is  the  heat-flux  density  at  the  wall,  averaged  over  the 
s 

perimeter  and  the  length;  At^  is  the  mean  logarithmic  temperature 
head.  The  values  of  the  thermal-conductivity  and  thermal-diffusiv- 
ity  coefficients  X  and  a  are  taken  at  a  temperature  U~  U — j-A/i. 

5  o  " 

The  fact  that  Su  depends  on  Pe  de/l  in  the  same  way  for  a  rec¬ 
tangular  tube  with  side  ratio  h/b  *  0.192  as  for  a  flat  tube  (when 
Us/Uzh  *  1)  naturally  does  not  give  sufficient  reason  for  extending 
this  result  to  rectangular  tubes  with  other  side  ratios. 


The  method  of  allowing  for  the  variable  viscosity  as  a  correc¬ 
tion  factor  (us/uzh)~# • 1#  and,  in  approximation,  for  the  variation 

in  X  and  a  by  referring  them  to  the  temperature  t  can  evidently 

be  uses'  to  determine  heat  transfer  in  prismatic  tubes  varying  in 
geom<-try  (until  more  complete  data  is  obtained).  Naturally,  these 
corrections  must  be  introduced  into  equations  obtained  on  the  as- 
anption  liat  the  physical  properties  remain  constant  for  tubes  of 
^e  priven  form.  We  also  note  that  they  are  valid  only  for  liquids. 

thcds  developed  for  round  tubes  (see  Chapters  7,  9)  can  be  used 
n  approximation  to  allow  for  the  influence  of  all  variable  physi¬ 
ol  properties  (and  not  just  viscosity)  on  heat  exchange  in  cylin¬ 
drical  tubes  with  noncircular  cross-sectional  shapes. 

dee  §7-6  for  hydraylic  resistance  in  prismatic  tubes  with  al¬ 
lowance  for  the  dependence  of  p  on  t. 

.*-3.  Ht AT  EXCHANGE  IN  PRISMATIC  AND  CYLINDRICAL  TUBES  UNDER  MIXED 
BOUNDARY  CONDITIONS 


1.  In  this  section,  we  shall  consider  heat  exchange  in  prisma¬ 
tic  an1'  cylindrical  tubes  where  the  heat-flux  density  at  the  wall 
Is  oc  ant  along  the  length  and  the  wall  temperature  is  constant 
along  e  pei imeter,  i.e.,  under  mixed  boundary  conditions.  These 


specific  conditions  correspond  to  uni for*  supply  or  removal  of  heat 
a'ong  the  length,  while  the  wall  is  sufficiently  thick  and  a  suffi¬ 
ciently  good  conductor  of  heat  to  ensure  temperature  equalization 
over  the  perimeter.  In  this  case,  q  must  naturally  vary  over  the 

perimeter  and  t  along  the  length.  We  do  not  knew  the  nature  of  the 

9 

variation  in  q  and  t  ,  however.  Ve  are  only  given  the  heat-flux  - 
density  qs  at  the  wall,  which  is  averaged  over  the  perimeter,  but 
constant  along  the  length. 


Ve  shall  ^nly  analyze  heat  exchange  with  a  fully  developed 
(stabilized)  temperature  field,  on  the  assumption  that  the  physical 
properties  of  the  fluid  are  constant,  the  flow  is  stabilized,  and 
the  heat  of  friction  is  negligible.  Under  such  conditions,  the  temp¬ 
erature  and  pressure  gradients  in  the  axial  direction  at  any  point 
in  the  flow  will  be  constant: 


* 

Sx 


P 


*  hM 
i  5TT5T 


c„ 


where  and  are  constants;  /,  e  are  the  area  and  perimeter  of 

the  tube  cross  section;  Ap  is  the  pressure  drop  across  a  tube  seg¬ 
ment  of  length  l;  (  la  the  friction  resistance  coefficient. 


Taking  these  relationships  into  account,  we  can  write  the  en¬ 
ergy  and  motion  equations  in  the  form 

(14-23) 

where  o-*‘—  i«(we  note  that  *s  «  const  +  e-jx). 

The  boundary  conditions  are 


■0C*=0,  <wx)c*0,  (14-25) 

where  the  subscript  l,s"  indicates  conditions  at  the  wall. 

Direct  solution  of  (14-23)  involves  difficulties  which  can  be 
removed,  however,  by  combining  (14-23)  and  (14-24): 

or,  ’  a king  (14-24)  into  account, 

(14-26) 

where  c-^,  a  an<*  u  are  independent  of  the  coordinates. 

The  solution  of  (14-26)  must  satisfy  the  boundary  conditions 
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0c~0-»  d)e=0. 


(14-27) 


The  first  condition  means  that  the  fluid  temperature  at  the 
wall  equals  the  wall  temperature ,  while  the  second  follows  from 
(14-23),  since  the  fluid  has  zero  velocity  at  the  wall. 

Thus  a  solution  of  (14-26)  satisfying  Conditions  (14-27)  Is 
at  the  same  time  a  solution  of  (14-23)  and  (14-24);  the  velocity 
w  can  be  found  with  the  aid  of  (14-23). 

X 

Equation  (14-26)  Is  analogous  to  the  familiar  Lagrance  equa¬ 
tion  in  the  theory  of  small  deflections  of  uniformly  loaded  thin 
plates,  which  has  the  form 


V*  (V1*) =  *jj.  • 

where  e  is  the  plate  deflection;  a  and  D  are  the  specific  load 
and  the  plate  stiffness  in  bending  (they  are  constants) . 

For  plates  freely  supported  on  the  entire  perimeter,  the 
boundary  conditions  will  also  resemble  Conditions  (14-27): 

f.=0  -«» (y*  r),=0, 

where  the  subscript  "s"  Indicates  conditions  on  the  perimeter. 

Solutions  have  been  obtained  by  Timoshenko  [8]  to  the  Lagrange 
equation  for  plates  of  various  geometries  under  the  indicated  bound- 
conditions,  and  other  boundary  conditions.  They  can  also  be  used 
for  heat-exchange  problems  described  by  Eq.  (14-26)  with  boundary 
conditions  (14-27).  To  obtain  a  solution  to  a  heat-exchange  prob¬ 
lem,  In  the  solution  for  a  plate  geometrically  similar  to  the  tube 
cross  section  we  need  only  replace  e  by  J  and  a/D  by  a^c^/av.  It 

should  be  noted,  however,  that  when  the  perimeter  includes  not  only 
straight-line  segments,  but  curve  lines  as  well,  direct  substitu¬ 
tion  of  variables  may  lead  to  an  incorrect  solution  of  (14-26). 

This  is  associated  with  the  fact  that  the  boundary  condition  for 
che  plate  in  this  case  does  net  satisfy  the  condition  (y’O)c=0. 

Tnus  to  saclsfy  this  condition,  some  transformation  of  the  con- 
s  .ants  of  integration  is  required. 

Table  14-3  gives  equations  for  the  temperature  distribution 
in  tubes  of  various  cross  sections;  they  are  obtained  by  adapta¬ 
tion  of  the  corresponding  elasticity-theory  problems  [9,  10],  or 
direct  solution  of  the  motion  and  energy  equations,  using  func¬ 
tions  of  a  complex  variable  (for  an  elliptical  tube  [11]).  The 
'  ant  c^c^/av,  is  found  from  the  relationships  given  at  the  be- 

-*nnlng  of  paragraph  1  for  o ^  and 


where 


£i£i 

OH- 
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TABLE  Hl-3 

Equations  for  Temperature  Distribution  in  Prismatic 

and  Elliptical  Tubes  with  qa  »  const  over  the  Length 

s 

and  t  »  const  over  the  Perimeter 
s 


1)  Cross-section  shape;  2)  equations  f or  $ ;  3)  rectangle;  4)  equi¬ 
lateral  triangle;  5)  right  isoceles  triangle;  6)  sector  of  circle 
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with  rat  Lus  rQ,  aperture  angle  of  2<Pgj  7)  ellipse  with  semiaxes 
2^  and  2  ;  8)  where. 


Usi..g  the  equations  for  the  temperature  profile  (Table  14-3) 
and  velocity  profile  (see  Table  5-2),  we  can  determine  the  distribu¬ 
tion  of  local  heat-flux  densities  «  and  heat-transfer  coefficient 

^s 

am  over  the  perimeter,  and  can  also  find  the  limiting  Nusselt  num¬ 
ber  averaged  over  the  perimeter. 

In  our  case,  since  *  is  constant  over  the  perimeter. 

This  ratio  can  be  expressed  In  terms  of  the  temperature  gradients 
at  the  wall 


(14-28) 


where  n  is  the  normal  to  the  wall;  «  is  the  tube  perimeter. 
The  mean  limiting  Nusselt  number  Is 


(14-29) 


where 


8  = 


9ik 


(f  ||^  _ 


led. 


Let  us  look  at  heat-transfer  calculations  for  certain  cross- 
section  shapes. 

2.  Rectangular  tube.  For  simplicity,  we  shall  compute  the  dis¬ 
tributions  of  q3  and  for  a  tube  of  square  cross  section.  With 

-  h,we  use  the  first  equation  of  Table  14-3,  obtaining 


nw 

s,nX 


\dyj  fm0  U  Zj  ' 

m=  1.3,5...  <1=  1,3,5... 

s  i 


■»-=!.  3.5...  ii=1.3.  r.... 


"tv.  atio 


K 

2 


s  s 


nnz 
*ln  ~h 


=  1.3.5...  <l-=l.  3.  5... 


s  s 

M—  1,3.5  m  hkI,3,|, 


1 


n‘(m»  +  n’)* 


(14-30) 
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Pig.  14-8.  Heat -transfer  distribution  ever  perimeter  of  prismatic 
tubes.  1)  Square;  2)  equilateral  triangle  (here  a  is  the  distance 
from  the  center  of  an  edge,  2 b1  is  the  width  of  an  edge). 


Fig.  14-9.  Values  of  Su^  for  tubes  with  cross  section  in  form  of 

sector  of  circles,  isoceles  triangle,  and  right  triangle  for  q_  * 

«  const  with  the  length  and  *  const  over  the  perimeter.  1)  The 

same,  for  sector  of  circle  with  q  =  const  along  perimeter  and  along 
length.  1)  deg. 


The  calculations  yield  the  following  distribution  of  q  /q 
over  the  perimeter  of  a  square  tube: 

th  0  '/„  V,  V 4  V,  */,  V, 

o  0,427  0,809  1,121  1,350  1,481  1,535 

This  relationship  is  illustrated  in  Pig.  14-8. 

To  find  Nu^  for  a  rectangular  tube,  we  substitute  the  expres¬ 
sions  for  0  and  v  from  Tables  14-3  and  5-2  into  (14-29).  Integrat 
ing,  we  obtain 
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T.  X> 


rr  64 

NU“  (I  +  T)*** 


[  L  S 

«=l.3  S-  n-1.3. 5_^ _ 

%  OB  ' 

2  2  w'/iHwY  +  n*)' 


(14-31) 


—rl  3.  S...  n=l.».S™ 


where  y  =  h/b  is  the  side  ratio  for  the  cross  section.  The  series 
in  the  equation  converge  very  rapidly,  so  that  a  few  terms  suffice 
for  a  good  approximation. 

Figure  14-4  (curve  2)  shows  Nu^  as  a  function  of  y  on  the  basis 
of  Eq.  (14-31).  It  agrees  well  with  the  results  of  numerical  computa 
tion  [5],  and  with  results  obtained  by  a  variational  method  for  y  * 

*  1  [12].  Thus .  for  example,  when  y  *  0,  0.5,  and  1,  according  to 
Eq.  (14-31),  Nu  =  8.21,  4.12,  and  3.60;  according  to  the  data  of 
[5],  we  have  8.23,  4.11,  and  3.63,  respectively,  while  according  to 
[12],  we  have  3.60  (for  y  =  1). 

3.  Triangular  tube.  For  a  tube  whose  cross  section  is  an  iso- 
celes  triangle,  the  heat-transfer  distribution  ever  the  perimeter 
is  represented  by  the  equation 


(14-32) 


(see  Fig.  14-8) ,  while  the  limiting  Nusselt  number  averaged  over 
the  perimeter  is 


-r-'- 


(m-33) 


Fig.  14-10.  Temperature  pro¬ 
files  along  centerline  of  tube 
with  cross  section  in  form  of 
sector  of  circle. 
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Pig.  14-11.  Distribution  of 
heat  transfer  along  perimeter 
of  tube  with  cross  section  in 
form  of  sector  of  circle. 


Figure  14-9  gives  values  of  Nu^  as  a  function  of  aperture  angle 
for  tubes  with  cross  sections  in  the  form  of  isoceles  and  right 
triangles  [13]. 

4.  For  tubes  with  cross  section  in  the  form  of  a  sector  of  a 
circle,  the  computational  results  for  heat  exchange  are  shown  in 
Figs.  14-9,  14-10,  and  14-11  [10],  The  second  figure  shows  the 
temperature  profile  along  the  centerline  (q>  *  0)  for  various  aper¬ 
ture  angles.  As  we  might  expect,  as  the  aperture  angle  decreases, 
the  maximum  temperature  Increases,  while  simultaneously  approach¬ 
ing  the  curved  wall.  Figure  14-11  shows  the  distribution  of  heat 
transfer  over  the  perimeter  for  various  aperture  angles.  At  each 
wall,  q  and  pass  through  a  maximum,  while  vanishing  at  the  corn¬ 
ers.  ThS  mean  value  of  Nu„  over  the  perimeter  depends  solely  on  the 
tube  shape,  i.e.,  on  the  aperture  angle  2<pQ  in 'this  case.  This  re¬ 
lationship  is  shown  in  Fig.  14-9. 

5.  For  a  tube  of  elliptical  croee  section ,  the  limiting  Nus- 
selt  number  averaged  over  the  perimeter  is  represented  by  the 
equation 


(i+»»)p  +»*  +  **') 
17(1  +«.«)  +  ‘j8»*  r 


(14-34) 


where  E(k)  is  a  total  elliptic  integral  of  the  second  kind;*  k= 
— <oa),/2;  o>=6a/&,  is  the  ratio  of  ellipse  semiaxes. 

For  a  round  tube,  u>  *  1,  E( 0)  ■  ir/2  and,  consequently,  Nu»= 
=48/ll«4,36;  this  corresponds  to  the  value  found  previously.  The 


V356 
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other  Halting  case,  w  =  0,  has  :o  real  physical  meaning,  and  does 

not  correspond  to  flow  in  a  flat  tube.  In  fact,  for  *=0,  £(|)  =  i 

and  Ntio,,—  **=5,225:  For  a  flat  rube,  however,  as  we  have  already 

established,  Nu«-M0/I7«*8,23.  Thus  (1^1—3^ )  does  not  hold  for  a  flat 
tube. 


Fig.  14-12.  Rectangular  tube 
formed  by  two  parallel  plates 
connected  by  longitudinal  ribs. 
1)  Plates;  2)  ribs. 


TABLE  14-4 


Values  of  Functions 
F(K ,  y)  in  Eq.  (14-35) 


_ 

KahX 

T= 

k 

1 » 

«.»  1 

0.IS  | 

0.50  j 

1.00 

1 

0 

0.138 

0.207 

0.587 

0.968 

1 

0.645 

0.710 

0.892 

0,993 

2 

0.777 

0.823 

0.938 

0,996 

4 

0.873 

0,808 ; 

0.966 

0,998 

10 

\«\944 

0,957 

0.986 

0.999 

6.  Also  of  interest  is  heat  exchange 
in  a  rectangular  tube  formed  by  parallel 
plates  connected  by  longitudinal  ribs 
(Fig.  14-12).  The  same  conditions  con¬ 
sidered  in  this  section  for  the  other 
cases  obtain_at  the  Inside  surface  of 
the  plates  (q_  =  const  over  the  length 

and  tg  =  const  over  the  perimeter.  Heat 

is  transmitted  to  the  ribs  by  the  plates 
owing  to  conduction,  and  is  delivered  to 
the  flow  from  the  rib  surfaces.  Thus  the 
rib  temperature  will  be  variable. 


The  variation  in  rib  temperature  in 
the  a-axis  direction  depends  on  the  para¬ 
meter  where  6  and  h  are  the  half-thickness  and  the  width  of 

the  ribs;  Ar  and  A  are  the  themal-conductivity  coefficients  of  the 

rib  material  and  the  fluid.  When  K  -*•  «,  the  temperature  will  be 
constant  over  the  rib  width,  and  will  equal  the  temperature  of  the 
plat  s.  Here  the  problem  reduces  to  the  previous  one  of  heat  ex¬ 
change  in  a  rectangular  tube  (see  paragraph  2)  and  the  limiting 
Nusselt  number  (Nu«.)k  -w  averaged  over  the  perimeter  (including  the 
rib)  is  found  from  Eq.  (14-31).  When  K  is  finite,  the  temperature 
will  vary  more  strongly  over  the  rib  width  the  smaller  K.  In  this 
cas*  ,  according  to  the  data  of  [14] 


Nuoo=  (Nu„)h- -«,£(/(.  y).  (14-35) 

The  values  of  the  function  F  are  given  in  Table  14-4^  which 
shows  that  there  may  be  a  very  substantial  reduction  in  Nu*  **or 
small  values  of  K  and  y  ■  h/b. 

In  addition  to  those  considered  here,  other  solutions  are 
also  for  problems  of  heat  exchange  in  prismatic  and  cylindri¬ 

cal  tubes  with  mixed  boundary  conditions .  Thus  solutions  are  given 
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in  [15]  for  problems  involving  tubes  with  cross  sections  in  the 
shape  of  cardioids  and  regular  hexagons,  while  in  [15a],  the 
"point  congruence"  method  is  used  to  consider  problems  of  flow 
and  heat  exchange  in  tubes  having  cross  sections  in  the  form  of 
regular  polygons  with  between  3  and  20  sides. 

Example.  Hydrogen  flows  in  a  tube  whose  cross  section  takes 
the  form  of  an  equilateral  triangle  with  altitude  3&  *  6  mm.  The 
hydrogen  flows  at  a  rate  G  •  0.280*10’'*  kg/s;  the  entrance  tempera¬ 
ture  tQ  *  100°C;  the  heat-flux  density  averaged  over  the  perimeter 

and  constant  over  the  length  is  qg  •  2.34*10*  W/m*.  We  are  to  de¬ 
termine  the  heat-transfer  coefficient  o  averaged  over  the  peri¬ 
meter,  and  the  wall  temperature  t  (t  is  assumed  to  be  constant 

s  s 

over  the  perimeter)  at  a  distance  x  «  0.4  m  from  the  entrance. 

In  this  same  section,  we  are  also  to  find  the  local  values  of 
nd  q  at  the  center  of  each  side. 

The  tube  perimeter  is  #-6/36-20,8  m;  <*,-26-4  am.  The  mean  mass 
temperature  of  the  gas  at  a  distance  x  from  the  entrance  is 


J*  ,  1  inn  1  2.34*  10*  0,0208*0,4  rv./* 

I=s*«+ iet”  100  +  any  c57yc 

(<r,=ttl,46-10*  J/kg-deg  in  the  interval  from  tQ  to  t) . 

In  accordance  with  (14-33),  N^=3,ll.  For  t  *  576°C,  A  » 
-  0.419  W/m* deg.  Consequently, 


3.11*0.419 

SM — 


=326 


w _ 

'•deg  * 


The  wail  temperature  at  section  x  is 


/e  =f+Js-=576 +£^-=6488(; 

*» 

The  local  values  of  ow  and  qg  at  the  center  of  each  side,  i.e 
for  s  ■  0,  is  found  from  (14-32): 


from  which  we  have  qa  •  4.39*10*  W/m2  and  o_  ■  611  W/m2*deg. 

14-4.  HEAT  EXCHAN6E  IN  A  BANK  OF  CYLINDERS  IN  A  LONGITUDINAL 
FLOW  UNDER  NIXED  BOUNDARY  CONDITIONS 

We  consider  heat  exchange  in  a  system  formed  by  an  infinite 
number  of  circular  cylinders  located  at  the  corners  of  equilateral 
triangles  parallel  to  one  another  (Fig.  14-13).  The  fluid  moves 
bet*f--«  th o  cylinders  in  the  axial  direction  The  fluid  flow  is 
stabilized.  The  heat-flux  density,  constant  along  the  length,  is 
•pecified  at  the  outside  surface  of  the  cylinders  (o  may  vary 
circumferentially).  The  temperature  of  the  outside  surface  is 
constant  along  the  circumference,  but  may  vary  along  the  length. 
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Pig.  14-13.  The  problem  of  heat 
exchange  with  longitudinal  flow 
past  a  bank  of  cylinders,  a) 
Bank  cross  section;  b)  cross- 
sectional  element. 


Such  boundary  conditions  correspond,  for  example,  to  uniform  re¬ 
lease  of  heat  in  bars  or  tubes  with  high  thermal  conductivity. 

We  confine  the  discussion  to  heat  exchange  in  the  region  with 
incipient  thermal  stabilization,  which  eliminates  the  need  to 
consider  the  influence  of  entrance  conditions. 

Since  the  system  is  symmetric,  we  can  consider  heat  exchange 
within  one  cross  sectional  element,  shown  in  black  on  Pig.  l4-13a, 
and  represented  in  larger  scale  in  Pig.  14-I3b.  The  flow  in  such 
a  system  has  been  considered  in  §5-3,  where  we  have  also  given  an 
expression  for  the  velocity  profile.  If  we  assume  the  physical 
properties  to  be  constant  and  ignore  the  heat  of  friction,  we  can 

represent  the  temper  at 'a--;  field  for  thl3  case  by  the  energy  equa¬ 

tion  in  the  form  (14-23).  Substituting  Expression  (5-21)  for  the 
velocity  profil-  into  this  equation,  we  obtain 

d*t  .  I  dt  .  I  d*/  _2 AP  q7 t/3  .  r 

dr*  '  r  'dr  •  r*  df*  rf3  j  «  "  r, 

’  (14-36) 


where  r  and  <p  are  the  coordinates  of  the  point  (Fig.  l4-13b),  and 
t’p  and  2b  are  the  cylinder  radius  and  the  separation  of  the  cylin¬ 
der  centers;  de  is  the  equivalent  diameter  of  the  bank  flow  sec- 
+  It;  a  =  CRe  is  a  constant  that  depends  on  b/rQ  (see  §5-3);  <?s  is 

the  heat-flux  density  at  the  wall,  averaged  over  the  perimeter; 
the  6.  are  constants  that  depend  on  b/rn  (see  Table  5-3). 

The  boundai'y  conditions  are  written  in  the  form 


for  r  =  r,  t  —  tc, 

for  9  =  0  -  ‘-^0°  ^  =  0, 


for  r  =  — — 

COS  V 


(14-37) 
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TABLE  14-5 

Values  of  Constants  «  in 

Equation  for  Temperature  Dis¬ 
tribution  in  Plow  for  Longi¬ 
tudinal  Plow  Pa3t  Bank  of 
Cylinders 


4. 


Q 

K9 

□ 

D 

l.l 

0.25961 

-0.2065 

—1.12 

74 

1.2 

0.9038 

-0.1323 

—1.5® 

-o; 

14 

0.71081 

1.01 

-0.1* 

A 

2«t 

1.2718 

9.12031 

0.136 

0.08 

4«t 

2.9M9 

0,38230 

9.879 

04 

The  last  two  conditions  follow  directly  fro*  the  syste* 
symmetry  properties. 


Equation  (14-36)  has  been  solved  in  [16]  under  boundary 
conditions  (14-37).  As  a  result,  the  following  expression  was  ob¬ 
tained  for  the  teaperature  distribution: 

+ 'i  >  — -  w] 

:*rM»rw 

+^gi,OTw[ji(f)‘J(lfpr+%^)-  }■  (1,_38) 

where  the  «n  are  constants  depending  on  whose  values  are  given 

in  Table  14-5. 

The  *ean  limiting  Nusselt  number  is 


where 


t. 


m 

-‘"■-jJj-jfVj  «. -l)*sdr. 


here  f ^  is  the  area  of  element  ABCD  (Pig.  14-I3b). 
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Fig.  14-14.  Dependences  of 

Nu  and  !?u'  on  fc/rn  for  bank 
00  00  U 

of  cylinders  In  longitudinal 
flow. 


Fig.  14-15.  Distribution  of 
local  heat-flux  density  over 
cylinder  circumference  for 
various  values  of  b/rQ.  1)  deg. 


The  analytic  expression  for  Uu^  as  a  function  of  b/rQ  is 

extremely  cumbersome,  and  thus  is  not  given  here.  This  relation¬ 
ship  is  represented  graphically  in  Fig.  14-14  (the  solid  line 
corresponding  to  the  right-hand  ordinate  scale) .  It  is  clear  that 
despite  the  utilization  of  dQ  as  the  characteristic  dimension, 

Nu^  varies  essentially  as  a  function  of  b/r q.  If  the  cylinder 

diameter  d  =  2r^  is  used  as  the  characteristic  dimension,  then 

NuV ~ tw//X  will  vary  Just  as  intensively,  but  the  nature  of  the 

relationship  will  differ  (solid  line  in  Fig.  14-14,  correspond¬ 
ing  to  left-hand  ordinate  scale) . 


The  following  relationship  is  convenient  for  determining 
the  waxx  temperature : 


tc  -L 


^  r  4  — 

K  V4  IV 


which  is  easily  obtained  from  the.-  heat-balance  equation.  Here 
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ty  is  the  fluid  entrance  temperature;  P t-vdja. 

The  variation  In  local  heat-flux  density  qe~  —  along  the 

cylinder  circumference  is  of  interest.  Computing  the  derivative  by 
means  of  (14-38),  after  certain  manipulations  we  obtain 


?« 


» t(r*  Vi+* 

[S  >.(>-)** ^ +f;  4w ca,6lr 


1 


(14-39) 


This  relationship  is  illustrated  in  Pig.  14-15.  For  closely 

spaced  banks,  i.e.,  with  ■—<  1.5,  considerable  nonuniforalty  is 

observed  in  the  circumferential  distribution  of  <»  .  Here  minimum 

^s 

heat  transfer  corresponds  to  «  0,  and  maximum  transfer  to  <p  -  30°, 
i.e.,  to  the  place  near  which  the  flow  cross-sectional  area  is 

greatest.  This  qQ  distribution  is  associated  with  the  angular  non¬ 
uniformity  of  the  velocity  profile  resulting  from  the  influence  of 

the  nearby  cylinders.  For  ~>2,  and  with  somewhat  less  accuracy 

b  f* 

even  for  — >1,5,  the  heat  transfer  can  be  assumed  to  be  uniform 
r» 

over  the  cylinder  circumference. 


In  the  latter  case,  there  is  reason  for  supposing  that  t  —  t 

*  S 

is  a  function  of  rQ  alone.  Then  the  actual  flow  section  per  single 

cylinder  can  be  replaced  by  the  cross  section  of  a  ring  of  equiva¬ 
lent  area  with  inside  radius  rQ  and  outside  radius  r#  (see  §5-3). 


This  substitution  permits  us  to  reduce  the  problem  of  heat  exchange 
with  longitudinal  flow  past  a  bank  of  cylinders  to  the  problem  of 
heat  exchange  in  an  annular  tube  at  whose  inside  wall  /r^=/e.  while 


at  the  outside  wall.  The  temperature  field  in  such  a  tube 


4s  described  by  Eq.  (14-38)  but  without  the  terms  containing  series 
'<nd  representing  the  angular  temperature  variation.  The  dashed 
:u  ves  of  Fig,  14-14  show  Nuw  and  NuJJ,  calculated  on  this  assumption 


functions  of  b/r^.  When  ^->1,5,  the  error  in  the  Nusselt  numbers 


found  by  the  approximate  method  does  not  exceed  5J.  The  error  rises 
noticeably  for  smaller  b/rQ. 


14-5.  HEAT  EXCHANGE  IN  PRISMATIC  TUBES  UNDER  BOUNDARY  CONDITIONS 
OF  THE  SECOND  KIND 


Heat  exchange  in  prismatic  tubes  under  boundary  conditions 
of  *ne  second  kind  has  been  studied  almost  exclusively  for  fully 
developed  velocity  and  temperature  profiles  [10,  12,  17,  18,  19]. 
The  *,hyt;.!  :al  properties  of  the  fluid  are  assumed  to  be  constant, 
md  e*  dissipation  is  ignored.  The  calculations  involve  cum- 
ersome  equations,  and  their  results  are  difficult  to  express  in 
cmpact  analytic  form.  Thus  we  shall  restrict  our  discussion  to 
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computational  results  represent  d  graphically. 


1.  Let  the  heat-flux  densicy  q ^  be  specified  at  the  wide 

faces  of  a  rectangular  tube ,  and  let  the  density  q be  specified 

at  the  narrow  faces;  the  values  of  qsb  and  are  constant  along 

the  width  and  length  of  the  faces,  but  they  are  not  equal.  For 
stabilized  flow  and  heat  exchange,  the  expression  for  the  tempera¬ 
ture  distribution  in  the  flow  can  be  represented  as 


/-/.  —  4T  -  lx,/-/ 

Qc*-'  ‘(1+7)’  ’pc  'd,  T^-i’ 


(14-40) 


where  Qc—2{<iciJb+<lekh)ls  the  heat  flux  at  the  wall  per  unit  length  of 
tube;  T—hjlr,  Pe=wrf3/a;  t.  Is  the  fluid  temperature  at  the  entrance.  The 
dimensionless  temperature  depends  only  on  the  I  and  Z  coordin¬ 
ates  and  the  parameters  y  and  8  *  ^sh^sb'  por  a  5^uare  tube  (y  * 

*  1)  and  8*1,  from  the  data  of  [12]  we  have 


^r=TS(>,,+Z,)-'0.()20(M[(r*-l)*+(Z*-l)*j-  (l4-4l) 

-0,01661  [(T  - 1)  (Z*  -  1))’  +  0,008504, 

where  Y=~-;  Z=-—~  (ft  -  b  In  this  case). 

T*  Tk 

It  follows  from  (14-40)  that  the  wall  temperature  of  a  rectangu 
lar  tube  can  be  represented  as 


U  4t  _L •JLa.IlzJ 


(14-42) 


For  a  square  tube  with  8=1,  letting  Z  =  1  (or  I  -  1)  In 
(14-41),  we  obtain 

=-{§  (f  -f  1)  —  0  02004  (X*  —  1)* + 0,006504.  (14-  43) 

Figures  14-16  and  14-17  show  the  distribution  of  the  dimension¬ 
less  wall  temperature  over  the  perimeter  of  rectangular  tubes 

with  different  side  ratios  (y  =  0-1)  for  uniform  heating  of  all 
walls  (8  =  1)  and  heating  of  the  wide  wall  alone  (8  =  0).  The  same 
data  is  shown  in  Fig.  14-ld,  but  for  tubes  with  side  ratios  y  * 

=  0.05  and  1,  and  for  values  of  3  from  0  to  1. 

Since  the  heat-flux  density  is  constant  at  each  face,  while 
i ho  heat-transfer  conditions  are  not  the  same  at  different  points 
on  the  perimeter,  the  wall  temperature  will  vary  over  the  perimeter. 
The  nature  of  the  change  in  wall  temperature  depends  essentially  on 
the  parameters  y  and  b.  For  any  combination  of  parameters,  however, 
the  maximum  wall  temperatures  (where  the  fluid  is  heated)  is  found 
at  the  corners,  where  fluid  velocity  Is  least.  As  we  move  away  from 
the  corners,  the  wall  temperature  drops,  and  at  the  center  of  each 
side  it  will  have  a  minimum  Vclue  corresponding  to  the  nature  of 
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Pig.  14-16.  Temperature  distrib¬ 
ution  over  perimeter  of  rectan¬ 
gular  tube  With  various  side 
ratios,  0*1. 


Pig.  14-17.  Temperature  dis¬ 
tribution  over  perimeter  of 
rectangular  tube  with  various 
side  ratios,  6*0. 


the  velocity  profile.  The  dimensionless  wall  temperature  can  take 
on  negative  values  at  the  center  areas  of  the  faces.  The  reason  is 
that  the  wall  temperature  at  a  given  point  on  the  perimeter  can  be 
less  than  the  mean  mass  temperature  of  the  fluid  (ts  <  t)  even 
though  the  heat  flux  is  directed  from  the  wall  to  the  fluid.  In  the 
limiting  >ase,  when  y  0,  the  wall  temperature  distribution  over 
the  perimeter  will  approach  a  certain  limiting,  but  nonuniform, 
distribution,  in  contrast  to  a  flat  tube  (i.e.,  an  infinite  3lot 
with  no  side  walls)  which  J.s  characterized  by  a  uniform  wall-temp¬ 
erature  distribution. 
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Pig.  14-lb.  Temperature  dis¬ 
tribution  over  perimeter  of 
rectangular  tube,  y  *  0.05 
(solid  lines)  and  y  “  1  (dashed 
lines)  for  various  values  of  8. 


Fig. 14-19.  Wall  temperature  at 
corners  of  rectangular  tube 
as  function  of  b/h  for  various 
values  of  8. 


Fig.  14-20.  Wall  temperature 
at  corners  of  rectangular  tube 
as  function  of  b/h  for  various 
values  of  X . 


Figure  14-19  shows  the  variation  in  dimensionless  wall  temp¬ 
erature  at  the  corners  as  a  function  of  b/h  =  1/y  for  various 
values  of  8.  As  we  can  see  from  the  figure,  the  temperature  in  the 
corner j  may  be  reduced  substant ' ally  by  increasing  h/h  while  slmul- 
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taneously  decreasing  8.  From  this  .iwpoint,  it  is  advantageous 
to  employ  tubes  with  b/h  >  10  for  3=0  (i.e.,  with  no  heating  cf 
the  side  walls). 

The  calculated  data  shown  in  Figs.  14-16,  14-17,  14  !8r«iM-i9  were  ob¬ 
tained  with  no  allowance  for  heat  transfer  by  conduction  over  the 
tube  wall  along  the  perimeter  (the  wall  is  assumed  to  be  infinite¬ 
ly  thin) .  A  determination  has  been  made  of  heat  exchange  with  al¬ 
lowance  for  wall  conduction  with  heating  of  wide  faces  and  heat- 
insulated  narrow  faces  (8  *  0)  [19].  In  this  case,  the  wall  tempera- 

distribution  over  the  perimeter  depends  essentially  on  the  parameter 

K=-gj~,w*™Xc  **  k  are  the  thermal-conductivity  coefficients  for  the 

wall  and  the  fluid,  while  6  is  the  wall  thickness.  When  K  =  0,  i.e., 
for  the  case  considered  above,  the  temperature  distribution  over 
the  perimeter  has  its  greatest  nonuniformity.  As  K  increases,  the 
temperature  distribution  becomes  substantially  smoother.  Figure 
1*1-20  shows  the  change  in  dimensionless  wall  temperature  at  corner 
points  (where  this  temperature  has  its  greatest  value)  as  a  func¬ 
tion  of  b/h  for  0=0  and  various  values  of  the  parameter  K.  It  is 
clear  from  the  figure  that  a  significant  reduction  in  maximum  wall 
temperature  can  be  attained  not  only  by  increasing  b/h ,  but  also  by 
increasing  JC,  i.e.,  by  appropriate  choice  of  wall  material  and 
thickness.  We  note  that  if  the  medium  flowing  in  the  tube  is  trans¬ 
parent  to  radiation,  then  radiant  heat  exchange  between  wall  ele¬ 
ments  at  different  temperatures  will  also  equalize  the  temperature 
distribution  over  the  perimeter. 

The  heat-transfer  coefficient  averaged  over  the  perimeter  of 
a  rectangular  tube  is 


*  2<6+ft)«e_7j’ 

where  t  is  the  wall  temperature  averaged  over  the  perimeter: 
s 


s 

where  e  is  the  perimeter  of  the  tube. 

The  limiting  Nusselt  number  averaged  over  the  perimeter  will 
obviously  be 


find 


(7.  -o x  (i  +  T)*  ( 14—44) 

Thus  for  a  square  tube  (y  =  1)  with  8=1,  using  (14-43)  we 


j[J. (Y* -  1)  —  0.02004 0,008504]  dY  =  0,081 17 
o 


and,  consequently. 


NUod  ~O.OH1 17-4  —  3,08. 
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Fig.  1*1-21.  Tempera¬ 
ture  profiles  in  tube 
with  section  in  form 
of  sector  of  circle 
(2  q  =  60°),  qs  =  const. 


Fig.  1*1-22.  Variation 
in  wall  temperature 
over  perimeter  of  tube 
with  section  in  form  of 
sector  of  circle,  q  - 
const. 


Using  the  curves  given  in  Figs.  1*1-16,  1*1-17,  and  1*1-18,  we 
can  also  compute  Nu*.  for  other  ya^ues  of  y  and  8.  For  example,  for 
y  =  0.1  and  8  =  1,  we  have  Nu«=2  As  we  can  see,  in  rectangular 
tubes  with  q  =  const,  the  number  deviates  but  little  from  3 

when  the  side  ratio  varies  from  0.1  to  1.  But  when  t  =  const  over 

S 

the  perimeter  and  q  =  const  along  the  length,  Nii*,  varies  from  6.8 

s 

to_3„6  when  y  varies  within  the  same  limits.  The  lower  values  of 
Nu«  for  q5  -  const  are  explained  by  the  great  nonuniformity  in 

the  distribution  of  wall  temperature  over  the  perimeter. 

2.  Figures  1*1-21,  1*1-22,  and  1*1-9  show  the  results  of  heat- 
exchange  calculations  for  tubes  with  sections  in  the  form  of  a 
sector  of  a  circle  with  qs  =  const  over  the  perimeter  and  the 

length  [10].  The  first  figure  shows  the  temperature  distribution 
over  the  tube  cross  section  for  a  sector  aperture  angle  2  Q  =  60° . 

As  we  can  see,  near  the  vertex  of  the  sector,  where  the  velocities 
are  small,  there  is  a  significant  temperature  increase.  The  second 

figure  shows  the  distribution  of  dimensionless  wall  temperature 

-i-L  over  the  tube  perimeter  for  various  sector  aperture  angles. 

t,  —i  _ 

The  limiting  value  Nu^  averaged  over  the  perimeter  is  shown  in  Fig. 
14-9  as  a  function  of  the  sector  aperture  angle  (curve  1).  It  is 
noteworthy  that  when  the  heat-flux  density  is  constant  over  the 
perimeter,  Nu^  is  far  less  than  when  the  wall  temperature  is  con¬ 
stant  over  the  perimeter. 
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14-6.  HEAT  EXCHANGE  IN  CURVED  TUBE, 


The  heating  surfaces  of  heat- exchange  devices  are  often  made 
of  tubes  bent  to  form  spirals  (coils).  Flow  characteristics  for 
such  tubes  have  been  considered  in  §5-6.  There  it  was  noted  that 

for  values  of  the  parameter  Re  n  >  13,5  secondary  flows  appear,  that 

cause  the  velocity  profile  to  become  asymmetric  (see  Fig.  5-16). 

If  heat  exchange  takes  place  in  such  a  tube,  the  temperature  field 
in  the  flow  will  also  be  asymmetric  about  the  axis  for  the  same  rea¬ 
sons.  This  is  quite  clear  from  Fig.  1*1-23,  which  shows  the  tempera¬ 
ture  profiles  in  the  AB  and  CD  planes  (see  Fig.  5-l6b)  in  a  curved 
tube;  the  measurements  were  made  by  Mori  and  Nakayama  [20].  The 
temperature  maximum,  like  the  velocity  maximum,  is  shifted  away 


Fig.  14.23.  Temperature  dis¬ 
tribution  in  curved  tube  with 
D/d  =  40  and  Re  *  4000.  1)  In 
AB  plane;  2)  in  CD  plane;  3) 
the  same,  straight  tube. 


Fig.  14-24.  Ratio  of  Nusselt  numbers  for  curved  and  straight  tubes 
according  to  data  from  theoretical  calculations  (curves)  and  ex¬ 
periments.  1)  Oil  experiments;  2)  air  experiments. 


from  the  coil  center  cf  curvatu  :■  It  is  also  noteworthy  that  the 
tempera. are  gradients  at  the  wail  are  large  as  compared  with  the 
tempera' are  gradients  in  the  flow  cere. 


Hea^  exchange  during  laminar  flow  in  round  tubes  bent  into 
a  circle  has  been  investigated  theoretically  by  Mori  and  Nakayama 
in  the  paper  cited.  The  calculations  were  carried  Out  for  fully 
developed  flow  and  heat  exchange  with  constant  physical  properties 
of  the  fluid,  and  no  energy  dissipation  in  the  flow.  As  the  boundary 
conditions,  the  authors  took  constant  heat-flux  density  at  the  wall 
over  the  length  and  constant  wall  temperature  along  the  circumfer¬ 
ence  (i.e.,  mixed  boundary  conditions) ^The  problem  was  solved  on 

the  assumption  that  the  parameter  Re  j/^- is  sufficiently  large.  Here 

it  is  convenient  to  divide  the  flow  into  two  regions:  the  core, 
within  which  we  can  neglect  the  viscosity  forces  and  the  heat  trans¬ 
ferred  by  conduction,  and  the  boundary  layer  (thermal  and  hydrodyna¬ 
mic).  The  boundary -layer  calculations  made  use  of  Integral  equations. 
The  velocity  and  temperature  profiles  in  the  core  and  the  boundary 
layer  were  Joined  smoothly  by  the  boundary  conditions.  In  second, 
approximation,  the  following  equation  was  obtained  for  the  limit¬ 
ing  Nusselt  number  averaged  over  the  perimeter: 


N"«o  Q.t979Jrl/a 


(14-45) 


where  Nu^—  *rrf-_-;  Nu^is  the  Nusselt  number  for  a  straight  tube, 
equaling  48/11;  K  —  Re  j/g- ;  D  =2R  ;Re  —  ~  is  the  coil  radius  of  curva¬ 


ture;  x  *  A/6  is  the  ratio  of  the  widths  of  the  thermal  and  hydro- 
dynamic  boundary  layers.  The  function  F(\ ),  in  which  x  =  x(pr),  has 
the  following  form: 


for  Pr^l  (x<l) 

*=-n-(l+V'r'+T-'R>); 

for  Pr<l(x>l) 

Fl  A _ 37.05rX»  I  1 _ 1 f  4 I , 1  \  I  ] 

rW—  x  [  12  '24  1 2.1/  3x  '  l5/«  y20  Pr]’ 


Figure  14-24  shows  the  ratio  of  Nusselt  numbei's  for  curved  and 
scraight  tubes  as  a  function  of  K  for  several  values  of  Pr.  For 
large  Pr,  the  Nu  ratio  depends  basically  on  the  intensity  of  the 
secondary  flows,  which  is  characterized  by  Kt  and  very  little  on 
Pr.  In  accordance  with  the  assumption,  (14-45)  is  valid  only  when 
.<  is  large  enough,  apparently  when  K  >  100. 


Experimental  data  on  heat  transfer  for  laminar  flow  in  curved 
tubes  have  been  given  in  [ 20-22 j.  The  measurement  results  obtained 
with  air  [20]  and  with  oil  [22]  agree  well  with  (14-45) ,  as  we  can 
see  from  Fig.  14-24. 
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Footnotes 


*If  we  compute  Nu^  from  Eq.  (14-12),  we  obtain  Nvm. 

which  is  substantially  greater  than  the  value  found 
above.  Nonetheless,  Fig.  14-2  seems  quite  properly  to 

*«G 

reflect  the  distribution  of  =-  over  the  tube  perimeter. 

*•» 

naturally,  in  using  Fig.  14-2  to  determine  aw,  we  should 
fina  aB  from  Relationship  (14-14). 

*The  departure  of  certain  experimental  points  from  the 
calculated  curve  may  possibly  be  explained  by  the  fact 
that  most  of  the  experiments  were  carried  out  with  models 
of  rotating  regenerators,  i.e.,  under  conditions  differ¬ 
ing  somewhat  from  those  of  the  calculation. 

*In  the  experiments  reported  in  [7],  the  hydrodynamic 
initial  segment  formed  only  a  small  part  of  the  thermal 
initial  segment,  which  encompassed  the  entire  tube.  Thus 
the  hydrodynamic  initial  segment  had  almost  no  influence 

on  ilu. 

*Tne  function  E(k)  has  been  tabulated;  see,  for  example, 
Nake  and  Emde,  Table  of  Functions,  Gostekhlzdat ,  1949. 


Transliterated  Symbols 

c  =  s  *  stenka  *  wall 
a  =  e  *  ekvivalentnyy  *  equivalent 

K.r  *  n.g  *  gidrodinamicheskiy  nachal’nyy  =  hydrodynamic 
initial 

y  »  zh  *  zhidkost1  =  fluid,  liquid 
Ji  =  1  »  logarifmicheskly  =  logarithmic 
r  «  g  =  granichnyy  =  limiting 
p  =  r  =  rebro  =  rib 
np  =  pr  =  pryamoy  =  straight 
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Chapter  15 

HEAT  EXCHANGE  IN  TUBES  WHEN  THE  FLOW  CONTAINS  INTEWAL  HEAT  SOURCES 
AND  THERE  IS  ENERGY  DISSIPATION 

15-1 .  HEAT  EXCHANGE  WITH  DEVELOPED  TEMPERATURE  FIELD  IN  ROUND 
TUBE  WHEN  THERE  IS  ENERGY  DISSIPATION  IN  THE  FLOW 


Internal  heat  sources  may  appear  in  a  flow  owing  to  nuclear 
or  chemical  reactions,  liberation  of  Joule  heat  when  electric  cur¬ 
rent  is  passed  through  a  conducting  medium,  and  for  other  reasons. 
In  general,  the  power  of  internal  sources  will  be  a  specified  func¬ 
tion  of  the  coordinates  and  the  time. 


The  heat  of  friction  liberated  in  the  flow  by  dissipation  of 
mechanical  energy  can  also  be  treated  as  resulting  from  the  action 
of  internal  heat  sources.  In  contrast  to  other  internal  sources, 
the  distribution  of  the  heat  of  friction  in  the  flow  is  determined 
by  the  laws  governing  the  variation  in  the  viscosity  coefficient 
and  the  velocity  over  the  tube  cross  section  and  length.  In  the 
general  case,  therefore (with  variable  physical  properties  of  the 
fluid),  the  distribution  of  the  heat  of  friction  in  the  flow  may 
not  be  specified  in  advance.  If  the  physical  properties  are  con¬ 
stant,  then  the  velocity  distribution  may  be  calculated  in  ad¬ 
vance.  Then  when  the  temperature  field  is  calculated,  the  distribu¬ 
tion  of  the  heat  of  friction  in  the  flow  will  be  specified,  and  the 
calculations  can  be  carried  out  just  as  when  other  internal  heat 
sources  are  present. 


In  this  section,  we  shall  consider  heating  of  a  fluid  in  a 
round  tube  owing  to  the  heat  of  friction,  on  the  assumption  that 
tne  wall  temperature  is  maintained  constant.  If  the  fluid  tempera¬ 
ture  at  the  entrance  equals  the  wall  temperature,  over  a  certain 
segment,  the  fluid  will  gradually  be  heated  by  internal  friction. 
This  process  continues  until  the  amount  of  heat  removed  through 
4‘)ie  wall  becomes  equal  to  the  amount  of  heat  liberated  in  the  flow. 
Beginning  with  the  crois  section  at  which  this  equilibrium  is  es¬ 
tablished,  the  fluid  temperature  will  cease  to  change  with  the 
length,  i.e.,  temperature-field  stabilization  will  set  in  (provided, 
•."’ally,  the  velocity  field  has  already  been  stabilized  before 
this  section).  We  shall  consider  just  such  a  thermally  and  hydro- 
dynamically  stabilized  flow.  If,  moreover,  the  flow  is  steady  and 
axisymmetric,  then 


dw,  _dt _ n 

<?■»  ~di 


dw, _ dw, 

dx  df 


=  0,  WT  =  =  0  •>*< 


dt__dt_ 
dx  df 


0. 
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Allowing  for  the  above,  we  w.  i  e  the  energy  and  motion  equa¬ 
tions  in  the  form 


ir(^)+V-S-)-g= »• 


(15-D 


(15-2) 


where  ^=const;  Apis  the  pressure  drop  across  the  tube  segment  of 

dx  * 

length  X. 


The  bouiiuary  conditions  will  be 


(15-3) 


where  r^  is  the  tube  radius;  tQ  is  the  wall  temperature. 

Thus  t  and  w  depend  solely  on  r. 

X 

If  we  assume  that  the  viscosity  coefficient  is  independent 
of  the  temperature,  there  is  a  known  solution  for 


“’*=s“(1-7r} 


Substituting  this  expression  into  (15-1),  assuming  the  thermal- 
conductivity  coefficient  to  be  constant,  and  integrating  with  allov;- 
ance  for  the  boundary  conditions,  we  obtain 


(15-4) 


Thus  for  the  given  assumptions ,  the  temperature  distribution 
established  in  the  flow  follows  a  parabola  of  degree  four  (Pig.  15-1) 
Here  the  temperature_on  the  tube  axis  will  exceed  the  wall  tempera¬ 
ture  by  the  amount  pw2/X.  The  heat-flux  density  at  the  wall  Is 


(15-5) 


t  i  e  mean  mass  temperature  is 


t-t-T-.-'r- 


'  5  p.r* 


md  the  limiting  Nusselt  number  is 


kt  i/ 48 

Nu— -•  ---  — t  —  ~-r  —  9,6. 
®  (/.  i)K  5 


(15-6) 


't  s  interesting  that  t( 0)  -  t  and  t  —  £  are  independent 

s  s 

f  the  tube  diameter. 

To  obtain  some  idea  of  the  possible  increase  in  temperature  on 
the  axis  above  the  wall  temperature,  we  look  at  the  foil  owl  rig  rx~ 
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Fig.  15-1.  Temperature  field 
appearing  in  fluid  flow  in 
round  tube  owing  to  dissipa¬ 
tion  of  kinetic  erergy. 


ample .  Let  a  viscous  oil  move  in  a  tube  with  velocity  w  *  1.6  m/s; 

the  oil  has  the  following  physical  properties:  u  *  1.00  N»s/m2  and 

A  *  0.132  W/m*deg.  We  find  i(0)  -  t_  *  lf).4°C.  Thus  for  viscous 

s 

fluids,  even  at  moderate  velocities,  a  considerable  temperature 
increase  results.  But  it  is  precisely  for  such  fluids  that  the 
viscosity  coefficient  varies  sharply  with  temperature.  Thus  the 
previous  assumption  of  constant  viscosity  may  introduce  signifi¬ 
cant  errors  into  the  calculations.  Thus  it  is  of  interest  to  con¬ 
sider  the  problem  with  allowance  for  the  way  in  which  the  viscosity 
coefficient  depends  on  temperature,  with  the  thermal-conductivity 
coefficient  assumed  to  be  constant  as  before.  This  problem  has  been 
investigated  by  Hausenblas  [1]  and  Rearer  [2], 


tain 


Integrating  (15-2)  with  respect  to  r  between  0  and  r,  we  ob- 


dm,  _ __i/»  t 

dr  —  IT'  Mb  * 


(15-7) 


Substituting  this  expression  into  (15-1),  for  A  *  const  we  find 

<!’/  i  l  dt_  j_  I  \  r*  _ 

dr'  1"  r  ’  dr  '  4X  \  l  )  MO  ‘  (15-8) 


We  represent  the  relationship  between  the  viscosity  coef¬ 
ficient  and  the  temperature  in  the  form 

V- *.+*•*.  (15-9) 

where  and  A:^  are  constants. 

Tn  olace  of  the  dependent  variable  $  we  introduce  the  variable 

d==/  +  57’  When  0=0,  the  function n=  has  a  discontinuity  at  0  =  o, 

while  it  becomes  negative  when  0  <  0.  Since  a  negative  value  of  vis¬ 
cosity  has  no  physical  meaning,  the  temperature  dependence  used 
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1-ure  for  the  viscosity,  like  the  temperature  distribution,  which 
can  be  found  by  solving  Eq.  (15-8),  can  only  be  used  for  ti  >  0. 

Substituting  the  value  of  1/v  from  (15-9)  into  (15-8),  and 
E~ing  over  to  the  variable  we  obtain 

(15-10) 

where 


TABLE  15-1 

Values  of  the  Func¬ 
tions  /.(A).  fiU)mr*Ftix) 


When  allowance  is  made  for  the  bound¬ 
ary  condition  d'(0)  »  0  on  the  axis, 
differential  equation  (15-10)  has  the  solu¬ 
tion 


X 

At*) 

/■,»*» 

f.Ul 

0.0 

1.0000 

0.50000 

0,25000 

0.1 

0.9975 

0.49958 

0.24968 

0.2 

0.9900 

0.49334 

0.24376 

0.3 

0.9776 

0.49026 

0.24720 

0.4 

0.9604 

0,49337 

0.2450:4 

0.5 

0.9385 

0,48968 

0.24227 

0.6 

0.9120 

0.48520 

0.23892 

0.7 

0.8812 

0.47995 

0.23499 

0.8 

0.8463 

0.47397 

0.23C53 

0.9 

0.8075 

0.46726 

0.22553 

1.0 

0.7652 

0.45987 

0,22003 

l.l 

0.7196 

0.45182 

0.21405 

1.2 

0.6711 

0.44315 

0.20762 

1.3 

0,6:101 

0.43300 

0.20078 

1.4 

0,5669 

0.4241 1 

0.19355 

1.5 

0.5118 

0.41382 

0.18598 

.6 

0.4554 

0.40307 

0.17309 

i  •< 

0.39% 

0.39191 

0.16993 

1.8 

0.3400 

0.38039 

0,16.53 

..9 

0.2818 

0.38855 

0,15294 

..0 

0.2239 

0,35644 

0.14418 

2.1 

0,1666 

0.34412 

0.13531 

O  n 

0.1104 

0,33162 

0.12636 

2.3 

0,0>"5 

0,31900 

0.11736 

2.4 

0,0123 

0.30631 

0.10837 

.s 

-0.0484 

0.29360 

0.09942 

where  is  a  zero-order  Bessel  func¬ 

tion  of  the  first  kind. 


Determining  the  constant  from  the 
boundary  condition  at  the  wall,  a(r»)= 
we  obtain  an  expression 
for  the  temperature  distribution: 

»=  •.MW  (15-11) 

77Wd' 


where 


Table  15-1  gives  values  of  the  func¬ 
tion  J o(x)  within  the  region  of  interest 
c  us,  i.e.,  up  to  its  first  root  (*  *  2.4). 


The  temperature  has  its  maximum  on  the  tube  axis,  equaling 


&{0) 


»r 

MW,)' 


(15-12) 


3inc  J„(0)  *  1. 

'  -t're  15-2  shows  profiles  for  the  dimensionless  temperature 

•  <■  *•  'll,"’)  . 

o.  -  /.(//,,  (15-13) 

u  h  k, 

•  various  values  of  the  parameter  B^.  As  increases,  the  tempera- 
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ture  difference  between  the  flc.<  and  the  wall  increases.  The  case 
8^  *  0  corresponds  to  isothermal  flow.1 

__To  find  the  velocity  distribution,  we  substitute  the  value 
1/n-M.  into  (15-7),  where  is  determined  from  Eq.  (15-11);  we  in¬ 
tegrate  the  resulting  expression  between  r  and  rQ.  We  then  obtain 

X 

where  uQ  is  the  value  of  the  viscosity  coefficient  on  the  tube  axis 

„  _ _ i 


Fig.  15-2.  Temperature  Fig.  15-3.  Velocity 

distribution  in  round  profiles  in  round  tube 

tube  for  various  values  for  various  values  of 

of  H^.  h^.  1)  Parabola. 


Integrating,  we  find 


where 


(15-14) 


l/36l 
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The  mean  fluid  velocity  over  the  cross  section  is 


where 


V  =  2  jwx  RdR  F • 

Ft(x)^F,(x)  —  Ft(x): 

Ft (*)=  JJ  (-7)  (4*  +  2)(2.  +  2)  (t )  ' 


(15-15) 


Table  15-1  gives  values  of  the  functions  F^(x)  and  F^(x) . 

As  a  scale  factor  for  w  ,  we  select  the  velocity  on  the  tube 
axis  for  isothermal  flow  atja  temperature  equaling  the  wall  tempera¬ 
ture;  the  scale  factor  for  a  is  the  value  of  the  mean  velocity  under 
the  same  conditions.  Letting  ^  for  the  scale 

factors,  weobtain 


rK=2*e  =  T— T. 


where  y  is  the  viscosity  coefficient  at  the  temperature  of  the  fluid 
s 

at  the  wall. 


Pig.  15-4.  Ratio  w/w  as  func 

S 

tion  of  i?1  for  round  tube. 


Using  these  scale  factors,  we  obtain  the  following  expressions 
or  the  dimensionless  velocity  and  dimensionless  mean  velocity: 


IF, (f/,)  R'F,(H,R)  1. 


_  .  1 1  Qi,) 

*  .<«.)• 


(15-16) 

(15-17) 


Vf^en  fh  9  0,  which  corresponds  to  isothermal  flowA  the  velocity 

distribution  (15-16)  becomes  parabolic,  and  the  ratio  w/w  -  1. 

s 

The  velocity  profiles  for  several  values  of  U ^  are  shown  in 

Pig.  15-3.  They  differ  substantially  from  the  parabolic  profile, 

0,  ing  to  the  viscosity-field  ncnuniformity  produced  by  the  tempera- 
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ture-dej enience  of  the  viscosity.  ?or  large  H 1#  the  velocity  pro¬ 
files  hnve  a  point  of  inflection.  The  velocity  gradients  at  the 
wall  are  the  same  for  different  since  the  fluid  viscosity  at 

the  wall  has  the  same  value  for  all  profiles. 


As  Pig.  15-3  shows,  for  the  same  value  of  Ap/l,  the  mean  fluid 
velocity  (or  the  volume  flowrate)  rises  as  H increases.  Figure  15-4 

Illustrates  the  relationship  between  w/wg  and  B Thus  when  ■  6, 

the  mean  fluid  velocity  is  roughly  1.6  times  the  value  for  Isothermal 
flow  with  a  flow  temperature  equaling  the  wall  temperature. 

15-2.  HEAT  EXCHANGE  WITH  DEVELOPED  TEMPERATURE  FIELD  IN  FLAT  TUBE 
WHEN  THERE  IS  ENERGY  DISSIPATION  IN  THE  FLOW 


The  problem  of  fluid  heating  in  a  flat  tube  owing  to  the  heat 
of  friction  is  considered  under  the  same  conditions  as  above,  with 
the  velocity  and  temperature  assumed  to  remain  constant  over  the 
length.  Here  the  energy  and  motion  equation  will  have  the  form 


£(- ■£)-£=»•  (15-19) 


We  first  solve  this  problem  on  the  assumption  that  y  and  X  do 
not  depend  on  the  temperature.  Such  a  solution  has  been  obtained  by 
Schlichting  [4]  for  the  case  in  which  the  temperatures  of  both  walls 
are  constant  over  the  surface,  but  not  equal,  i.e., 

ror  y-— fc*™1*— *cj  fortf— +r*  (15-20) 


Fig.  15-5.  Temperature  field 
in  flat  tube  resulting  from 
energy  dissipation  (it  .  =  0 
and  ts2  =  24°C) . 


A  solution  of  (15-19)  is  known  for  y  =  const.  Here  the  velocity 
profile  is  described  by  Eq.  (5-11).  When  X  =  const,  we  can  use  (5-11) 
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to  rewrite  (5-18)  as 


W  \r *  ^ ‘ 


(15-21) 


Solving  (15-21)  with  allowance  for  (15-20),  we  find  the  tempera¬ 
ture  distribution: 

'  =4  (/„+<.,)-  T  £  +T-T-  ( 1  — £).  ( 15-22 ) 

This  relationship  is  illustrated  in  Pig.  15-5.  When  there  is  no 
dissipation  (yu2  *  0),  the  temperature  varies  linearly,  and  the  velo¬ 
city  field  has  no  influence  on  the  temperature  field.  On  this  linear 
distribution  there  is  superposed  the  temperature  increase  caused  by 
the  heat  of  friction,  which  is  allowed  for  by  the  last  term  of 
(15-22). 

The  heat-flow  densities  at  the  lower  and  upper  walls  equal, 
respectively : 


9e*~  1  (S’ )r=-r,  - -F, ~ ^ J  -  3 • 


(15-23) 


(15-24) 


To  bo  definite,  let  us  assume  that  *e*Xci .  it  then  follows  from 
(15-24)  that  the  heat  flow  at  the  hotter  wall  will  vanish  for  values 

of  the  parameter (/«— <ei) ;  for  greater  values  of  this  parameter, 

qB 2  <  0,  i.e.,  the  heat  flow  is  directed  from  the  fluid  to  the  wall; 

for  lower  values,  it  is  directed  from  the  wall  to  the  fluid. 

If  both  walls  are  at  the  same  temperature  (<ci!*4*=/c) ,  then  ac¬ 
cording  to  (15-22),  the  temperature  distribution 


(15-25) 


will  be  established  in  the  flow. 


If  one  of  the  walls,  the  lower  wall  for  example,  is  heat-insul- 
ateo,  while  the  temperature  t of  the  second  wall  is  maintained  con¬ 
stant,  then  solving  (15-21)  under  the  boundary  conditions  /(ro)«/C2 
and  t’(—  rn)«=0,  we  obtain 


(15-26) 


The  temperature  of  the  insulated  wall  (the  so-called  adiabatic 
wall  temperature)  will  equal 


f«.c— fcj*}-  6  — - 


(15-27) 


Let  us  consider  the  same  problem,  but  with  allowance  for  the 
temperature-dependence  of  the  viscosity,  using  (15-9),  on  the  as- 
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sumptior  that  both  walls  are  at  the  same  temperature  t  .  The  solu- 

tlon  obtained  for  this  problem  in  [1.  2]  reduces  to  integration  of 
(15-18),  and  (15-19)  (with  X  =  const)  with  allowance  for  the  tempera¬ 
ture  dependence  (15-9)  of  the  viscosity  under  the  following  boundary 
conditions 


Hr.)=tc.  f  (0)=0;  \ 

»,(r,)=0,  ip's(0)=0.  1 


(15-28) 


TABLE  15-2 

Values  of  the  Functions 

A  ,W.1i(x) 


X 

« 

*.<*) 

0.0 

1.0000 

0.50000 

0.33333 

0.1 

0.997 

0.49994 

0  33285 

0.2 

0.987 

0.49778 

0.33143 

0.3 

C.970 

0.49502 

0.32907 

0.4 

0.947 

0.49117 

0,32577 

0.5 

0.918 

0.48626 

0.32156 

0.6 

0.883 

0.48031 

0,31647 

0.7 

0.842 

0.47334 

0.3)051 

0,8 

0.796 

0.46541 

0.30373 

0.9 

0,745 

0.45654 

0.29616 

1.0 

0.690 

0.44677 

0,28783 

l.l 

0.630 

0.43617 

0.27880 

1.2 

0.567 

0.42479 

0.26911 

1.3 

0.501 

0.41267 

0.25881 

1.4 

0.433 

0.39988 

0.24796 

1.5 

0.362 

0.38648 

0.23661 

1.6 

0,291 

0.37255 

0.22484 

1.7 

0.219 

0.35813 

0,21267 

1.8 

0.147 

0,34331 

0.20020 

1,9 

0.075 

0,32816 

0.18748 

2.0 

0,004 

0,31274 

0.17457 

2.1 

-0,065 

0.29713 

0.16164 

2.2 

-0.132 

0.28139 

0.14844 

Omitting  calculations  resembling 
those  carried  out  in  the  preceding  section, 
we  write  the  final  equation  for  the  temp¬ 
erature  distribution  in  a  flat  tube: 


A _ i  (tf.K*) 

<fe>‘  (15-29) 

where  kB  h  k,  are  the  con¬ 

stants  in  (15-9 );  */ 

the  series  occurring  in  the 


expression  for  the  Bessel  function  of  the 
first  k:-nd ,  J  ,  (jc) 


Like  the  corresponding  equation  for 
a  round  tube,  Eq.  (15-29)  is  valid  only 
for  i)>  0.  Accordingly,  the  values  of 
A-f  (■*)  are  given  in  Table  15-2  only  up  to 
the  first  root  (x  *  2) . 


The  function  A_i.(x)  differs  little  from  the  function  Jq(x )  in 

(15-13),  so  that  the  dimensionless-temperature  profiles  are  roughly 
the  same  in  nature  for  flat  and  round  tubes.  For  exactly  the  same 
values  of  X,  Ap/Z  and  h  -  d>  the  maximum  temperature  rise  at 
the  center  of  the  flat  tube  will  be  greater  than  on  the  axis  of 
the  round  tube.  The  reason  is  that  heat  is  removed  from  the  flow  in 
two  directions  for  the  flat  tube,  while  it  is  removed  along  all  rad¬ 
ial  directions  for  the  round  tube. 


The  velocity  distribution  over  the  cross  section  of  the  flat 
tube  is  described  by  the  equation 

ir=  AdWl*.  <"•>  -».<W>I-  (15-30) 

« 

where 
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here  tfQs  and  wg  are  the  velocity  on  the  tube  axis  and  the  velocity 

averaged  over  the  cross  section  for  isothermal  flow  at  a  tempera¬ 
ture  equaling  the  wall  temperature  and  the  same  values  of  h  and 
Ap/Z  as  for  nonisothermal  flow; 


The  fluid  velocity  averaged  over  a  cross  section  is 


o  ** 
“V 


(15-31) 


where 


and 


t»W 


_ i_ _ fix  y* 

'(4* +2)  (4. +  3)^  2‘;  ' 


The  values  of  the  functions  a.ad  <p2  are  given  in  Table  15-2. 

The  deviation  of  the  velocity  profile  from  the  isothermal  profile, 
caused  by  the  temperature-dependence  of  the  viscosity,  is  greater 
in  the  flat  tube  than  in  the  round.  The  reason  for  this  is  clear 
in  the  light  of  the  previous  discussion. 

The  calculations  discussed  for  flow  in  flat  ejid  round  tubes 
with  allowance  for  viscosi^  variation  are  based  on  linear  inter¬ 
polation  for  the  relationship  between  1/y  and  t.  For  the  relation¬ 
ships  y  =  f(t)  ordinarily  encouncered,  such  interpolation  gives 
satisfactorily  accurate  results  for  values  of  the  parameters  H ^  and 

//,  less  than  or  equal  to  1.7.  When  the  dependence  of  1/y  on  t  is 
sharply  nonlinear,  the  calculations  can  make  use  of  quadratic  in¬ 
terpolation  or  a  graphical  method  valid  for  any  relationship  between 
1/y  and  t. 

15-3.  HEAT  EXCHANGE  IN  A  ROUND  TUBE  WITH  HEAT  SOURCES  IN  THE  FLOW 
UNDER  BOUNDARY  CONDITIONS  OF  THE  FIRST  KIND 

1.  In  this  section,  we  shall  consider  heat  exchange  in  a  round 
tube  with  heat  sources  in  the  flow,  including  the  thermal  initial 
section.  The  fluid  physical  properties  are  assumed  to  be  constant, 
the  flow  to  be  stabilized,  and  the  heat  conduction  along  the  axis 
t c  '  ■'  nop-iigible.  The  fluid  temperature  at  the  entrance  and  the 
waix  terKerature  are  taken  to  be  constant  and  equal,  respectively, 
to  and  c  . 

The  volume  density  of  the  internal  heat  sources  is  specified 
as  a  certain  function  of  the  radius  on  the  assumption  that  it  does 
not  vary  with  the  length.  Thus 
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7*  =  fr/(#). 


where 

I 

?„  =  2j?r/?rf/?;  R  =  ~. 

0 

The  quantity  qv  may  include  not  only  the  heat  released  owing 

to  action  of  the  internal  heat  sources  proper,  but  also  owing  to  the 
heat  of  friction. 


This  px»oblem  has  been  considered  by  Topper  [5]  for  a  Newtonian 
fluid  with  qv  *  const,  and  by  Toor  [6]  for  non-Newt cnian  fluids.  We 

shall  only  give  the  solution  of  this  problem  for  a  Newtonian  fluid 
with  qv  -  qv(r). 

The  energy  equation  for  this  problem  has  the  form 


».37=°T'S-('5-)+£f(;r)' 


Substituting  the  value  =  —  R*) into  this  equation,  and  in¬ 

troducing  the  dimensionless  variables 


e 


t-i . 


—  AT  =2 


I  x 
Be  *  d  • 


wd 

where  Pe=—  we  obtain 

a  9 

The  boundary  conditions  have  the  form 

0(0,  /?)  = 8t=<ivr*f)X; 

8(X,  0=0;  {£),_  =0. 

For  large  xt  i.e.,  within  the  region  with  Incipient  thermal 
stabilization,  the  temperature  (which  we  represent  by  0#  in  this 

case)  will  be  independent  of  X ,  and  (15-32)  will  be  simplified: 

(15-3*0 

Integrating  (15-31*)  with  allowance  for  (15-33b),  we  find 

1  R 

=  (15-35) 

We  represent  the  solution  of  (15-32)  in  the  form 


(15-32) 

(15-33a) 

(15-33b) 
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0(*.  j- \{x.  #). 


(15-36) 


Attar  substituting  this  expression  into  (15-32),  we  obtain  an 
equation  for  6^  that  does  not  contain  the  dissipation  perm: 

(15-37' 

The  boundary  conditions  for  6^  are  written  in  the  fora 

9,(0.  #)=0,-0#;  0,(*,  l)=0;  (gi)^=0.  (15-36) 

Ve  thus  arrive  at  the  Qraetz  problem  for  the  function  0.^  (see 

$6-1) ,  with  the  sole  difference  that  when  X  ■  0,  in  place  of  the 
condition  <WD.  *l’(ln  the  Qraetz  problem),  we  have  the  condition 
3,  (0.  #)-0,-0.. 

As  was  shown  In  $6-1,  the  solution  of  Problem  (15-37)  and 
(15-38)  has  the  form  „ 

e,«V  *„«*).■*' 

—  (15-39) 


where  e_  and  *  (R)  are  the  eigenvalues  and  eigenfunctions  for  the 
Qraetz  problem;  their  values  have  been  given  in  Tables  6-1  and  6-2 

t 

(*)«(!-*•>« 

- i - - - 

(*>*<! -*»)** 

Substituting  0^^  from  (15-39)  Into  (15-36),  we  obtain  the 
general  solution  of  the  problem: 

Q=0#(/?)+  jj  (0^- - A'J t* (* ) «p(~ K ^j-)- 


(15-40) 


where 


-R')dR 

A  — — 

—  i 


y 


(K)R(\  —R^dR 


j9,(R)^(R)R(\-Rt)dR 

A#n  —  p 

j+’(R)K0  -*v# 


(15-41) 


The  constants  An  coincide  with  the  corresponding  constants  in 
the  Graetz  problem;  their  values  have  been  given  in  Table  6-2.  The 
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•  a 


wyifi-w  ,*»w»*r  *  iwv«  jiw  *»  J*r« Wm* 


constants  4*n  can  be  computed  Kith  the  aid  of  (15-41),  since  f(BJ 
is  given  and,  consequently,  0* (R)  is  easily  detenr ned,  while  the 
*  (R)  are  known. 

ft 

If  we  divide  it  by  8q,  we  can  represent  (15-40)  as 


The  expression  in  brackets  on  the  right  side  of  (15-42)  rises 
as  X  increases  from  a  value  of  zero  at  X  ■  0  to  the  maximum  value 
of  0#  at  X  ♦  ■,  while  the  last  term  on  the  right  side  decreases 
from  unity  when  I  *  0  to  zero  when 

If  there  is  no  internal  heat  release,  then  (15-42)  reduces 
to  the  expression 


£=!=£ 


which  is  a  solution  of  the  Oraetz  problem. 

If  the  fluid  temperature  at  the  entrance  equals  the  wall 
temperature  (tfl  «  tg),  we  then  obtain  the  following  type  of  solu¬ 
tion  from  (15-40): 


Prom  this  and  (15-42),  we  find  that 


/~'r  r-ir.r-tr 


(15-43) 


(15-44) 


In  other  words,  in  the  general  case  the  reduced  temperature 
at  any  point  will  equal  the  sum  of  two  reduced  temperatures;  one 
of  them  corresponds  to  flow  with  internal  heat  sources  and  the 
fluid  entrance  temperature  equaling  the  wall  temperature;  the  other 
corresponds  to  flow  without  internal  heat  sources.  Since  the  temp¬ 
erature  field  has  been  found,  it  is  not  difficult  to  determine  the 
mean  mass  temperature  of  the  fluid  in  a  given  cross  section  and  the 
local  Nusselt  number. 


i 

e=t£=4  (1  —  #?’)  RdR. 


Substituting  the  value  of  0  from  (15-40)  into  this  expression’ 
and  dividing  it  by  0Q,  we  find 
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--  ■ 

+*t{A'~%)a' (-*■*;?)  I*™'- 

Transforming  the  second  term  on  the  right  side  with  the  aid 
of  Relationship  (6-17),  we  finally  obtain 


where 


a 


(15-45) 


We  see  that  B  coincides  with  the  corresponding  constant  in 
n 

the  Graetz  problem. 

It  follows  from  ( 15-45)  that  can  also  be  represented 

as  the  sum  of  the  two  reduced  temperatures  mentioned  previously. 


Referring  the  local  heat-transfer  coefficient  to  the  temperature 
difference  tg  —  t,  we  obtain  the  following  expression  for  Nu: 

*— r(8L- 


Substituting  in  the  value  of  0  from  (15-40)  and  ¥  from  (15-45), 
after  simple  manipulations  we  obtain 


No—  -zr"— 


(15-46) 


TABLE  15-3 


|  X  m 

When  ~*  l ,  the  first  terms 


Values  of  Constants  4*  and 

71 

B*  in  Problem  of  Heat  Ex¬ 
change  in  Round  Tube  With 
Heat  Sources  in  Plow,  qv  ■ 

*  const  and  £  »  const 

s 


in  the  numerator  and  denominator 
of  (15-46)  become  small  as  compared 
with  the  second  terms,  and  Nu  ap¬ 
proaches  the  constant  value 


« 

0 

l 

3 

A\ 

0,292 

0,051 

0,019 

0,148 

-4)i0340 

0,0173 

Nuco=- 2 


J  •*  <i  — /?*)/?<//?  (15-47) 
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2.  Equations  (15-40)-(15-47)  were  derived  on  the  assumption 
that  the  density  of  the  Internal  heat  sources  varied  radially,  but 
Is  constant  along  the  length.  Let  us  use  these  equations  to  analyse 
the  case  in  which  the  internal  sources  are  uniformly  distributed. 
Here  command  f(R)  •  1.  from  (15-35)  we  obtain 


«.=4o-n 

i  i 

jMl -**)**<«  ==£ 

and 

_i _  (3f)« — t- 

•  •  •  b  • 

Substituting  these  values  into  (15-42),  (15-45)*  and  (15-46), 
we  obtain 

*“ W“p(“*3,Il  K  T)+i<'  “***  (15— h8) 

jjj  (*.-**.£)  «i •(-2*iR-y)+i 
** - - . 

(15-50) 

Ml  " 

The  parameter 

I  frr* 

The  eigenfunctions  $n(R)  and  constants  en,  An,  and  Bn  are  given 

in  Tables  6-1  and  6-2.  The  constants  A*  and  B*  are  given  in  Table 
15-3.  n  n 

We  find  from  (15-50)  that  when  qy  «  const, 

Nuoo=6-  (15-51) 

Figures  15-6  and  15-7  show  the  results  of  the  temperature- 
field  computations,  while  Figs.  15-8  and  15-9  give  the  mean  mass 
temperature  of  the  fluid  and  Nu  when  »  const.  The  curves  for 

0^1  ■  0  correspond  to  the  case  in  which  there  are  no  heat  sources 

in  the  fluid  flow.  The  curves  for  q  *  correspond  to  cooling  of 
the  fluid  with  internal  release  oi  ^0(/,>fc«»<i9*>O)  or  heating  of 
the  fluid  with  internal  absorption  of  heat  (*.<* c.nd<7, <0)  .  The  curves 

for  Oo  <°  correspond  to  cooling  of  the  fluid  with  internal  absorp¬ 
tion  of  heat(f,>fo<  <7»<0)  or  heating  of  the  fluid  with  internal  re¬ 
lease  of  heat  >U). 
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Pig.  15-6.  Temperature  profiles  In  tube  sections  cor¬ 
responding  to  values  a)  (1/P e)(x/d)  «*  0.05;  b) 
(l/Pe)(*/<f)  -  0.15. 


Por  values  <£*>0  ,  as  this  parameter  increases,  the  heat-flux 

density  at  the  wall  will  rise  more  rapidly  than  the  mean  mass  temp¬ 
erature  of  the  fluid;  this  leads  to  an  Increase  in  Nu;  (Pig.  15-9). 

In  the  region  of  0"1  values  from  0  to  5,  Nu  first  decreases  as 

Increases,  and  then  begins  to  rise,  approaching  a  limit.  Por 

values  1  >5  ,  Nu  decreases  along  the  length. 

If  0T'<O  ,  then  at  a  certain  value  0(^,=.(0,“,)l ,  the  heat-flux 

density  at  the  wall  will  pass  through  zero,  reversing  Its  sign  (see 
Pig.  15-6).  The  reduced  length  X,  corresponds  to  this  value  of 
0;'.  Thus  between  the  entrance  and  section  X heat  Is  delivered 

from  the  fluid  to  the  wall,  while  beyond  this  section  It  Is  delivered 

to  the  fluid  from  the  wall.  In  the  section  at  X,  =0  ,  while 

t  —  £  ft  0;  as  a  consequence,  Nu  vanishes  at  this  section  (In  Pig. 

15-9,  see  the  curves  for  0Q1  equaling  -1  and  -2).  For  a  reduced 

length  X  •  X-,  the  mean  mass  temperature  of  the  fluid  JLzii=o 

(see  Pig.  15-8),  and  the  temperature  gradient  qt  the  wall 

(we  note  that  X 2  >  X-^  and  that  It  depends  on  .  0*’) .  In  this  section, 

cone  fluently,  Nu  will  approach  +».  Thus  when  X  =  *2>  Nu(X)  will 

have  a  discontinuity:  both  branches  of  the  curve  will  go  to  Infinity 

for <  „  ’  -  •  - :  and  -2. 
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Pig.  15-7.  Variation 
in  temperature  on  axis 
with  tube  length  for 
various  values  of  ejjl. 


Pig.  15-8.  Variation  in 
mean  mass  temperature 
of  fluid  along  length 
for  various  values  of 

90l- 


3. 

then 


If  heat  Is  released  in  the  flow  solely  by  energy  dissipation 


e.= iv-P); 


-W)RdR  = 


I _ _  o  fMC* 

«.  *  (f»  —tt)  0  X  0,  —  tr)‘ 


1 

2  ’ 


Substituting  the  values  found  into  Eqs.  (15-42),  (15-45), 
and  (15-46),  we  obtain 

T-0('-«*)  +  SM.- 8 MV)  ♦.«)  «»P  (-  K-  ?);  ( 15-32 ) 

'  * 
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(15-53) 


where 


According 


*°+53 

• 

JJ-?  (*•-“>*••>«* 

) 

(15-54) 


[A  7)  8A*t— 
=1.354:  M*,=  -  0,503;  8 i8\= 

■=0,0939  •*;  85*,  =  0,00757**  * 


Pig.  15-9.  Dependence  of  Nu  on 

1  X 

pPj  for  various  0q1. 


to  published  data  [7],  D=g^=^^*< y 
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Qualitatively,  the  curves  Tor  Nu  with  allowance  for  energy 
dissipation  are  the  same  In  nature  as  those  of  Fig.  15-9*  As  we 

can  see  from  (15*54),  however,  Nu.—  -y-  -9,6 ,  which  corresponds  to 

the  value  found  previously  (see  $15*1).  Naturally,  energy  dleslpa* 
tlon  has  a  substantial  Influence  on  heat  exchange  only  when  the 
parameter  D  Is  sufficiently  large. 

4.  Applying  the  method  used  here.  It  Is  also  not  difficult 
to  generalize  the  heat  release  In  the  flow  for  the  problem  of 
heat  exchange  in  a  flat  tube  under  boundary  conditions  of  the 
first  kind,  or  the  problems  of  heat  exchange  In  round  and  flat 
tubes  under  boundary  conditions  of  the  third  kind,  to  the  case  In 
which  the  temperature  of  the  surrounding  medium  Is  specified  rather 
than  the  wall  temperature . 

15-4.  HEAT  EXCHANGE  WITH  DEVELOPED  TEMPERATURE  FIELD  IN  ROUND  TUBE 
WITH  HEAT  SOURCES  IN  FLOW  UNDER  BOUNDARY  CONDITIONS  OF  THE 
SECOND  KIND 

We  shall  Investigate  heat  exchange  In  a  round  tube  with  heat 
sources  In  the  flow  and  constant  heat-flux  density  at  the  wall. 

Let  the  volume  density  of  the  Internal  heat  sources  vary  radially, 
but  be  constant  along  the  length,  i.e., 

*-?./(*). 


where 


?.=  2 


Const  ■nd/?== 


Assuming  the  physical  properties  of  the  fluid  to  be  constant, 
we  consider  the  flow  region  far  from  the  tube  entrance,  where  the 
velocity  and  temperature  profiles  are  stabilized.  Heat  exchange 
under  these  conditions  has  been  studied  elsewhere  [8,  9,  10], 


The  problem  reduces  to  solution  of  the  energy  equation 


under  the  boundary  conditions 


(15-55) 


Since  qs  and  qv  are  constant  over  the  length,  while  the  heat- 
exchange  process  is  stabilized,  then 


M  =.<Ur=tUe=s 
dx  dx  <ix 


P  c,wr* 


= const, 


(15-56) 


i.e.,  the  temperature  at  any  point  in  the  flow  varies  linearly 
with  the  length. 
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Substituting  the  value  of  3 t/3x  from  (15-56)  into  the  initial 
equation,  after  certain  manipulations  we  obtain 

05-57) 


where 


Integrating  this  expression  twice  with  respect  to  A,  we  find 
the  radial  temperature  distribution: 


TT  j {r. J 1 lr* ■ I <*» * «} ' «*• +*r- 1  [*- J  ]  <«.  ( 15.58} 


The  difference  between  the  wall  temperature  and  the  mean  mass 
temperature  of  the  fluid  is  < 

/«-r=2{<*e-0SW*. 

0 


Integrating  this  relationship  by  parts  and  substituting  in  the 


value  of  (t.  -  t)  from  (15-58),  we  obtain 
8 


r  f  I  ft 


+jPjHl"*RdR)'d* 


(15-59) 


If  the  heat-transfer  coefficient  is  referred,  as  usual,  to  the 
temperature  difference  tb  -  7  and  we  correspondingly  define  the 
limiting  Nusselt  number  as 


Nu 

oo 


"W*  Qc’%r* 


we  then  find  from  (15-59) 


■  R  R 

si;  - : 22  J  *-  (j 1 « )  { f |ir«  -  fWl #  ■ « } <•* + 


i  K 


(15-60) 


where  is  the  relative  density  of  internal  heat  sources. 


Equations  (15-58),  (15-59)  and  (15-60)  hold  for  any  axisymme- 
tric  velocity  profile  that  does  not  vary  along  the  length.  It  is 
clear  from  these  equations  that  the  heat  sources  have  a  greater 
influence  on  the  temperature  profile  and  the  heat  transfer  the 
greater  the  absolute  value  of  the  parameter  Z  and  the  difference 
Wx(K)—f,(K)  .  The  heat  sources  do  not  affect  the  radial  temperature  distribution,  and 
consequently,  do  not  affect  heat  transfer  in  two  cases:  when  Z- 0  or  ~Wx(R)  —f{R) 

The  latter  condition  means  that  Wx  •n->qrlij„  are  identically  distributed  over  a  cross 
section.  Here  the  tempera- 
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ture  variation  caused  by  the  action  of  the  sources  will  be  identi¬ 
cal  at  each  point  in  the  flow.  Thus  the  temperatUre  profile  and  the 
heat-transfer  coefficient  will  not  vary.  Accordingly,  when  Z  *  0  or 
f(R)  -  W ,  Eqs.  (15-58)  and  (15-60)  go  over  to  the  familiar  rela- 

SC 

tionships  for  heat  exchange  without  heat  sources: 


(15-58a) 


fri;=2 


(15-60a) 


Equations  (15-58)  and  (15-60)  mkke  it  possible  to  determine  the 
temperature  distribution  and  Nu^  for  a  flow  with  a  parabolic  velo¬ 
city  profile,  whatever  the  lav  governing  the  radial  variation  of 
qv.  For  a  uniform  distribution  of  internal  heat  sources,  letting 


qv  or  f(R) 


1  and  IF*-2(1— #)  ,  we  obtain 
Z(1  -  #»)* + (I  -  #*)(3  -  *•) 


(15-61) 


= <1  -  #*) + y (I  -  #•)  0  -  /?'); 
~W 

Nu  —  *  .  48 

“  «'-<)* -iz  +  n  * 


(15-6la) 


(15-62) 


The  temperature  profiles  calculated  from  (15-61)  and  (15-6la) 
for  varies  values  of  the  parameter  Z  are  shown  in  Fig.  15-10a 
(for  constant  qg)  and  Fig.  15-10b  (for  constant  qv) ,  When  Z  ■  1, 

the  amount  of  heat  supplied  to  (or  removed  from)  the  flow  through 
the  wall  will  equal  the  amount  of  heat  liberated  (or  absorbed)  by 
the  sources.  When  z  «  -1,  these  quantities  of  heat  will  be  equal 
in  absolute  magnitude,  but  opposite  in  sign.  In  the  latter  case, 
as  we  can  see  from  (15-56),  the  temperature  at  any  point  in  the 
flow  will  not  vary  with  the  length,  but  the  radial  temperature  dis« 
tribution  will  become  similar  to  the  velocity  distribution: 


When  Z  <  — 2,  there  will  be  a  second  extremum  point  on  the 
temperature  profile  (not  coinciding  with  the  tube  axis),  with 
coordinate 


*.=mf 


(15-63) 


When  Z  changes  from  -2  to 
axis  to  the  wall. 


>,  this  point  moves  from  the  tube 
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s 

1 


Pig.  15-10.  Temperature  pro¬ 
files  for  uniform  heat  release 
in  flow,  a)  q  -  const;  b)  q  ■ 
■  const. 
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Pig.  15-11.  Dependence 


Nu„ 


Nu. 


on  Z. 


'00,11, 


Of 


As  we  can  see  from  (15-62),  depending  op  Z,  Nu^  can  vary  be¬ 
tween  -»  and  +«  (Pig.  15-11).  When 3,67 ,  the  temperature 
difference  t  —  t  vanishes.  Since  q  j*  0  in  this  case,  Nu.=  ±oo. 
Whc*.  <*  -11/3,  the  heat-flux  density  qQ  and  the  difference  tg  t 

will  be  opposite  in  sign,  corresponding  to  a  finite  negative  value 
of  Nu^. 
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Thus  if  thejheat -transfer  coefficient  refers  to  the  temperature 
difference  t  -  t  [i.e.,  a  *  q  /(i_  -  t)],  then  when  there  are  heat 

sources  in  the  flow,  the  sign  of  the  temperature  head  will  not  deter¬ 
mine  the  sign  of  the  heat  flow  (for  example,  when  —  t  >  0,  a  and 

qg  may  be  either  greater  or  smaller  than  aero);  moreover,  in  some 

cases  when  t  —  t  ■  0,  qB  j*  0.  Thus  it  does  not  make  Intuitive  sense 

to  refer  a  to  (tg  -  t) ,  anc  it  is  Inconvenient  in  practice.  We  can 

so  define  the  heat-transfer  coefficient1,  however,  that  this  drawback 
is  eliminated. 


As  we  can  see  from  (15-59),  the  temperature  head  tg  —  t,  which 

we  represent  by  At  ,  is  determined  by  the  sum  of  two  Integrals.  The 

first  of  them  is  the  temperature  head  when  q  *  0  or,  in  other  words, 
when  the  tube  wall  is  adiabatic.  We  represens  it  by  At.  .  Thus 

a,6 

(15-59)  can  be  written  as 


A<c-A*,.e 


dR. 


(15-6 A) 


The  quantity  can  be  treated  as  the  wall  temperature , 

measured  from  it,  and Arfa.e- <«.e— -as  the  adiabatic  wall  temperature, 
measured  from 


as 


Defining  the  heat-transfer  coefficient  and  the  Nusselt  number 


a 


00 


Nu* 

00 


(tU'-y.jk  • 


we  obtain  from  (15-6*1) 


*■**?*■ 


(15-65) 


This  expression  coincides  with  (15-60a).  Consequently,  if  the 
heat-transfer  coefficient  is  referred  to  the  difference  between 
the  wall  temperature  and  the  adiabatic  wall  temperature,  the  ex¬ 
pression  for  Nu*«  will  have  the  same  form  when  there  arte  internal 
heat  sources  in  the  flow  as  when  there  is  heat  exchange  with  no 
heat  sources.  Thus  for  a  parabolic  velocity  profile,  we  obtain 
from  (15-65) 


N“*«=-rr=4,3«, 

which  corresponds  to  the  value  found  previously  with  no  internal 
heat  sources  in  the  flow. 

For  the  adiabatic  wall  temperature  we  have  the  expression 
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(15-66) 


jr(j  ''A**)  { j  [v*-nwd* } 


dR. 


With  a  parabolic  velocity  profile  and  uniform  distribution  of 
heat  sources,  we  have 


or 


(15-67) 


If  there  are  no  heat  sources  or  *«(#) */(/?).  to  A/m-O-mo’-b. 

The  heat  liberate !  In  the  flow  by  energy  dissipation  can  be 
treated  as  the  action  of  internal  heat  sources,  distributed  as 


or 

Y  =f  (R)=2R*. 

Vt 


If  there  are  no  other  heat  sources,  we  can  use  (15-66)  to 
obtain 

Thus  with  the  heat  sources  distributed  in  accordance  with  the 
law  ,  the  adiabatic  wall  temperature  is  2  times  that  for 

a  uniform  distribution. 

Example.  Mercury  flows  in  a  round  tube  of  diameter  d  *  12 
at  a  rate  w  «  0.0143  m/s.  The  temperature  of  the  mercury  at  the 
entrance  is  «  20°C.  An  electric  current  is  passed  through  the 

mercury.  The  volume  density  of  heat  release  is  qv  «  25*10*  W/ms; 

it  is  distributed  uniformly  over  the  cross  section  and  along  the 
length.  We  are  to  determine  the  tube  wall  temperature  at  a  dis¬ 
tance  x  «  300  ram  from  the  entrance  for  two  cases:  a)  with  no  neat 
flux  at  the  wall  (o_  *  0)j  b)  with  a  heat  flux  qB  •  — 30* 102  7/m2 

at  the  wall  (the  heat  flow  is  directed  from  the  fluid  „o  the  wall) 
on  the  assumption  that  the  velocity  and  temperature  profiles  are 
stabilized.  As  we  can  see  without  difficulty,  the  flow  will  be 
laminar  under  these  conditions. 

In  the  first  case,  the  wall  temperature  equals  the  adiabatic 
wall  temperature  ta  _, 

Si  m3 
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and 


<ft*o — *• + ~=  —  20+ 


25>-IO*.0,3 


Ki» 


WIWUiO  »vw»n^ 

iF236»o,ii74.i6*.6,(ii^ 


4e-309+  5,8«31S*C. 

Here  we  take  X  ■  9.7  W/m«deg;  p  »  13,230  kg/ns,  and  a  «  0.1371* 
kJ/kg*deg  (for  *  z  150°C).  “ 

In  the  second  case,  the  wall  temperature  Is  found  from  the 
relationships 


N“*.=iBT^n>r=«6- 


From  this  we  have 

ltd 


=aa^+M  - — 2,7°c: 


(?»'«+ fre)* 


~  2*)  •*_<>»  ,  (25.|0».6-IO-«-2.30.M)»10.3  tM|1_ 

,5ra  "  +  TF/*)0.i:tf4.|(H.0.dl43.6.|0-*==,93^C 


and,  consequently. 


/c.  193-2,7  « 190°  C. 


15-5.  HEAT  EXCHANGE  IN  ROUND  TUBE  WITH  HEAT  SOURCES  IN  FLOW  UNDER 
BOUNDARY  CONDITIONS  OF  THE  SECOND  KIND 

We  consider  the  same  problem  as  in  the  preceding  paragraph, 
but  allowing  for  the  thermal  initial  segment  alone.  The  fluid  en¬ 
trance  temperature  is  taken  to  be  constant  over  the  cross  section 
and  equal  to  t q.  The  density  of  internal  heat  sources  Is  assumed 

to  be  a  function  of  x  and  r,  while  the  heat-flux  density  at  the 
wall  is  a  function  of  x.  The  problem  has  been  solved  by  Sparrow 
and  Siegel  [11]. 


Assuming  the  fluid  properties  to  be  constant  and  the  flow  to 
be  stabilized,  and  neglecting  heat  conduction  along  the  axis,  we 
write  the  energy  equation  as 


where 


The  boundary  conditions  have  the  form 


0(0,r)  =  0. 
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Since  the  equation  and  the  boundary  conditions  are  linear  In 
the  temperature,  the  solution  of  this  problem  can  be  represented 
as  the  sum  of  the  solutions  for  two  simpler  problems: 

(15-68) 

where  0^  is  the  solution  for  heat  exchange  through  the  wall  In  the 

absence  of  Internal  heat  sources  In  the  flow  ( qv  ■  0);  Is  the 

solution  for  the  heat-insulated  wall  ( q  ■  0)  with  heat  sources  in 
the  fluid  flow.  8 


0.  and 


Ve  have  the  following  equations  arid  boundary  conditions  for 

"’■33r=“is(r7ir)+*i; 


(15-69) 


(15-70) 


1.  A  solution  of  the  first  problem  has  been  given  In  §8-1  for 
constant  density  of  the  heat  flux  at  the  wall(q  -  const).  This 
solution  has  the  form  s 


Letting  R  «  1,  we  find  the  expression  for  the  wall  temperature: 


l 


(15-72) 


The  values  of  the  constants  In  (15-71)  and  (15-72)  are  given 
in  Table  8-1. 


Equation  (15-72)  can  be  generalized  to  the  case  in  which 

q  varies  arbitrarily  along  the  tube  length  (see  §8-4).  If 
s 


then 


»,0 


Qcd  I  / 

~rred 


ft.!  <  I 


(*-«)]}  ?(«)<«. 


(15-73) 


•iere  is  the  heat-flux  density  at  the  wall  averaged  over  the 
tube  length  l\  2mX1k  Nt—  2«'< 
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—  mphimjui1  r  . . .  '**$&”*  *1 


2.  The  solution  of  the  second  problem  (determination  of 

is  first  considered  for  the  case  in  which  the  density  of  the  Internal 
heat  sources  is  constant  along  the  length  and  variable  along  the 
radius : 

<7*“  ?■/(#).  •«»*r.g»-const. 


We  introduce  the  function 


(15-74) 


where  ^  2t  s  is  the  80luti0n  to  this  problem  for  the  thermal-stabil¬ 
ization  region . 


A  solution  for  the  region  of  thermal  stabilization  in  more 

general  form  (with  allowance  for  the  heat  flux  at  the  wall)  has 

been  obtained  in  an  earlier  section.  We  need  only  represent  it  in 

a  form  convenient  for  the  present  case.  Letting  q  ■  0  in  (15-58) 

s 

and  (15-59)»  subtracting  the  first  equation  from  the  second,  and 
combining  the  results  with  the  expression  that  follows  from  the 
heat  balance. 


4>ro  4  jc 

T-R7’ 


(15-75) 


we  find 


■ = : T.{  TS  7~f  (  S  J  <r‘ -«*»*«]■ + 


(«7.-/(#M<«]<«}. 


(15-76) 


Substituting  IT,=2(1  — into  this  expression,  we  finally  obtain 


(15-77) 


where 


jc$l(*)***]**i 
0  0 
I 

A'  —— 4  [ J  H  (R)  {R-R>)dR+ ^  ] . 


For  the  special  case  of  uniform  heat  release  in  the  flow, 
f(R)  ■  1,  and  (15-77)  takes  the  form 


n 


(15-78) 


To  determine  the  unknown  function  2 ,  in  (15-70)  we  replace 

2  by  the  sum  ”*2  +02t.  s  in  accordance  with  (15-74).  Since  (15-70) 
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fJIHSAWW 


is  valid  for  both  $2  and  $2t  fl,  we  obtain 

- *  '  i 

»*i(0,f)«~alf.,(0,r)—- — i#)+hw+k\. 


(15-79) 

(15-80) 


Thua  the  term  that  allows  for  the  effect  of  the  internal  heat 
sources  does  not  appear  in(15-79). 


We  note  that  from  the  mathematical  viewpoint,  the  problem  of 
finding  or  w«-2»(l—  /?*)is  analogous  to  the  problem  considered  in 
§8-1  [Eqs.  (8-8)  and  (8-9)];  the  sole  difference  lies  in  the  bound¬ 
ary  conditions  at  the  entrance  section.  On  the  basis  of  Solution 
(8-10)  for  this  problem,  we  can  at  once  write  a  solution  for 

f  *,==  nr  JS  E*<  <*>  cxp  (~  i>r  -£-)•  (15-81) 


where  e.  and  i|>.  (R)  are  the  same  eigenvalues  and  eigenfunctions  as 

t  t 

in  (8-10)  (see  Table  8-1).  The  coefficients  S.  are  found  with  the 

t 

aid  of  the  last  boundary  condition  of  (15-80).  This  condition  yields 

00 

and  we  can  use  this  and  the  orthogonality  property  of  the  eigen¬ 
functions  to  obtain 

1 

[  [tf  <*)  +  7  «*  -  i  R*  ]  ♦<  <#)  0  -  ■ R*) R  dR 

Ei==-° - — - .  (15-82) 

f +?<#)(»  -R>)RdR 


Thus  in  (15-81),  only  the  coefficients  E .  depend  on  the  way 

in  which  the  Internal  heat  sources  are  distributed  over  the  tube 
radius,  i.e.,  on  the  form  of  f(R), 

With  uniform  heat  release,  corresponding  to  f(R)  *  1,  the 
expression  for  E.  (we  let  it  be  represented  by  E’.)  takes  the  form 

I 

t[(R*-TR4)  +i  W(\-R*)RdR 

11  _ _  (15-83) 

C(  i - • 

j+i  WO -R')RdR 

The  coefficients  computed  from  (15-83)  have  the  following 

numerical  values: 


£\  D. 0799673  —0.0254050  0.0124496  -0.00738648  0.004W306  -0.0034795  0.0026019 

..  „T^er®  now.fs  no  difficulty  in  writing  a  general  solution  for 
n?  d  pr2}eS»  i-e*»  an  expression  for  In  accordance  with 
(15-74),  we  addi  Expression  (15-81)  to  (15-77)  or  (15-78),  obtain- 

for  !•■?#) 

*•=■ t[-r-i+t(«,—i/'4)+wW+«+ 


for 


const 


d>  -  [4  7 +7  -  T  “  4) + 

+fj^Wexp(-2.^-)]. 


(15-85) 


In  the  first  case,  the  value  of  *2  at  the  wall  will  be 


[p7  7 +T+ (1)  +  *  + 

L  (15-86) 

+f]£<fo<,)ex P(-2i;^-J)l; 

iTi  '  /J 


in  the  second  case,  we  have 


(15-87) 


We  note  that  d2g  is  nothing  but  the  adiabatic  wall  tempera¬ 
ture,  measured  from  the  fluid  temperature  at  the  entrance. 

Equation  (15-87)  can  be  represented  as 


®M  —if 
(®lc  —  #l)t.« 


-l  +  16jj^(,)e«p(-^|tf) 


(15-88) 


where  72  is  determined  from  (15-75),  and 


(4«c  ^«)t.c 


'  1 
-lT"i6> 


For 


Figure  15-12  shows  the  results  of  calculations  using  (15-88). 
&"T  «0,05,  the  value  of  02g  -  ?2  differs  by  no  more  than  5%  from 
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I"'*- f 
in 


the  value  ($- 


-  s  for  thc  thei,mal"8tabilization  region.  In 


passing,  we  note  that  the  results  of  wall-temperature  measurements 
with  uniform  heat  release  [12]  are  in  good  agreement  with  Eq.  (15-88). 

Let  us  now  generalize  the  solutions  obtained  for  02s  to  the 

case  in  which  the  internal  sources  are  distributed  arbitrarily  over 
the  length  of  the  tube. 


ImWmm 

^■niu 
iHiim 
!«■■■■■■■ 


a*  w  in  u)  405  c«  mm 

Pig.  15-12.  as  function  of 


First  of  all,  let  us  consider  the  case  in  which  the  Internal 
heat  liberation  is  uniform  over  the  section,  but  varies  in  length, 
i-e-*  <7y  *  <?„(*)• 

If  there  are  no  internal  sources  on  the  tube  segment  from 
*  *  0  to  *  ■  5,  and  if  when  s  >_  £,  uniformly  distributed  sources 
with  power  Aqy  act,  then  in  accordance  with  (15-87)  we  have  the 

following  expression  for  the  wall  temperature: 

=  T  f ft £T-6+f6+  f)  £'*  (0  exp  (-2.J  i  £^*)  ]  for  *»•*). 

If,  however,  qy  varies  continuously  over  the  length  then, 

going  from  Aqy  to  the  differential  dqv  and  integrating  the  right 

side  of  this  expression  with  respect  to  x  (integration  is  carried 
out  by  parts),  we  obtain  an  equation  for  the  wall  temperature 
when  q  varies  arbitrarily  with  the  length: 


0 

+fj'W’i«p[-2*!p57  (i-tljj'MVs, 


(15-89) 


where  qy  is  the  density  of  the  internal  heat  sources,  averaged  over 
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the  tube  length  Z;  *=*//,  is  the  dimensionless  coordinate; 

Af'<=— 2*’  £'«iMl)  is  a  constant;  ?,/?«.«=< b(i)is  the  specified  distribution 
function  for  qv  over  the  tube  length.  1 

Finally,  let  the  internal  heat  release  vary  both  radially  and 
along  the  tube  length  under  the  condition,  however,  that  the  density 
of  the  internal  sources  can  be  represented  as  the  product  of  two 
functions,  one  giving  the  length  distribution  and  the  other  the 
radial  distribution,  l.e.. 


where  qvQ  is  the  density  of  the  internal  heat  sources  at  any  fixed 
point  on  the  tube  axis  (for  example,  at  5  »  1/2). 

In  this  case,  we  obtain  the  following  equation  for  the  wall 
temperature : 

„  *  "  (15-90) 

+£  m,  «P  f-  1 4  ( ;  ]  1 »  a 

hTt  1 

where 


2«’£YW(l). 

3.  In  paragraph  1,  equations  were  given  for  the  wall  tempera- 
ture  ls  in  the  absence  of  internal  heat  release;  in  paragraph  2, 

equations  were  given  for  the  wall  temperature  2g  when  there  Is  no 

heat  flux  at  the  wall  (i.e.,for  an  adiabatic  wall  temperature).  To 
determine  the  wall  temperature  g  when  there  are  heat  sources  and 

there  is  heat  flowing  through  the  wall,  we  use  a  relationship  fol¬ 
lowing  from  (15-68): 

0c=0ic+Ojc  (15-91) 

If  =  const  and  »  q  (r) ,  to  determine  „  we  add  Eqs. 

’S  s 

(15-72)  and  (15-86);  if,  however,  q  =  qa(x)  and  q  *  <?  Car),  we 

S  5  V  v 

add  (15-73)  and  (15-89).  In  the  most  general  case  [when  q  -  <?_(x) 

s  s 

2111(1  <?„  *  <7„(x,  to  determine  _  we  must  add  (15-73)  and  (15-90). 

v  y  s 

The  mean  mass  temperatures  of  the  fluid  ~ ,  ,  and  “  are  con¬ 
nected  by  the  relationship  d 


*=*.+*,. 

Subtracting  this  relationship  from  (15-91),  we  obtain 

Using  the  definitions  of  the  preceding  section,  &c—  &=A/C.nd 
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»K—  we  introduce  the  Nusselt  number  with  and  without 

internal  heat  sources  in  the  flow: 


Nu*= 


Nu  = 


•*d  led 

*d  g«4 
T-  X(t„  -F.)  * 


(15-92) 


Since  A*e— A/».c-Oie— Oi.n—Nu*— Nu. 


Thus  the  following  statement ,  formulated  in  the  preceding  sec¬ 
tion,  is  valid  not  only  for  the  region  of  stabilized  heat  exchange 
with  qB  •  const  and  qyfr),  but  also  for  the  thermal  initial  segment 

with  <7S(*)  and  qv(xt  r) :  if  the  heat-transfer  coefficient  refers  to 

the  difference  between  the  wall  temperature  and  the  adiabatic  wall 
temperature,  then  the  expression  for  Nu  when  there  are  Internal 
heat  sources  in  the  flow  will  have  the  same  form  as  when  there  is 
heat  exchange  without  heat  sources. 

15-6 .  HEAT  EXCHANGE  WITH  DEVELOPED  TEMPERATURE  FIELD  IN  ANNULAR 
AND  FLAT  TUBES  WITH  HEAT  SOURCES  IN  THE  FLOW  UNDER  BOUNDARY 
CONDITIONS  OF  THE  SECOND  KIND 


We  first  consider  heat  exchange  in  an  annular  tube  and  then, 
as  a  special  case,  in  a  flat  tube.  The  analysis  is  carried  out 
for  fully  developed  velocity  and  temperature  profiles.  We  assume, 
that  the  power  of  internal  heat  sources  is  variable  over  the 
radius,  but  constant  over  the  length: 

V.- ?»/>(£), 

where 

i 

/?=r/rj,  i/r a; 


here  r  is  the  running  radius,  r1  and  r2  are  the  inside  and  outside 

radii  of  the  annular  tube.  The  heat-flux  densities  qs 1  and  qg2  at 

the  inside  and  outside  walls  will  be  constant  with  the  length,  but 
will  not  be  identical. 

This  problem  is  a  generalization  of  special  problems  considered 
earlier  (see  §§13-2  and  15-^0.  It  can  easily  be  solved  by  the  same 
method.  Thus,  omitting  the  quite  obvious  calculations,  we  only  give 
the  final  results. 

The  temperature  at  an  arbitrary  point  in  the  flow,  measured 
from  tue  temperature  of  the  inside  wall,  is  determined  by  the 
equation 
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(15-93) 


where 


/-*e.=C 


*  « 


+*3r/i  r 


r  2foe/l  +  f rtf|)f| 


Pig.  15-13.  Temperature  pro¬ 
files  in  annular  tube  with  heat 
sources  in  flow,  J?.  «  0.75  and 

*s  “  °* 


Equation  (15-93)  holds  for  any  axisymmetric  velocity  profile. 
For  laminar  stabilized  flow  and  uniform  heat  release  ( qv  a  qv  * 

=  const),  we  substitute  the  value  of  W  from  (13-5)  into  (15-93) 
and  let  f(R)  •  1,  obtaining 

t-tCl  =  CE(R)-q^ln*-y^[E(R)~±(R'-R])+±R\ln^  (15-93) 


where 


£(/?)  = 


<l+Z)  (R*-R?)  -  ~  (R*—R\)  -  Z  (R*  ta  R-R?  In  R.)  -  <Z+R»)  R»  In  ^ 


Zr. 


2(1  +  R?  +  Z) 
1-R- 


InR,  •  ■ 


As  an  example.  Pig.  15-13  shows  temperature  profiles  in  an 
annular  tube,  calculated  from  (15-9*0  with  «  0.75  and  qs2  »  0. 
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3 


The  axi*i  of  ordinates  shows  B=- — The  parameter  Is  the  ratio 

<htrt 

of  the  amounts  of  heat  liberated  by  the  sources  and  transferred 
through  the  wall.  It  Is  Interesting  that  there  Is  a  point  In  the  flow 
whose  temperature ,  measured  with  respeot  to  tgl,  does  not  depend  on 

the  power  of  the  Internal  sources.  The  coordinate  of  this  point  Is 
found  from  the  condition  requiring  that  the  expression  in  brackets 
on  the  right  side  of  ( 15-9*1 )  equal  zero. 

For  the  temperatures  of  the  inside  and  outside  walls  we  have 
the  equations 


'•.—‘=73^  f  r({  { c  (*’■*<«- 

-  #  l 


(15-95) 


I  R 


+^[l*Tx -/(/?)! /?d/?}d/?. 


(15-96) 


In  (15-95)  and  (15-96),  qsl  and  qg2  are  positive.  In  accordance 
with  Definition  (2-1),  If  the  heat  flows  from  the  wall  to  the  fluid. 

The  mean  mass  temperature  of  the  fluid  is 


where 


:='.+4TC5<1-'0(c+-!r)- 


Pe  =  =*.rf.»2(rl-r1). 


If  we  let  qgl  *  qg ,  *  0  In  (15-95)  and  (15-96),  i.e..  If  we 

assume  that  both  walls  are  heat-insulated,  we  obtain  the  corres¬ 
ponding  expressions  for  the  adiabatic  wall  temperatures: 


a  _ | _ X 


i  i  i 

X  f  • t  { f  W*R  ,lR  foP*  ~  f.  (*)1  ‘ *  d* }  W 


(15-97) 
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(15-98) 


9*.e»== 


*"  ft  |  "* 

1A  =2(l-^(l-«t),X 

nr  • 


I  *  R 

X)T{(r**M  f  [**-fmxd*UR. 

4  4  if,  '  ' 


Substituting  the  value  of  *x  from  (13-5)  Into  these  equations, 
and  letting  f(R)  -  1,  we  obtain  Q&  ±  and  0a>g2  for  stabilised  flow 
with  uniform  heat  release:  ’ 


where 


6 


80 -#f)  «-#.)*• 


c-=-#+lr 


i4=l+/?J+2. 


(15-99) 


Fig.  15-1^.  Adiabatic  wall  temp¬ 
eratures  for  annular  tube. 


An  expression  for  0a  2  can  be  obtained  from  (15-99)  if  we  re¬ 
place  by  its  reciprocal. 

Figure  15-14  shows  0a>sl  and  ©a>g2  as  functions  of  R±. 
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We  can  obtain  equations  for  round  and  flat  tubes  as  special 
cases  of  (15-93) »  (15-95)  and  (15-96)  for  an  annular  tube.  For  a 

flat  tube,  /?  =  /?,  =  1,  the  width  of  the  tube. 

»l  f| 

Introducing  the  new  coordinate  Y  =  y/ht  where  y  Is  the  distance  from 
wall  1  to  the  point  considered,  we  obtain 

dr;  (15-100) 

/«,— 7=j^j  \ Vx  +{n)k§  WxdY- 


Sr'+^r-j[Wf,-/(K)]dK}dK; 


(15-101) 


1  r 


dV^ltel±£2>±  jvx  dY— 
-¥+nr  J  l' rx-f(Y)]dYjdY. 


(15-102) 


Substituting  the  value  of  W  for  a  flat  tube  Into  these  equa¬ 
tions,  together  with  f(Y ),  we  cafi  obtain  specific  relationships 
for  the  fluid  temperature  and  the  temperature  of  the  walls  for 
a  flow  In  a  flat  tube.  No  difficulties  sure  involved  In  finding 
expressions  for  0&  gl  and  0&  g2  from  (15-101)  and  (15-102).  It  Is 

also  easy  to  show  that  the  values  of  Nu  at  walls  1  and  2,  referred 
to  the  corresponding  temperature  differences  At  -  At  ,  are  de- 

S  a  •  S 

termined  by  the  same  expressions  as  for  heat  exchange  when  there 
are  no  Internal  heat  sources  in  the  flow  (see  §13-2). 

15-7.  HEAT  EXCHANGE  IN  PRISMATIC  AND  CYLINDRICAL  TUBES  WITH  HEAT 
SOURCE  IN  FLOW 

Certain  problems  involving  heat  exchange  in  prismatic  and 
cylindrical  tubes  under  mixed  boundary  conditions  (see  §1*1-3) 
can  also  be  solved  when  there  are  internal  heat  sources  in  the 
flow.  Thus,  for  example,  Tao  [13]  has  found  solutions  for  tubes 
having  cross  sections  in  the  form  of  an  equilateral  triangle  and 
an  elxipse.  The  solutions  were  obtained  for  fully  developed  velo¬ 
city  and  temperature  profiles  with  q  *  const  over  the  length  and 

ta  =  const  over  the  perimeter  (here  q_  Is  the  heat-flux  density 
s  s 

at.  the  wall,  averaged  over  the  perimeter).  We  shall  give  expres¬ 
sions  for  the  limiting  Nusselt  numbers,  averaged  over  the  peri- 
met  ”,  ‘'or  a  uniformly  distributed  power  of  the  internal  heat 
sources . 

Ftr  a  tube  with  equilateral-triangle  cross  section. 
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2+^5' 

"  *  fife- 

!+rsr 


For  a  tube  with  elliptical  crosa  section, 

£+f) 


Nu 


Hmt 


20+-*) 


17  o  +t««)+9eM» 
(1  +«*•  +®— *) 


(*+t) 


+  12^ 


(15-103) 


(15-104) 


Here  Hu^  =  -^-r:  £(A)is  a  total  elliptic  Integral  of  the  second 
(f«— o* 

.  kind;  A=(i  —  ••),/*;  *=bjbt  is  the  ratio  of  the  ellipse  semiminor  axis 
to  the  semimajor  axis. 

When  there  are  no  internal  heat  sources  (qv  -  0),  Eqs.  (15-103) 

and  (15-104)  reduce  to  the  expressions  (14-33)  and  (14-34)  obtained 
previously . 


Manu¬ 
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Footnotes 


*It  is  clear  from  (15-12)  that  at  values  of  A p/l  for 
which  B1  approaches  the  first  root  of  the  function 

JQ(x) ,  (0)  can  be  arbitrarily  large,  while  no  solu¬ 

tion  exists  when  equals  the  first  root.  As  has  been 

shown  in  [3],  however,  for  each  fluid  there  is  a  pres¬ 
sure  gradient  (bpfq*  for  which  steady  flow  is  possible 
if  a*0<(4p/O«,  while  steady  flow  is  impossible  for  Apfl>(V/0»- 
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Transliterated  Symbols 


357 

365 

377 

383 

390 


c  *  s  =  stenka  ■  wall 

a.c  *  a.s  =  adiabaticheskaya  stenka  ■  adiabatic  wall 
3  *  e  *  ekstremal'nyy  *  extremum 

t  *  t.s  *  teplovaya  stabilizatsiya  *  thermal  stabil¬ 
ization 

3  3  e  *  ekvivalentnyy  =  equivalent 
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Chapter  16 

FLOW  AND  HEAT  EXCHANGE  IN  TUBES  UNDER  COMBINED  ACTION  OF  FORCED 
AND  FREE  CONVECTION 

16-1.  VISCOUS-GRAVITATIONAL  FLOW 

In  studying  flow  and  heat  exchange  in  tubes,  we  have  so  far 
neglected  the  volume  forces  acting  in  the  fluid  flow.  These  forces 
are  produced  by  corresponding  external  fields,  in  particular  the 
gravitational  field.  For  confined  f xow  in  tubes,  the  effect  of 
the  gravitational  force  appears,  as  we  have  noted,  only  when  the 
pressure  is  distributed  nonuniformly  in  the  fluid  flow.  Here  lift 
forces  appear  in  the  flow  that  cause  less  dense  fluid  particles  - 
to  move  upward  and  denser'  particles  to  move  downward. 

If  the  sole  moving  force  is  lift,  the  fluid  motion  that  ap¬ 
pears  is  called  gravitational  free  convection.1  In  this  case,  we 
shall  study  the  more  general  flow  and  heat-exchange  case  where  a 
nononlform  pressure  distribution  causes  free  convection  In  a  fluid 
flowing  as  a  result  of  an  externally  applied  pressure  drop.  The 
fluid  motion  observed  in  this  case  results  from  the  Interaction  of 
the  forced  and  free  convection. 


Fig.  16-1.  Velocity  profiles 
in  vertical  tube  for  heating 
of  fluid  moving  upward. 
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Pig.  16-2.  Velocity  and  tempera¬ 
ture  distributions  for  three 
cross  sections  of  a  tube  on  basis 
of  Watzinger-Jonson  experiments. 


a-iu-i  HO. 
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If  the  lift,  viscosity,  and  inertial  forces  acting  In  the 
flow  are  commensurate,  the  flow  Is  said  to  be  v Iscous- Inert taf- 
gravl tatlonal .  In  this  case,  the  influence  of  free  convection  on 
flow  and  heat  exchange  appears  as  the  dependence  of  the  velocity 
and  temperature  fields,  as  well  as  the  heat  transfer  and  resis¬ 
tance,  on  the  Grasnof  number  (Gr)  and  on  the  system  ox*lentation 
In  the  gravitational  field.  The  latter  can  be  specified,  for  ex¬ 
ample,  by  the  angle  ♦  between  the  vector  representing  the  velo¬ 
city  at  the  tube  entrance  and  the  direction  of  the  gravitational- 
force  vector.  For  laminar  flow,  the  inertial  forces  often  prove 
small  as  compared  with  the  lift  and  viscosity  forces.  Such  flow 
is  said  to  be  viscous-gravitational.  Here  the  influence  of  free 
convection  on  flow  and  heat  exchange  is  determined  by  the  product 
Gr  Pr  (which  is  called  the  Rayleigh  number  Ra)  and  by  the  angle 
ip  or  by  the  number  Gr/Re  and  the  angle  if>. 

In  theoretical  investigations,  we  proceed  on  the  assumption 
that  any  flow  satisfying  the  continuity,  motion,  and  energy  equa¬ 
tions  will  be  stable.  This  is  not  always  so,  however.  In  other 
words,  not  every  motion  predicted  by  the  theory  will  actually 
exist.  We  often  encounter  this  situation  In  studying  flov/s  result 


-  395  - 


ing  from  the  interaction  of  force  and  free  convection.  To  obtain 
a  qualitative  notion  of  such  f  .  ows  and  to  analyze  their  stability, 
vre  shall  consider  the  three  most  characteristic  cases  of  interac¬ 
tion  between  forced  and  free  convection.2 

Tke  first  ease  involves  upwrrd  flow  in  a  vertical  tube  when 
the  fluid  is  heated  and  downward  flow  when  it  is  cooled.  When  the 
fluid  is  heated,  the  density  near  the  wall  is  less  than  the  density 
in  the  flow  core.  Thus  under  the  action  of  the  lift  forces,  the 
fluid  particles  near  the  wall  have  the  velocity  of  free  motion, 
directed  upward,  while  the  particles  in  the  flow  core  are  directed 
downard.  If  in  this  case,  the  velocity  of  forced  flow  (produced  by 
the  externally  applied  pressure  drop)  is  directed  upward,  the  in¬ 
teraction  of  free  and  forced  convection  will  cause  the  velocity 
near  the  wall  to  increase,  while  the  velocity  in  the  flow  core  will 
decrease  as  compared  with  the  velocity  values  at  the  same  point  for 
Isothermal  flow.  Exactly  the  same  result  is  observed  for  cooling 
of  a  fluid  moving  downward,  since  here  the  free-  and  forced-flow 
velocities  near  the  wall  will  coincide  in  direction  (they  will  be 
directed  downward),  while  in  the  flow  core  they  will  be  opposite 
in  direction. 

This  is  well  illustrated  by  Pig.  16-1,  which  shows  calculated 
velocity  profiles  for  various  value?  of  Gr/Re  for  heating  of  a 
fluid  moving  upward  in  a  vertical  tube.*  The  velocity  profile  is 
parabolic  for  Gr/Re  *  0  (isothemal  flow).  As  Gr/Re  increases,  the 
velocity  will  decrease  in  the  flow  core  and  increase  near  the  wall. 
Thus  the  velocity  profile  will  first  become  fuller,  and  then  a 
minimum  will  appear  on  the  tube  axis  with  a  .velocity  maximum  be¬ 
tween  the  axis  and  the  wall.  As  Gr/Re  increases,  the  maximum  will 
move  toward  the  tube  wall.  For  Gr/Re  =  486. 4,  the  velocity  on  the 
axis  becomes  zero.  With  a  further  increase  in  Gr/Re,  a  flow  should 
appear  near  the  axis  that  is  opposite  in  direction  to  the  flow 
near  the  wall.  These  fluid  flow  characteristics  have  been  confirmed 
by  direct  measurements  [2],  carried  out  in  the  initial  segment  of 
a  vertical  tube  with  cooling  of  a  fluid  moving  downward.  These 
measurements  showed  that  the  velocity  on  the  axis  has  a  minimum, 
that  the  velocity  increases  as  we  approach  the  wall,  only  decreas¬ 
ing  at  the  wall  itself  (Pig.  16-2).  It  is  interesting  to  note  that 
this  effect  was  observed  for  both  small  and  relatively  large  Rey¬ 
nolds  numbers  (up  to  14,000) .  1 

When  we  consider  the  velocity  profiles  of  Pig.  16-1,  we  na¬ 
turally  wonder  to  what  degree  the  motion  is  stable.  Actually,  when 
Gr/Re  >  100,  a  point  of  inflection  appears  on  the  velocity  profile. H 
Here,  as  we  know,  the  flow  becomes  less  stable.  On  the  other  hand, 
as  Gr/Re  increases,  there  is  a  substantial  rise  in  the  fullness  of 
the  velocity  profile  at  the  wall,  which  undoubtedly  increases  flow 
stability  in  the  layer  near  the  wall.  Particularly  unfavorable 
conditions  from  the  stability  viewpoint  occur  at  Gr/R n  near  500 
and  above,  where  the  velocity  near  the  axis  goes  to  ,iero  and  then 
cham’ps  sirn.  Here  vortices  may  appear  in  the  flow  core,  so  that 
the  stream  nature  of  the  flow  will  be  disturbed.  . 

Unfortunately,  there  are  very  few  experimental  data  that 
would  make  it  possible  to  determine  the  stability  limits  for  such 
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Pig.  16-3  •  Stability  disruption  boundaries 
for  motion  of  heating  liquid  through  a  ver¬ 
tical  tube.  1)  Flow  from  top  to  bottom, 
l/d  =  11$. 3*  2)  flow  from  bottom  to  top, 
l/d  *  11$. 3;  3)  the  same  after  other  data 
for  l/d  •  111.9  and  113.6. 


Fig.  16-$.  Critical  Reynolds 

number  as  a  function  of  Gr  Pr 

g  g 

when  the  forced  and  free  con¬ 
vections  have  :he  same  direc¬ 
tion  (at  the  wall). 


flows.  Observations  carried  out  with  ink  fed  to  the  center  of  the 
flow  [3]  have  disclosed  a  stability  loss  at  specific  values  of 
fir,  which  increase  as  Re  increases.  The . stability  was  assumed  to 
bo  disturbed  when  the  stream  of  ink  became  winding.  Here  a  reduc¬ 
tion  in  He  with  Gr  held  constant  increased  the  amplitude  of  the 
curvatures,  and  finally  caused  the  ink  to  become  blurred.  Figure 
16-3  shows  the  value  of  Gr  at  which  stability  was  disturbed  as 
a  function  of  Re  (lower  curve).  The  flow  was  stable  in  the  region 
below  this  curve;  in  the  region  lying  above,  it  was  unstable  in 
the  sense  indicated  above.  It  is  clear  from  Fig.  16-3  that  th-» 
value  of  Gr/Re  at  which  stability  is  lost  does  not  remain  constant, 
but  rises  from  88  (corresponding  to  a  flat  profile  in  the  core)  to 
^200  as  Re  varies  between  100  and  600.5 

The  lower  curve  of  Fig.  16— 3  characterizes  loss  of  stability 
in  the  flow  core  alone;  this  disturbance  apparently  does  not  extend 
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to  the  wall  region,  where  the  f lo  .  remains  stable  in  virtue  of  the 
fullness  of  the  velocity  profile  at  the  wall.  Thus  the  flow  as  a 
whole  is  as  yet  not  turbulent t  In  other  words,  the  curve  of  Fig. 
16-3  cannot  be  treated  as  the {boundary  with  turbulent  flow.  These 
considerations  have  been  confirmed,  in  particular,  by  experimental 
data  on  critical  Reynolds  numbers  obtained  by  the  author  together 
with  L.D.  Nolde  by  measurement  of  h»at  transfer  in  a  vertical  tube 
with  the  free  and  forced  convections  having  the  same  direction  (at 
the  wall.*  Figure  16-4  shows  Re._  as  a  function  of  Qr  Pr  on  the 

,  g  g 

basis  of  these  data.  It  is  clear  from  the  graph  that  as  Gr  Pr  in- 

g  g 

creases,  so  d-os  the  critical  Reynolds  number.  Thus,  for  example, 

when  Gr  Pr  varies  from  zero  (isothermal  flow)  to  15*10®,  Re,  in- 
6  8  KP 

creases  from  2300  to  7000,  l.e.,  by  more  than  3  times.  This  shift 
in  the  transition  between  laminar  (viscous-gravitational)  flow  and 

turbulent  flow  can  be  explained  only  if  we  assume  that  as  Gr  Pr 

g  g 

increases,  the  velocity  profile  near  the  wall  becomes  more  and  more 
convex,  and  the  flow  more  and  more  stable .  A  similar  phenomenon  is 
observed,  for  example,  with  flows  in  constricting  channels  (noz¬ 
zles). 


Fig.  16-5.  Velocity  profiles 
in  vertical  tube  for  heating 
of  fluid  moving  downward. 


The  transition  to  turbulent  flow  is  sometimes  associated  with 
the  appearance  near  the  axis  of  a  flow  opposite  in  direction  to 
the  flow  at  the  wall;  for  q  -  const,  this  has  been  observed  with 

Gr/Re  >  487.  The  data  given  above  for  critical  Re  values  do  not 
supporF  this  assumption;  it  is  possible,  however,  that  there  is 
some  definite  influence  on  Re^,. 

Thus  we  can  suppose  that  when  the  forced  and  free  convec- 
au..  ..a.  tie  same  direction  (at  the  wall),  the  flow  near  the 
wall  will  become  more  stable  under  external  disturbances,  includ¬ 
ing  those  coming  from  the  flow  core..  This  promotes  the  maintenance 
■if  laminar  flow  for  Re  values  substantially  greater  than  for  iso- 
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thermal  flow 


The  second  ease  Involves  upward  flow  in  a  vertical  tube  with 
the  fluid  heated  and  downward  flow  with  the  fluid  cooled.  With 
both  heating  of  a  downward-moving  fluid  and  cooling  of  an  upward- 
moving  fluid,  the  velocities  of  the  free  and  forced  flows  at  the 
wall  will  be  opposite  in  direction,  while  they  will  have  the  same 
direction  in  the  flow  core.  Thus  as  a  result  of  Interaction  of 
free  and  forced  convection,  the  velocity  will  decrease  near  the 
wall  while  it  will  increase  in  the  flow  core  as  compared  with  the 
isothermal-flow  value.  As  Gr/Re  increases,  the  velocity  profile 
will  then  vary  as  shown  in  Pig.  16-5.*  As  we  can  see.  As  Gr/Re 
increases,  the  velocity  profile  becomes  less  and  less  full;  even 
at  small  values  of  Gr/Re,  a  point  of  Inflection  appears  on  the  pro¬ 
file,  the  velocity  gradient  at  the  wall  decreases,  becoming  zero 
at  Gr/Re  z  200.  A  further  Increase  in  Gr/Re  causes  a  flow  to  ap¬ 
pear  at  the  wall  that  is  opposite  in  direction  to  the  core  flow. 

The  flow  will  have  very  little  stability  with  such  a  velo¬ 
city  profile.  It  is  very  probable  that  stability  is  disturbed  at 
the  Instant  the  flow  at  the  wall  begins  to  travel  in  the  direction 
opposite  to  that  of  the  flow  in  the  core  (i.e.,  at  Gr/Re  >_  200); 
here  vortices  form  at  the  wall  and,  consequently,  laminar  flow  13 
disturbed.  Observations  carried  out  by  feeding  ink  to  the  center 
of  a  flow  [3]  have  actually  shown  that  the  stability  loss9  occurs 
at  Gr/Re  *  252  (this  corresponds  to  the  top  curve  of  Pig.  16-3). 

It  is  still  difficult  to  say  whether  this  value  of  Gr/Re  only  de¬ 
termines  the  limit  for  stability  disturbance,  or  whether  it  also 
represents  the  boundary  for  transition  to  turbulent  flow.  We  can 
only  state  that  when  the  free  and  forced  convection  are  opposite 
in  direction  (at  the  wall),  the  flow  is  less  stable  and,  conse¬ 
quently,  the  critical  Reynolds  numbers  must  be  significantly  less 
than  for  Isothermal  flow  (see,  for  example  §16-3).  Special  research 
is  required  to  determine  the  critical  values  of  Re  under  these 
conditions. 


Fig.  16-6.  Schematic  represen¬ 
tation  of  streamline  projec¬ 
tions  on  vertical  plane  for 
flow  of  heated  fluid  in  hori¬ 
zontal  tube. 

The  third  case  involves  flow  in  a  horizontal  tube  with  heating 
or  cooling  of  the  fluid.  Here  free  convection  causes  the  fluid 
particles  to  move  in  the  plane  perpendicular  to  the  tube  axis. 
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while  forced  convection  causes  these  particles  to  move  simultaneously 
along  the  tube  axis.  For  heating,  owing  to  the  difference  in  densi¬ 
ties,  ascending  fluid  currents  will  appear  at  the  wall,  and  descend¬ 
ing  currents  at  the  center  of  the  tube  (Fig.  16-6).  The  motions  will 
In.*  reversed  when  the  fluid  is  cooled.  The  motion  appearing  in  a  flu¬ 
id  in  a  horizontal  tube  owing  to  interaction  of  forced  and  free  con¬ 
vection  can  be  represented  schematically  as  if  the  fluid  were  travel¬ 
ing  along  two  helical  lines,  one  of  them  directed  clockwise,  and  the 
other  counterclockwise.  There  have  b^en  almost  no  studies  of  stabil¬ 
ity  for  such  a  flow.  We  can  at  best  make  indirect  estimates  of  stab¬ 
ility  on  the  basis  of  certain  heat-transfer  measurements  (see  §16-3). 

16-2.  HEAT  EXCHANGE  IN  FLAT  AND  ROUND  VERTICAL  TUBES  UNDER  BOUNDARY 
CONDITIONS  OF  THE  FIRST  KIND.  APPROXIMATE  THEORETICAL  ANALYSIS 

Significant  difficulties  are  involved  in  the  problem  of  heat 
exchange  in  tubes  when  forced  and  free  convection  Interact  under 
boundary  conditions  of  the  first  kind.  No  satisfactory  solution  has 
as  yet  been  obtained.  Martlnelli  and  Boelter  have  attempted  an  ap¬ 
proximate  treatment  of  heat  exchange  in  a  vertical  tube  when  the 
forced  and  free  convection  coincide  at  the  wall.  They  use  the  Lev- 
eque  solution  for  a  round  or  flat  tube  (see  §6-3): 

f,  —  ft~  0.893 

-  *  _ 3  x  (A\* 

where 

L- 

This  solution  was  constructed  on  the  assumption  that  the  velo¬ 
city  varies  linearly  within  the  thermal  boundary  layer,  i.e.,  w  * 

■  Ayt  where  A  is  the  velocity  gradient,  which  does  not  depend  on  x. 
i  eve  A  is  defined  as  the  derivative  with  respect  to  y  of  the  actual 
velocity  distribution  (a  Poiseuille  distribution  in  the  LeVeque 
solution),  taken  at  the  wall. 

Thus  Eqs.  (6-52)  and  { 6-5*0  can  be  applied  to  flow  with  any 
symmetric  velocity  profile  that  remains  constant  over  the  length. 

The  only  difference  In  the  velocity  profiles  appears  in  the  value 
of  :l.  Thus,  for  flow  will)  a_parabolic  velocity  profile,  A  =  6  w/h 
for  a  flat  tube  and  A  =  8  u/h  for  a  round  tube. 

Where  free  convection  is  superposed  on  forced  flow,  the  velo¬ 
city  gradient  at  the  wall  will  depend  on  the  parameters  determining 
bo1..  f  forced  and  the  free  flow.  Here  A  is  not  known  in  advance, 
but  it  can  be  found  from  the  equation  of  motion.  We  use  the  equa¬ 
te  .c *■ '  on  in  simplified  form,  dropping  the  inertial  terms,  but 

allowing  for  the  lift  force.  Assuming  the  physical  properties  of  the 
pluid  (other  than  density)  to  be  constant,  and  representing  the  den- 
ity  as  a  linear  function  of  the  temperature,  we  have 


(6-52) 

(6-54) 
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(16-1) 


d**. 


+^-+TS-=Ot 


where  6  Is  the  coefficient  of  volume  expansion  arid  tQ  is  the  flow 

temperature  far  from  the  wall;  it  can  be  taken  equal  to  the  tempera* 
ture  at  the  entrance,  since  within  the  thermal  initial  segment,  the 
temperature  varies  little  in  the  flow  core. 

Substituting  the  value  of  ( t  -  tQ)  from  (6-52)  into  (16-1), 

and  inte  rating,  we  can  find  (3u  /3y)  .  n.  To  perform  the  integra- 

x  ym\i 

tlon  analytically,  we  approximate  (6-52)  by  an  equation  of  the  form 

,7=r£=l  +  (16-2) 

which  satisfies  the  boundary  conditions,  and  agrees  well  with 
(6-52)  when  the  constants  are  appropriately  chosen. 

Substituting  t  -  £q  from  (16-2)  into  (16-1),  we  find 

(V^-f  )—D, 

where 


D=lTS'~coost- 

The  boundary  conditions  have  the  form 

for  jc=0 


or 


for  y=0  t  =  tc  %  b>t  =  0*nd~j^~  ~ 

Integrating  and  using  the  boundary  conditions,  we  obtain  an 
expression  for  the  dimensionless  velocity  gradient  at  the  wall. 
For  a  flat  tube, 

T=^=6Rc+0.«Or(i^)"\ 

where 

wh  „  nH(r-  t,)h' 

Re  ---;  Gr  — - - • 


Unfortunately , 
Thus?  In  [5],  It  was 


this  expression  contains  q>  In  lmollclt  form, 
replaced  by  the  approximate  relationship 


<p:=6Rc  +  0.1). 


„(irV 
“  l>rl/4 


As  we  see,  the  initial  notion  that  9  (or  A)  is  constant  turns 
out  to  be  unjustified.  However,  cp  varies  relatively  little  with  the 
length  (cp  ~  z^) .  Thus  without  introducing  great  error,  we  can  use 


(16-3) 


its  mean  value  over  the  segment  of  length  l. 

Substituting  the  value  of  X  from  (16-3)  into  (6-5*),  we  obtain 
an  expression  for  the  Nusselt  number  for  flow  in  a  flat  tube: 

NG= 1,467  tY  Pe  y  -j- 0,123  ^Gr  Pr  (16-4) 


where 


For  flow  in  a  round  tube,  a  similar  analysis  leads  to  the  ex¬ 
pression 


Nus=  1,615 


Pe4+0,092(GrPr4)3/\ 


(16-5) 


where 


85=4*;  Pe=£; 

The  heat-transfer  coefficient  in  ( 16— )  and  (16-5)  pertains 
to  the  initial  temperature  head  tg  — 

Figure  16-7  shows  Relationship  (16-5)  for  a  round  tube.  When 
GrPr4*~*°*  approaches  a  value  corresponding  to  the  Leveque  equa¬ 
tion  (6-56). 

Equations  (16-4)  and  (16-5)  will  evidently  be  approximately 
correct  only  for  short  segments  of  flat  and  round  tubes  near  the 
beginning  of  the  heated  segment. 

For  motion  in  long  tubes,  we  must  allow  for  the  variation  in 
fluid  temperature  with  length,  since  in  this  case  the  temperature 
head  will  vary  along  the  length  and,  consequently,  so  will  the 
contribution  made  to  heat  exchange  by  free  convection.  To  allow 
for  this,  Martinelli  and  Boel;er  applied  an  analysis  resembling 
the  one  considered  here  to  elementary  segments  of  a  tube,  and 
then  averaged  over  the  length.  Naturally,  such  an  approach  is 
applicable  only  as  a  first  rough  approximation,  primarily  since 
the  analysis  is  based  on  the  Leveque  solution,  which  is  valid  only 
for  the  thermal  initial  segment.  As  a  result  of  computations  by 
this  method,  the  following  approximate  equation  has  been  obtained 
fcr  hoat  transfer  ir.  round  vertical  tubes  when  the  forced  and 
rr<  •>  convections  coincide  at  the  wall: 

1.6I5F,  ^  i’ew +0,092F,(GrPr4j"  •  (16-6) 
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Pig. 16-7.  Heat  transfer  in 
round  vertical  tube  near  the 
entrance  when  the  forced  and 
free  convections  coincide  at 
the  wall. 


In  this  equation,  the  theoretical  value  of  the  exponent  is 
n  «  3/4;  the  heat-transfer  coefficient  o  refers  to  the  arithmetic 
mean  temperature  head  At  ,  while  Gr  contains  the  initial  tempera- 

ture  head  tg  -  tQ;  P^  and  P0  are  functions  of  the  parameter 

4'  _  <><■- 


where  6t  is  the  difference  between  the  fluid  temperatures  at  the 
tube  entrance  and  exit.  The  function  F-^(z)  appears  in  connection 

with  the  fact  that  in  (16-6),  a  refers  to  the  mean  arithmetic 
temperature  head: 


u. 


l±I  ■ 

2  —  z 


If  the  mean  logarithmic  temperature  head  (At^)  is  used  in 

the  determination  of  a,  then  Ft  vanishes  from  (16-6).  The  function 
F 2 (•  )  allows  for  the  variation  with  length  of  the  term  in  (16-6) 
that- takes- into  acjoount- the. J.nfluence  of  free  convection.  The 
values  of  F\  and  F?  are  given  In  'Table_l6-1~ - - - 

It  is  recommended  that  a  value  n  -  0.84  be  taken  so  that 
Eq.  (16-6)  will  correspond  better  to  the  experimental  data  of 
[5,  6].  For  the  same  reason .  the  physical  properties  of  the  fluid 
in  the  expressions  for  Nuzh  and  Pezh  are  selected  for  the  arith¬ 
metic  moan  temperature  of  the  fluid,  and  for  the  wall  temperature 

In  .in'  expression  for  (GrPr)  . 

s  . 

Ir.  Fig.  lb-8,  when  n  =  0.84  Eq.  (16-6)  corresponds  with  the 

experimental  data  for  heat  transfer  in  vertical  tubes  when  upward- 

flowing  water  and  oil  are  heated.  The  theoretical  curves  are  higher 

the  greater  (GrPr  <i/Z)  .  For  sufficiently  small  Pe  ,  d/l ,  Nu  , 

s  zb.  zh 
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approaches  Its  asymptotic  value,  determined  by  the  equation 


(16-7) 


TABLE  16-1 

Values  of  Func¬ 
tions  F  i  and  Fa 
in  Eq.  (16-6) 

*  S  f,t/i  r,u) 


first  study  differ 
the  second  study, 
theory . 


This  equation  corresponds  to  flow  in  a 
tube  having  reduced  length  such  that  the  fluid 
temperature  at  the  exit  becomes  equal  to  the 
wall  temperature.  It  can  easily  be  obtained 
from  the  heat-balance  equation.  The  experi¬ 
mental  data  of  Fig.  16-8,  given  by  Watzlnger 
and  Jonson  [2]  and  American  authors  [6],  agree 
with  Eq.  (16-6)  to  within  +25 t.  Other  experi¬ 
mental  data  (see  Table  16-7)  show  still  great¬ 
er  deviation.  Thus  Eq.  (16-6)  is  quite  approxi¬ 
mate.  11 

Pigford  [7a]  and  Rosen  and  Hanratty  [7b] 
have  also  considered  motion  and  heat  exchange 
in  a  round  vertical  tube  when  the  forced  and 
free  convections  coincide  in  direction  and  the 
wall  temperature  is  constant.  These  authors 
take  into  account  the  dependences  of  both  the 
density  and  the  viscosity  on  temperature  (both 
p  and  1/v  are  assumed  to  be  linear  functions 
of  the  temperature) .  The  calculations  of  the 
but  slightly  from  those  considered  earlier.  In 
the  calculations  were  based  on  boundary-layer 


Fig.  16-8,  Heat  transfer  in  round  vertical  tube  when  forced  and 
reconvections  coincide  at  wall.  Curves)  Calculations  using  Eq.  (16-6). 

1,  2,  3,  4,  5)  (GrPr  d/l)  c  =  0,  104,  2«104,  105,  4.5*106;  a,  b,  c) 

s 

experiments  with  oil  at  (GrPr  d/l)  =  1.05-101*,  2.13»104,  and  3.1* 
•If4;  e)  experiments  with  water  at  (GrPr  d/l)  =  1.05»105,  4.5» 

•10*  s 


1  1  Ml 
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16-3.  HEAT  EXCHANGE  AND  RESISTANCE  IN  ROUND  TUBES  UNDER  BOUNDARY 
CONDITIONS  OF  THE  FIRST  KIND.  EXPERIMENTAL  DATA 

The  experimental  data  on  heat  exchange  when  both  fenced  and 
free  convection  act  can  be  divided  Into  three  groups  In  accordance 
with  the  three  basic  flow  cases: 


a)  upward  flow  in  vertical  tubes  with  heating  and  downward 
flow  with  cooling; 

b)  flow  in  horizontal  tubes  with  heating  and  cooling; 

c)  downward  flow  in  vertical  tubes  with  heating  and  upward  flow 
with  cooling. 


TABLE  16-2 


Characteristics  of  Experimental  Heat-Transfer  Data 

for  Round  Tubes  with  Viscous-Qravltatlonal  Plow  of 

Fluid,  £  ~  const 

s 
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In  addition  to  those  indicated,  there  are  also 
studies  by  Kirchbaum  [11]  and  Vetjen  [12].  Their  re¬ 
sults  cannot  be  used  here,  however,  since  there  are 
no  tables  of  experimental  data. 

1)  Author;  2)  heat-transport  medium;  3)  conditions  for  interaction 
of  forced  and  free  convection;  4)  Watzinger  and  Jonson  [2];  5)  water 
. '  downward  flow  in  vertical  tube  with  cooling;  7)  Petukhov  [8]; 

3)  the  same;  9)  Petukhov  and  Nol’de  [4];  10)  downward  and  upward 
flow  in  vertical  tubes  with  heating  and  cooling.  Plow  in  horizon¬ 
tal  tube  with  heating  and  cooling;  11)  Alad’yev,  Mikheyev,  and 
Fodynskty  [9];  1?)  Marttnelll ,  Southwell,  et  al.  [6];  13)  water, 
mineral  oils;  14)  upward  flow  In  vert  leal  tube:;  with  heating;  15) 
kern  and  Othmer  r  1 0  ] ;  lb)  mineral  ollt;;17)  flow  In  horizontal  tube 
with  heating. 


In  this  section,  we  analyze  experimental  data  on  mean  heat 
transfer12  obtained  with  constant  wall  temperature.  Table  16-2 
summarizes  these  data. 

1.  Flow  in  vertical  tubes  when  forced  and  free  convections 
coincide  at  the  wall.  This  case  has  been  more  completely  investi- 

1 2/44l 
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gated  than  the  others.  Figure  16-9  shows  the  results  of  heat- trans¬ 
fer  measurements  carried  out  by  us  In  conjunction  with  L.C.  Nol'de 
C*].  In  determining  Nu  ,  Pe  d/lt  and  (GrPr)  we  used  the  arlthme- 

DO  O 

tic  mean  temperature  difference,  while  the  physical  parameters  were 


taken  for  a  temperature  tg  «  (tg  ♦  *zh)/2,  where  tgh  Is  the  arith¬ 
metic  mean  fluid  temperature  over  the  length.  The  dashed  lines  of 
Fig.  16-9  show  asymptotes  corresponding  to  Eq.  (16-7);  here  we  should 
replace  p^  and  CpZh  by  pg  and  e^g.  For  points  lying  on  these  lines, 

the  fluid  temperature  at  the  tube  exit  equals  the  wall  temperature. 

On  both  the  upper  and  lower  graphs  we  can  isolate  a  region  of  lami¬ 
nar  (viscous-gravitational)  flow  (Re  <  Re^,),  and  transition  and 


turbulent  regions.  In  the  first  region,  which  has  the  greatest  In¬ 
terest  for  us  in  this  case,  Nu  increases  with  Pe„  d/l  and  (GrPr)  . 

E  g  g 

In  the  second  region,  Nu  Increases  rapidly  with  Pe  d/l.  In  the 

o 

third  region, as  usual,  Nug-  Peg • * ,  and  is  nearly  Independent  of 

(GrPr)g. 1 •  Comparing  the  upper  and  lower  graphs,  we  can  conclude 

that  under  the  same  conditions  of  forced-  and  free-convection  In¬ 
teraction,  the  dependence  of  RTT  on  Pe„  d/l  and  on  (GrPr)  remains 

g  g  g 


the  same  for  heating  and  cooling  of  the  fluid.  The  only  difference 
Is  that  the  absolute  value  of  heat  transfer  is  greater  fer  heating 
than  for  cooling.  This  Is  caused  by  the  variation  in  the  viscosity 
and  thermal-conductivity  coefficients  with  temperature. 


Fig.  1 6—9 .  Values  of  Ffu  in  round  vertical  tube  when  forced  and 

o 

free  convections  coincide,  a)  Downward  flow  with  cooling;  b)  upward 
heating;  1,  2,  3)  (GrPr)  •10"#  =  0.8-2. 5,  3-6,  8.5-lJ1.5; 

4,  5)  (GrPr)  *10"*  =  6-11,  12-16. 

O 
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Figure  16-10  shows  the  same  experimental  data  as  Fig.  16-9, 
but  as  a  function  of  Re^.  Here  we  see  very  clearly  that  the  criti¬ 
cal  Reynolds  number  rises  as  GrPr  increases.  The  relationship  be¬ 
tween  Rekr  and  OrPr,  constructed  from  these  data,  has  been  given  in 

§16-1  (see  Fig.  16-4).  The  factors  responsible  for  protraction  of 
laminar  flow  with  increasing  GrPr  are  also  explained  there.  The 
abrupt  transition  observed  in  this  case  through  the  critical  Rey¬ 
nolds  number  is  natural,  3lnce  the  appearance  of  turbulent  mixing 
in  the  protracted  laminar  flow  should  produce  a  rapid  rise  in  heat 
transfer. 


When  the  forced  and  free  convections  coincide  at  the  wall,  the 
experimental  data  on  beat  exchange  in  vertical  tubes  can  be  general¬ 
ized  by  means  of  an  equation  of  the  form1* 


where 


(16-8) 


here  t q  and  t ^  are  the  mean  mass  temperatures  of  the  fluid  at  the 
tube  entrance  and  exit;  qg  is  the  mean  heat-flux  density  over  the 
tube  surface;  C ,  m,  n  are  constants. 


Fig.  16-10.  Dependence  of  Nu^  as  a  function  of  Re?h  In  a  round  verti¬ 
cal  tube  when  the  free  and  forced  convections  coincide.  The  symbols 
are  the  same  as  in  Fig.  16-9. 


Thus  in  (16-8),  a  refers  to  the  initial  temperature  difference, 
while  in  the  expression  for  Gr,  we  use  the  arithmetic  mean  tempera¬ 
ture  head.  The  physical  parameters  in  Nug  are  chosen  for  temperature 

tg,  while  in  Per  •n.i^GrPr-^-j  they  are  chosen  at  thus  approximate  al- 
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lowance  can  be  made  for  the  way  ir.  waich  their  temperature  dependence 
affects  heat  exchange. 

In  Pig.  16-11,  the  experimental  data  are  presented  in  coordin¬ 
ates  convenient  for  following  the  transition  from  viscous  flow  to 
viscous-gravitational  flow.1*  For  values  ^Gr Pry j <10* »  the  exponent 

n  *  0.  Here  Nuc  ^Per-j-j“,/3^ const,  i.e.,  we  have  viscous  flow.  When  this 

numerical  complex  is  large,  the  flow  becomes  viscous-gravitational. 
Here  «  *  0.18.  In  Pig.  16-12,  the  experimental  data  are  represented 

as  the  relationship  between  Nue  ^Pcr  ~y  and  the  numerical  complex 

n 

r=(Per-f)  (GrPr4y  This  graph  clearly  shows  the  transition  to 

to  the  asymptotic  value  of  Nu  .  In  approximation,  ve  can  replace 

s 

the  transition  region  (3  <J<2)by  the  point  Y  *  1.5. 

The  equation 

Nu^ssJ-PCr-j- 

is  defined  for  K<1,5  «= 0,  «i=  land  the  asymptotic  value  of  Nu  . 

s 

When  Y  >  1.5,  n  •  0.18  and  m  *  0.3.  Thus  when  the  forced  and 
free  convections  coincide  at  the  wall,  heat  transfer  is  described 
by  the  equation 

Nuc  -0.35  (Per-fy  (dr  Pr  4)“'“-  ( 16-9  ) 

This  equation  is  valid  for  values  20<4<130.  Pcr4<l  100.  S  IO’C 
<.  GrrPrr<4-10*  -njRe)1(<Re„p;  here  Re.  depends  on  Gr  Pr  (see  Fig.  16-4)  . 

^  Kr  g  g 

In  (16-9),  In  order  to  go  over  to  .a  (or  Nu_)  referred  to  the 

s 


F'.  •  .''6-11.  Dependence  of  Nu  ^  on  (GrPr  d/l)  in  round  vertical  tube 

when  free  and  forced  convections  coincide  at  wall.  Symbols  for  ex¬ 
pel' in.  ' rt a]  data: 


is  21141 
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a)  Symbol;  b)  heat-transport  medium,  direction  of 
heat  flow;  c)  source;  d)  water,  cooling;  e)  the  same; 
f)  water,  heating;  g)  mineral-cil,  heating. 


Fig.  16-12.  Generalization  of  experimental  data  on  heat  exchange  in 
vertical  tubes  when  forced  and  free  convections  coincide  at  wall. 
Same  symbols  as  in  Fig.  16-11. 


2.  Flout  in  horizontal  tubes.  A  few  experimental  data  on  heat 
exchange  in  horizontal  tubes  have  been  published  in  [4,  9,  10], 14 
Figure  16-13  gives  results  for  heat-transfer  measurements  for  a 
water  flow  on  the  basis  of  data  from  [4]  (the  coordinates  are  the 
same  as  in  F?g.  16-9).  Here  the  region  of  viscous-gravitational 
flow  <  Re^,  x.  2300)  corresponds  to  value:*.  Po  <1/1  <  90  and 

thus  Is  relatively  narrow.  The  reason  is  that  the  experiments  were 
carried  out  with  water,  i.e.,  for  small  values  of  Pr  .  With  viscous 

fluids,  for  which  Pr  is  much  greater,  this  region  may  extend  to 
far  larger  values  of  Pe  d/l.  When  Pe  d/l  is  small,  as  we  can  see 

O  o 

from  the  graph,  Nu  is  close  to  the  asymptotic  value,  while  when 

o 

Pe  d/l  ranges  from  30  to  90,  the  value  varies  approximately  in 

O 

proportion  to  ^Pcr— 

ship  between  Nu  an 
g 

periments  with  viscous  fluids  [10],  covering  a  wider  region  of 

Pe  d/l,  and  a  region  further  from  the  asymptote,  have  shown  that 
© 


)0.4 

,  and  also  depends  on  Gr  Pr  .  This  relation- 

o  o 

d  Pe  d/l  is  evidently  not  universal.  Thus  ex- 

o 


is  roughly  proportional  to 
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Pig.  16-13.  Values  of  Nug  in  horizontal  tube  with  heating  and  cool¬ 
ing  of  water.  1,  2,  3)  Cooling  of  fluid  with  (GrPr)  =  0.8-2)»106, 
(2. 5-4.5) *10* ,  (5-9) *10*;  4)  heating  with  (GrPr)g  »g(ll-13) *106 . 


Pig.  16-14.  Generalized  experimental  data  for  heat  exchange  in 
horizontal  tube,  a)  Viscous-gravitational  flow  (Rezh  <  3000-3500); 

b)  turbulent  flow;  I)  Eq.  (16-10);  II)  Eq.  (16-11);  1,  2,  3)  Cool¬ 
ing  of  fluid  at  (GrPr)g  =  (l-2.3)*10s,  (2.7-4  .9) *106,  (5. 5-8.3)* 

•10*;  4)  heating  of  fluid  at  (GrPr)  =  (7.3-13)*10*. 

o 


Since  the  transverse  circulation  is  superposed  on  the  fluid 
motion  near  the  axis  (see  §16-1),  heat  transfer  is  greater  for 
viscous-gravitational  flow  In  horizontal  tubes  than  In  vertical 
tubes  when  the  forced  and  free  convections  coincide  at  the  wall. 
For  this  reason,  upon  transition  through  the  critical  Reynolds 
number,  the  heat  transfer  does  not  rise  abruptly,  as  in  the  pre¬ 
ceding  case,  but  gradually.  Since  when  Re  <  Rekr,  there  will  be 

a  certain  amount  of  mixing  owing  to  free  convection,  the  addi¬ 
tional  turbulent  mixing  appearing  when  Re  >  Rekr  will  only  result 

in  a  gradual  rise  in  heat  transfer. 

We  stiLl  do  not  have  sufficient  experimental  data  to  obtain 
sufficiently  general  relationships  for  heat  transfer  in  horizontal 
cubes.  Nonetheless,  the  available  data  can  be  used  to  obtain  some 
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useful  expressions.  Thus,  for  example,  the  experimental  data  of 
Pig.  16-13  and  the  corresponding  x*egions  of  viscous-gravitational 
flow  can  be  generalized  with  the  aid  of  the  equation 

Nur  =  0,8  (Pe4)“'\GrPr)#;,(i£)~°,M.  (16-10) 

Here  the  heat-transfer  coefficient  refers  to  the  arithmetic 
mean  temperature  head,  and  all  physical  properties  other  than  the 

viscosity  were  selected  for  a  temper  at  urefr  =  y.(*c -W»).  The  values  of 

the  viscosity  coefficients  ug  and  yzh  correspond  to  temperatures 

/«..»»/* The  equation  is  valid  for  values  Rcm <3000  —  3500; 

(Per-f)  <Per4<12°:  104<(Qr  Pr)r<13-10*and2<Prf<10.  Here  ^Per-f)  is  the 

asymptotic  value  of  Peg  d/l .  Equation  (16-10)  is  compared  with  the 
experimental  data  in  Fig.  l6-4a. 


Pig.  16-15 .  Values  of  Nu  in  round  vertical  tube  with  forced  and 

free  convections  opposite  in  direction  at  the  wall.  1,  2,  3)  Cool¬ 
ing  with  (GrPr)g  =  (1.5-2. 5) *106 ,  (3-4.5) »106,  and  (5-8) -106 ;  4) 

heating  with  (GrPr)  =  (7 . 5-H  .5)  *106 . 

o 


For  values  Re^  >  3000-3500,  the  experimental  data  given  in 

Fig.  16-13  correspond  to  a  relationship  characteristic  of  turbulent 
flow : 


Nu,„  ■=  0,022  Rc^Pr"*  ,  ( 16-11 ) 

where  n  =  0.11  for  heating  of  the  fluid  and  n  =  0.25  for  cooling. 
This  is  obvious  from  Fig.  l6-l4b,  which  shows  a  treatment  of  these 
experimental  data  in  accordance  with  Eq.  (16-11).  In  this  case, 
therefore,  i.e.,  for  Rezh  >  3000  and  (GrPr)g  <  13,10l,  the  heat 

transfer  is  nearly  independent  of  (GrPr)  (more  accurately,  of 

O 
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Eubank  and  Proctor,  using  experimental  data  from  [10]  and  cer¬ 
tain  other  data  on  heat  exchange  in  horizontal  tubes  with  viscous- 
gravitational  flow  of  mineral  oils,  have  proposed  an  empirical 
equation  resembling  (16-5): 


Nu*  =  1.615  Pe*  -1+0.051  (GrPr-f)*‘.  (16-12) 

in  which  Ru  and  Gr  «  are  computed  from  the  mean  arithmetic  tempera- 
zh  zh  _ 

ture  head,  while  the  physical  properties  are  chosen  at  tm= 

The  maximum  deviation  of  the  experimental  data  from  Eq.  (16-12) 
is  30% .  The  equation  encompasses  the  region  of  values  of  (GrPr)g  be¬ 
tween  3. 5*10*  and  8. 6*10* ,  for  Pr^  from  1^0  to  15$200;  it  holds  for 
values  of  Pe2h  d/l  lying  to  the  right  of  the  asymptote. 


Fig.  16-16.  Generalization  of  experimental  data  on  heat  exchange 
in  vertical  tube  with  forced  and  free  convections  having  opposite 
directions  at  wall.  1,  2,  3)  Cooling  of  fluid  for  values  (GrPr)g  = 

=  (1-2. 2) *10* ,  (2.5-5) *106  ,  (5.2-9) *106;  4)  heating  of  fluid  at 
(GrPr)  =  (6-12) *106 ;  I)  Eq.  (16-13);  II)  Eq.  (16-11). 
g 


3.  Flow  in  vertical  tubes  with  forced  and  free  convections 
having  opposite  directions  at  the  wall.  Figure  16-15  shows  ex¬ 
perimental  data  on  heat  transfer  for  water  moving  upward  In  a 
vertical  tube  with  cooling  and  downward  with  heating;  the  data 
were  obtained  in  [4].** 

The  slopes  of  the  curves  are  nearly  constant  and  identical, 
corresponding  to  an  exponent  of  0.8  for  Pe  (or  Re);  no  critical 
region  associated  with  a  change  in  the  form  of  motion  was  detected. 
It  is  still  more  noteworthy  that  Re  ^  varies  between  250  and 

2*10*  Gr  between  10  and  5*106,  and  (GrPr)  between  l^’lO6 
C  6 

md  12*10  .  Processing  of  these  same  data  in  the  coordinates  usual¬ 
ly  employed  for  turbulent  flow  (Fig.  16-16)  shows  that  they  are 
satisfactorily  described  by  the  equation 


H/ijUl 


-  i|12 


(!6-*3) 


Nu*  =0,037  \  l 

wh»re  «  *  0.11  for  heating  and  0.25  for  cooling  of  the  fluid.  As  in 
(16-11),  the  heat-transfer  coefficient  in  (16-13)  refers  to  the 
arithmetic  mean  temperature  head. 

Equation  (16-13),  shown  by  the  solid  line  in  Pig.  16-16,  does 
not  contain  Gr,  and  has  the  structure  characteristic  of  turbulent 
flow.  It  also  yields  quantitative  results  close  to  those  of  Eq. 
(16-11),  for  heat  transfer  in  turbulent  flow  (dashed  line  of  Pig. 
16-16).  This  is  not  difficult  to  understand  in  the  light  of  what 
we  have  said  in  §16-1  about  the  characteristics  of  fluid  flow 
when  the  forced  and  free  convections  have  opposite  direction  at 
the  wall.  Here,  the  free  convection  produces  such  intense  mixing 
in  the  flow  that  even  at  Re^  >  250,  the  flow  is  governed  by  the 

laws  of  turbulent  motion.  The  fact  that  according  to  (16-13),  Nu 
is  Independent  of  Gr  is  evidently  associated  with  the  narrow  range 
of  variation  in  the  latter.  When  Gr  is  sufficiently  small,  the  de¬ 
pendence  of  Nu  on  Pe  d/l  should  approach  the  relationship  charac¬ 
teristic  of  viscous  flow.  On  the  other  hand,  when  Gr  varies  within 
broader  limits,  the  heat  transfer  in  the  turbulent  region  will 
probably  also  depend  on  Gr.  We  still  do  not  have  data  available 
with  which  to  set  up  a  more  complete  and  exact  picture  of  these 
complex  processes. 

4.  Figure  16-17  compares  the  relationships  for  heat  transfer 
when  the  directions  of  the  forced  and  free  convections  at  the  wall 
coincide  (curve  1),  are  mutually  perpendicular  (curve  2),  and  are 
opposed  (curve  3).  All  curves  correspond  to  the  fluid-cooling  case, 
and  to  roughly  the  same  value  of  GrPr.  As  we  can  see  from  the  graph, 
there  is  a  substantial  difference  in  the  nature  of  the  relationships 
and  the  absolute  heat-transit,  values. 


Fig.  16-17.  Heat  transfer  under  various  conditions  of  forced-  and 
free-convection  interaction.  1)  Downward  flow  in  vertical  tube 
with  cooling;  (GrPr)g  =  (0. 8-2 . 5) *106  ;  2)  flow  in  horizontal  tube 

with  cooling;  (GrPr)g  =  (0.8-2).106;  3)  upward  flow  in  vertical 

tube  with  cooling,  (GrPr)  =  (1 . 3-2 . 5) • 10* . 

o 
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Fig.  16-18.  Heat  transfer  as 
function  of  tube  inclination 
angle  t|»,  (GrPr)  :  8«10*. 

D 


Fig.  16-19.  Resistance  coefficient  for  nonisothermal  flow  of  water 
in  horizontal  tube,  experiments  of  M.A.  Mikheyev.  1)  Isothermal 
motion  (At  -  0);  2,  3,  *0  heating  at  At  »  4-10oC,  15-25°C,  25-40°C, 
respectively;  5,  6,  7,  8)  cooling  at  At  =  5-13°C,  13-17°C,  l8-30°C, 
30-35°C.  a)  Poiseuille  law;  b)  Blasius  law. 


Figure  16-18  shows  the  results  of  certain  heat-transfer 
measurements  for  various  angles  of  tube  inclination  (the  angle 
1(1  is  assumed  to  equal  zero  when  the  forced  and  free  convections 
coincide) .  As  we  can  see,  there  Is  a  very  significant  relation¬ 
ship  between  Nu  and  i|>,  and  it  is  not  the  same  for  different  val¬ 
ues  of  Pe  r  d/l. 
fc> 

5.  There  are  very  few  experimental  data  on  hydraulic  resis¬ 
tance  when  forced  and  free  convection  act  simultaneously.  Figure 
16-19  shows  experimental  data  of  M.A.  Mikheyev,  and  Fig.  16-20 
the  ''■a  of  the  author  and  L.D.  Nol'de,1*  obtained  for  water 
flowing  in  horizontal  tubes  with  approximately  constant  wall 
temperature.  If  GrPr  (or  A t)  are  not  too  small,  the  resistance 
coefficient  decreases  monotonically  during  tne  transition  from 
laminar  to  turbulent  flow,  and  no  jumps  are  observed.  This,  na- 


‘  */44l 
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turally  is  associated  with  the  presence  of  transverse  circulation, 
which  mixes  the  flow  (see  §16-1,  as  well  as  §16-3,  paragraph  2). 

The  dif  erer.ce  in  the  resistance-coefficient  values  as  compared 
with  an  isothermal  flow  is  caused  not  only  by  the  influence  of  free 
convection,  but  also  by  the  temperature  dependence  of  the  viscosity. 
In  the  laminar  region,  free  convection  evidently  exerts  the  dominant 
influence.  Thus  £  is  greater  here  for  both  heating  and  cooling  of 
the  fluid  than  for  isothermal  flow.21.  In  the  turbulent  region,  the 
temperature  dependence  of  the  viscosity  has  the  principal  influence, 
so  that  the  resistance  coefficient  is  greater  for  cooling  of  the 
fluid  and  less  for  heating  than  in  isothermal  flow. 


Fig.  16-20.  Resistance  coefficient  for  flow  in  horizontal  tube.  1, 
2,  3)  Fluid  cooling  for  values  (GrPr)zh  •  (2-4) -10s,  (5-9) *10*, 
(10-16) *10*;  4)  heating  of  fluid  for  (GrPr)zh  *  (6-9*106.  a) 

Isothermal  flow. 


16-21.  Resistance  coefficient  in  vertical  tube  with  free  and 
’’or  v*d  components  opposite  in  direction  at  wall.  1,  2,  3)  Upward 
flow  with  cooling  (GrPr)„h  =  (2-4)*106,  (6-9)*106,  (12-16)*106; 

;l)  downward  flow  wit  h  heating,  (GrPr)  .  =  (5-9)  *10®.  a)  Isothermal 
['Low.  zn 


For  Rezh  <  2300,  the  experimental  data  on  resistance  in  hori¬ 
zontal  tubes,  shown  in  Figs.  16-9  and  16-20,  are  satisfactorily 
described  by  the  equation  proposed  by  M.A.  Mikheyev  [13]: 


(16-14) 


J _  61  /  Pr,  V/3  f ,  ,  oo  /Or  Pr  \«.«i 

l1  rU'22(-R—J,  |- 

This  equation  is  valid  for  (GrPr)*<15-l(f.  The  ratio  -jii 

allov.s  for  the  influence  of  the  variable  viscosity  on  X. 

Figure  16-21  shows  the  results  of  resistance  measurements  for 
water  flowing  in  a  vertical  tube  with  opposite  directions  of  the 
free  and  forced  convections  at  the  wall.  The  resistance  coeffi¬ 
cient  rises  sharply  as  Rezh  decreases,  and  depends  substantially 

on  GrPr.  Here  £  may  have  ten  times  the  values  corresponding  to 

isothermal  flow.  This  sort  of  relationship  is  explained  by  the 

fact  that  here  even  at  small  Re  .  (about  250  or  more),  the  flow 

zn 

becomes  turbulent  under  the  influence  of  free  convection  (see  §16-1, 
and  §16-3,  paragraph  3). 

When  the  forced  and  free  convections  coincide  at  the  wall, 
the  resistance  coefficient  in  vertical  tubes  will  be  significantly 
lower  than  for  horizontal  tubes;  this  is  even  truer  for  vertical 
tubes  with  oppositely  directed  forced  and  free  convections.  More¬ 
over,  in  this  case  there  will  be  an  abrupt  increase  in  £,  as  for 
Nu,  during  the  transition  through  Re^,.  The  data  available  on  re¬ 
sistance  in  vertical  tubes  is  still  Inadequate  to  permit  general¬ 
ized  relationships  to  be  obtained. 

16-4.  FLOW  AND  HEAT  EXCHANGE  IN  ROUND  VERTICAL  TUBE  FAR  FROM  EN¬ 
TRANCE  UNDER  BOUNDARY  CONDITIONS  OF  THE  SECOND  KIND  WITH 
AND  WITHOUT  HEAT  SOURCES  IN  THE  FLOW 

An  exact  solution  has  been  obtained  for  this  problem,  so  that 
it  presents  special  interest.  The  solution  was  first  given  by  G.A. 
Ostroumov  [1,  14]  (in  the  absence  of  heat  sources),  and  was  later 
generalized  by  Hallman  [15]  to  the  case  of  internal  heat  sources 
distributed  uniformly  in  the  flow.21 


Fig.  16-22.  Problem  of  flow  and 
heat  exchange  in  round  tube  with 
combined  action  of  forced  and 
free  convection. 
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Thu:;  fluid  flow  and  heat  exchange  is  considered  in  a  vertical 
tube  for  constant  heat-flux  density  at  the  wall  and  unfirom  heat 
release  in  the  flow  owing  to  the  internal  sources.  The  physical 
properties  of  the  fluid,  other  than  the  density,  are  assumed  to  be 
constant.  The  variation  in  density  as  a  function  of  temperature 
is  assumed  to  be  linear,  and  enters  only  into  the  term  in  the 
equation  of  motion  that  represents  the  lift  force.  Here,  there¬ 
fore,  the  fluid  motion  results  from  interaction  of  free  and  forced 
convection.  Here  the  velocity  and  temperature  profiles  will  be 
axi symmetric. 


We  shall  only  consider  the  flow  at  a  sufficient  distance  from 
the  entrance,  i.e.,  in  the  region  with  incipient  thermal  and  hy¬ 
drodynamic  flow  stabilization.  Within  this  region,  the  velocity 
and  temperature  profiles  (measured  from  the  wall  temperature)  will 
not  vary  with  the  length,  nor  will  they  vary  with  azimuth,  in  vir¬ 
tue  of  the  axial  symmetry,  i  .e .  ,wx=wx(r),  wr=  wf=0,  t~ <c=0(r).  Moreover, 
at  each  point  in  the  flow,  including  the  wall,  the  longitudinal 
temperature  gradient  will  be  constant: 


dt 

dx 


+  <!•'* 
fc,wrt 


A  —  const. 


(16-15) 


which  follows  from  the  constant  heat-flux  density  at  the  wall 
qs  and  the  constant  power  of  the  internal  heat  sources 

As  a  result,  the  initial  equations  can  be  simplified  substan¬ 
tially.  In  the  coordinate  system  shown  in  Pig.  16-22,  the  equations 
describing  flow  and  heat  exchange  under  the  foregoing  conditions 
will  look  like  this: 


„  dt  _  f  d*t  ,  1  dt  \  ,  g, 

*  dx  [dr*  ^  r  dr 

(16-16) 

ft/’  i  fd*\oT  i  1  dwx  \  . 

~ P*  -  Jx  +  I1  -dr *  ■  +  T~)  ■=" °’ 

(16-17) 

&-=  0. 

Or 

(16-18) 

(16-19) 

where  g  and  p  are  the  coefficient  of  volume  expansion  and  the 
P  s 

fluid  density  at  the  wall  temperature  (they  are  constants).22 

Using  (16-15),  (16-18)  and  (16-19),  we  can  reduce  (16-16)  and 
(16-17)  to  the  form 


dr’  '  r  Jr  a  X  ’ 


(16-20) 


whore  ft-  t  —  te\ 


(16-21) 


Thus  the  problem  is  reduced  to  solution  of  these  equations 
under  the  following  boundary  conditions: 


22/m42 
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:or  = 

i'or  r=0,^  —  Om«d^-  =  0. 


For  convenience  in  subsequent  computation,  v;e  write  (16-20) 
and  (16-21)  in  dimensionless  form: 


5+T W = 4 ~  **  ( 16-23 ) 

(16-2H) 


Here  we  let 


R 


^ _  fcr*A  _  2g.  , 

w  ’  *  f.  '  ’ 


n-  » 

Ka“"  I6*i  “  I6»*  a 


=  GrPr 


is  the  Rayleigh  number  (the  temperature  difference  At  =  Ad/2  is 
used  to  compute  Ra  and  Gr) j 


Since  P  does  not  depend  on  Rt  differentiating  (16-2M)  twice 
with  respect  to  R  and  combining  the  results,  we  obtain 


Ra  /<**«, i  «  ,  *r,  ,  2  d*w,  i  dir,  ,  l  dir,  _n 

4/C  ^d#‘  '  R  dR )'  dR*  '  R  '  d«»  #»'  d#*  '  R>'  dR  U> 

Substituting  (16-23)  into  this  equation  and  going  from  the 
variable  R  to  the  new  variable  Z  =  ^Ra  Rt  we  obtain 


d«!T,  ,  2  dlT.  I  d*lT,  .  |  dWM 

dZ *<r  Z  ‘  dZ*  Z*  *  dZ*~  ’  Z«'  dZ 


±(wx 


(16-25) 


We  can  distinguish  two  cases  in  our  problem: 

1)  positive  longitudinal  temperature  gradient,  i.e.,  ^  0; 

2)  negative  longitudinal  temperature  gradient,  i.e.,  ^<0. 


If  the  absolute  value  of  the  temperature  gradient  is  used  in 
the  expression  for  Ra  (so  that  Ra  will  always  be  positive),  the 
first  case  will  correspond  to  a  plus  sign  on  the  last  term  of 
(16-25),  and  the  second  case  to  a  minus  sign. 


The  linear  Inhomogeneous  fourth-order  equation  (16-25)  can  be 
s« 'ived  Ln  Bessel  functions. 


Solving  Kq.  (i(>-25)  and  determining  the  velocity  field,  we 
can  then  use  Eq.  (16-23)  to  determine  the  temperature  field.23 

1.  Cue t  in  which  0 .  Here  the  general  solution  of  (16-25) 
uas  the  form 


Wx  =  cxJ,  0/7 Z)  +  c,Yt  0/7 Z)  +  c,lt  (|/7Z)  +  c,K0  (j/i  Z). 


2  3/4H2 
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where 


/oW,  ^(X),  /O(X)  niKtlX) 

are  zero-order  Bessel  functions  of  the  ordinary  and  modified  first 
and  seconds  kinds;  o^t  o ^  o^t  and  are  constants. 

Here,  however,  from  the  computational  viewpoint  it  is  more 
convenient  to  use  the  Kelvin  functions  ber(jt),’  bei(x),  ker(x)  .*ikei(je),  which 
are  associated  with  the  Bessel  functions  by  familiar  relationships . 2 k 
These  are  functions  of  a  real  argument,  and  are  themselves  real  num¬ 
bers.  Like  the  Bessel  function,  they  have  been  tabulated. 

The  general  solution  of  (16-25)  in  Kelvin  functions  is  written 
as 


wx — Cjber  (Z)  +  C2bci  (Z)  +  Cjker  (Z)  +  C4kei  (Z) .  (16-26) 

The  constants  C\t  C2i  Cit  and  C ■»  differ  from  the  constants  in 
the  preceding  equation,  although  they  are  related  to  them. 


Using  (16-2*1),  we  can  represent  the  boundary  conditions  (16-22) 
in  the  form 


for  /?  =  = 


-L.i/Z£.=r_8p. 

RdR 


(16-27) 


t’nr  R  —  niEi._n  \  a  dV*\  n 

lor  R-0,  dR  —  0-n.i  dR  ^  IRJ 

Determining  the  constants  from  the  boundary  conditions  and 

i 

using  the  selfevident  relationship 2  j  WxRdR—~ 1,  we  obtain  an  equation 

o 

for  the  velocity  field: 


bnr  (  '/.)  bcl(w)  — bcr(cj)  bcl  (Z)  1  . 
bcr  (w)  bcr'  (w)  +  bei  (»)  beP  («#) j  *” 

(«)  jbcr(Z)  +  ^bcP(co)  —  -7pber(»)j 


bcr  (v)  brr'  (m)  4  bci  (o»)  b«‘i'  (o>) 


be!  (2) 


(16-28) 


wlii'iv  w  V  U’:i  oqua  I  s  ”  when  A’  1;  and  are  the  derivatives  of 

tvri/'  and  bci(Z)  with  respect  to  7  when  7,  =  w  (1.e.,  when  R  =  1). 

Knowing  the  velocity  distribution,  we  can  use  (16-23)  to  find 
the  temperature  distribution: 
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a  b 

Fig.  16-23.  Radial  distributions  of  velocity  (a)  and  temperature 
(b)  when  there  are  no  internal  heat  sources  in  flow  (X  *  •),  for 

case  in  which  Jj>o. 


a 


^ig.  16-2*1.  "  idial  distributions  of  velocity  and  temperature  for 
use  in  wh^ch  ^>o.‘  a)  K  =  10;  b)  K  -  1;  c)  K  *  0.1. 


m 


0= 


16**  2 K  j  [ber  (Z)  ber  (m)  +  M  (Z)  bei  (»)]  —  {ber*  («*)  -f  brl«  Ml 
*•  \  ber(**)o  .-'<«#)  -fbei(«)bci'(») 


Mil 

bei'(M) — ^*ber(w) 

ber(Z)— 

ber'(*)  +  ~bel  (»)]bel  <Z)}+B(m) 

ber  (»)  ber'  (m)  +  bei  (m)  bei'  (•) 

\ 


(16-29) 


where 

B(m)=rm  [ber*  (m) + bei*  (m)J  -  2  [her  («)  bei'  (•») — bei  (•)  ber'  (-)]. 

Let  us  analyze  Eqs.  (16-28)  and  (16-29)  from  the  viewpoint 
of  their  dependence  on  the  dimensionless  parameter 


tr  Cc2*r*  +  9»®o 

K~~’  ^  • 

The  numerator  of  this  expression  equals  the  amount  of  heat 
supplied  to  the  fluid  through  the  wall  and  by  the  action  of  the 
internal  sources  (this  same  amount  of  heat  is  removed  by  convec¬ 
tion  along  the  axis),  while  the  denominator  equals  the  amount  of 
heat  transmitted  to  the  fluid  by  the  internal  sources  alone. 


When  K— ±oo,  there  are  no  internal  sources  (qy  “0),  and  all 

heat  is  delivered  or  removed  through  the  wall.  Here,  as  we  can  see 
without  difficulty,  the  second  terms  in  (16-28)  and  (16-29)  should 
be  omitted.  In  particular,  (16-29)  takes  the  form 


_L  (  [bet  ( Z )  her  <m)  +  be!  (Z)  M  («)]  -  [hcv*  (»)  +  bci*  («*))  \ 
2u  |  ber  (•»)  bet' (“)  +  b?l  (“)  bci' (»)  /  ' 


(16-30) 


Figure  16-23  shows  the  velocity  and  temperature  profiles  when 
there  are  no  internal  heat  sources  in  the  flow  (here  is  the  temp¬ 
erature  on  the  tube  axis).28  Since  heat  is  supplied  only  through 
the  wall,  when  Ra  is  sufficiently  large,  the  principal  change  in 
the  temperature  and,  consequently,  the  principal  increase  in  velo¬ 
city  (as  Ra  becomes  larger)  will  occur  in  the  region  near  the  wall. 
The  velocity  in  the  flow  core  decreases  as  Ra  increases.  In  the  Ra 
range  between  0  and  64. 14,  the  velocity  profile  becomes  convex.  When 
Ra  >  64.14,  a  concavity  appears  near  the  axis;  its  further  develop¬ 
ment  leads  to  a  change  in  the  direction  of  flow  in  the  core  (for 
Ra  =  630). 


When  1  <  V.  <  ®,  heat  is  supplied  to  the.  fluid  both  by  the 
Internal  sources  and  through  the  wall.  Figure  l6-24a  shows  the 
velocity  and  temperature  profiles  for  K  -  10.  They  differ  little 
from  the  profiles  shown  In  Fig.  16-23,  since  the  fraction  of  heat 
vi'vered  to  the  fluid  by  the  internal  sources  is  not  large 

\  <M'5  ) 

When  K  ■  1,  heat  is  delivered  to  the  fluid  solely  by  the  in¬ 
ternal  sources  (Fig.  l6-24b),  so  that  the  heat-flux  density  and 
the  temperature  gradient  at  the  wall  will  equal  zero  (the  wall  is 
heat-insulated).  For  the  same  values  of  Ra,  we  find  far  less  radial 
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variation  in  the  temperature  and  velocity  than  for  the  preceding 
case. 


When  0  <  K  <  1,  heat  is  supplied  to  the  fluid  by  the  internal 
sources  and  removed  through  the  wall.  Figure  l6-24c  shows  the  velo¬ 
city  and  temperature  profiles  for  K  ^  O.'l.  The  temperature  gradient 
at  the  wall  is  negative  in  this  case,  so  that  as  Ra  increases,  the 
fluid  velocity  decreases  near  the  wall  but  rises  in  the  flow  core. 
At  a  certain  relatively  small  value  of  Ra,  the  fluid  velocity  near 
the  wall  changes  sign,  and  the  flow  in  the  layer  near  the  wall  be¬ 
comes  opposite  in  direction  to  the  flow  in  the  core. 


Fig.  16-25.  Radial  velocity 
distribution  in  tube  with  K  = 

■  0  =  0,  /,  «=  conft^ . 


Fig.  16-26.  Dimensionless  dif¬ 
ference  between  mean  mass  temp¬ 
erature  of  fluid  and  wall  temp¬ 
erature  as  function  of  Ra. 


When  K  ■  0,  the  amount  of  heat  delivered  by  the  sources  equals 
the  amount  removed  through  the  wall.  Hero  the  fluid  and  wall  tempera 

turns  will  not  vary  with  the  length  =■■■■—  0,  t  =  const).  Integrat¬ 

ing  Kq.  (U<-.M)  twice  for  K  =0,  we  obtain  the  temperature  distribu 
lion 

1_K*.  (16-31) 
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Substituting  this  value  of  0  into  (16-24),  and  integrating, 
we  findthe  velocity  distribution: 

r»“-T=2  (l  -*■>-- r-T  (-nr  *•-*  «•-*).  <  l6-32> 

where 


Ra  _  f’tf'l'q, 

K  1(A»W 

Figure  16-25  shows  the  velocity  profiles  for  K  ■  0  and  various 
values  of  Ra /K,zt 

Naturally,  we  should  remember  that  not  all  of  the  flow  cases 
predicted  by  the  theory  will  be  stable  or  capable  of  existing  un¬ 
der  actual  conditions.  Thus,  for  example,  it  is  improbable  that  the 
flow  will  be  stable  for  K  -  0.1  and  large  Ra  (Fig.  l6-24c),  or  when 
K  -*•  0  and  Ra/if  is  large. 

Let  us  now  determine  the  difference  between  the  mean  mass 
temperature  of  the  fluid  and  the  wall  temperature  "5  =  t  — 

Going  over  to  dimensionless  variables,  we  obtain 

I 

0=I^=2  f  WxRdR. 

0 

Substituting  the  va?  *  of  0  and  W  from  (16-28)  and  (16-29) 
into  this  expression,  we  find  x 


where 


.  f'L/'A+JL'N 
i~**’  F  [t  "I"  u  J* 

P=TW-[“f+T<2£— f>]; 

D  —  ber  («)  ber'  (u)  -j-  bel  (®)  bei'  («); 
E  =  ber  («■>)  bei'  («*)  —  bei  («■»)  ber*  (<■>); 
F = ber*  (®)  -f-  bei’  (»). 


(16-33) 

(16-34) 


2  7  __ 

Figure  16-26  shows  0  as  a  function  of  Ra  for  values  of  K  from 
0.1  to  10.  The  curves  show  that  in  most  cases  (5  increases  as  Ra 
becomes  larger.  Consequently,  for  a  given  value  cf_£,  the  wall 
temperature  tt,  will  decrease.  For  Ra  =  0  and  101*,  0  will  equal  zero 

o 

at  K  =  0.73  and  0.93,  respectively. 

When  there  are  no  Internal  heat  sources  in  the  flow  (1 /K  =  0), 
Eq.  (16-33)  will  take  the  following  form,  if  we  divide  it  by  4tf: 


is 

qed 


X> 

CO* 


/>*-/•* 

L  «L\ 

f  “I 

i  u/-  J 

(16-35) 


where  for  our  case 


2  ,  2  ? /i,  ^  2 
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(16-36) 


The  remaining  notation  is  the  same  as  for  (16-33). 


Since  the  very  formulation  of  the  problem,  the  mean  mass 

temperature  t  of  the  fluid  is  specified  while  the  wall  temperature 

t  is  unknown,  Eq.  (16-33)  and  (16-35)  must  be  treated  as  expres- 
s 

sions  for  the  wall  temperature.  They  also  permit  us  to  determine 
the  limiting  Nusselt  number 


In  the  absence  of  internal  heat  sources1* 


Nv=-*r= 


«*‘F* 


32  P*  + 


(16-37) 


The  relationship  between  Nu^  and  Ra  in  accordance  with  (16-37) 

is  given  in  Pig.  16-27  (upper  curve).  As  Ra  increases,  so  does 
Nu^,  while  when  Ra  -*■  0,  it  approaches  a  constant  value  character¬ 
istic  of  pure  forced  convectionfNu^a*  4,36).  For  10*^Ra-  i()T,  this  re¬ 
lationship  can  be  represented  by  the  simple  interpolation  equation 
[15] 


NU<8=  1.45R.1*-”.  (16-38) 

The  same  figure  shows  the  experimental  data  of  Hallman  on 
heat  transfer  with  water  flowing  in  vertical  tubes.  The  data  were 
obtained  for  Re  <  3300  and  30  ^  Ra  <  2500  when  the  free  and  forced 
convections  coincide  at  the  wall.  As  we  can  see,  there  is  good 
agreement  between  theory  and  experiment .The  similar  measurements 
of  Brown  [17],  covering  the  20  <  Re  £  60  and  1300  <_  Ra  <_  11  •10" 
regions  were  in  Just  as  good  agreement  with  theory 7 


Fig.  16-27.  Nusselt  number  from 
data  of  theoretical  computation 
(curves)  and  experiment  (cir- 

cles).  ,-*x>o;2-px<o. 
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Since  the  calculated  and  experimental  values  of  Nu^  agree 
so  well,  we  can  conclude  that  the  flow  will  remain  laminar  When 
3fc/3x  >  0,  there  are  no  internal  heat  sources  in  the  flow,  Ra  < 

<_  11  •10*  and  Re  <  3300.  Consequently,  the  presence  of  points  of 
Inflection  in  the  velocity  profile  and  even  the  appearance  of  a 
reverse  stream  in  the  flow  core  (3ee  Pig.  16-23)  will  not  disturb 
the  stability  of  the  flow  near  the  wall. 

As  direct  measurements  have  shown  [1?],  for  Ra  >  200-600  and 
Re  >  30-50,  small  irregular  temperature  fluctuations  will  appear 
in  the  flow  core,  while  when  Ra  >  1000  and  Re  >  130,  the  tempera¬ 
ture  distribution  in  the  core  will  begin  to  depart  noticeably  from 
the  theoretical  picture  considered.  These  measurements  are  in  quali¬ 
tative  agreement  with  visual  observations  oi  ink  streams  moving  in 
a  flow  (see  §16-1).  Since  these  stability  disturbances  in  the  flow 
core  do  not  change  the  nature  of  heat  transfer  they  obviously  can¬ 
not  re  treated  as  a  transition  to  turbulent  flow.  The  lack  of  ex¬ 
perimental  data  still  prevent  us  from  evaluating  the  stability 
for  other  flow  cases  or  from  specifying  the  values  of  Re  at  which 
the  transition  to  turbulent  flow  occurs. 

To  conclude,  let  us  compute  the  pressure  drop.  The  dimension¬ 
less  parameter  P,  which  contains  the  pressure  gradient,  is  easily 
found  from  Eq.  (16-24)  with  J?  *  1: 


Substituting  in  V  from  (16-28),  we  obtain  the  previous  equa- 

tion  (16-34),  representing  P  as  a  function  of  •=i'rRa.  When  there 
are  no  internal  heat  sources  (1 /K  =0),  this  equation  takes  the 
form  (16-36). 

For  the  special  case  in  which  K  *  0  (and,  consequently,  A  «  0 

and  t  -  const),  using  Expression  (16-32)  for  W  ,  we  obtain 
s  x 

p  =  l— rx-  (16-39) 

Figure  16-28  shows  P  as  a  function  of  Ra  for  several  values  of 
K.  When  Ra  =  0,  P  =  1.  As  Ra  increases  as  a  function  of  K,  P  rises 
or  falls,  taking  on  negative  values  in  the  latter  case.  There  are 
two  limiting  cases  in  which  P  >  1:  q  =  0  (K  -  <*>)  and  q  ~  0  (X  * 


If  we  know  the  way  in  which  P  depends  on  Ra,  it  is  not  diffi¬ 
cult  to  determine  the  pressure  drop.  It  follows  from  the  defini¬ 
tion  of  P  that 


P. 


Integrating  this  expression  between  z  =  0  and  z  (where  z  * 

*  0  corresponds  to  the  section  beginning  with  which  the  flow  and 
heat  exchange  are  stabilized),  and  letting  bp  ~  p  _q  -  p,  we  have 


bp^-PcKx  +  P 


32|M0jr 
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Pig.  16-28.  The  parameter  P  as 
a  function  of  Ra.  a)  K  =  ®,  2, 
and  1 ;  b )  K  =  0.5  and  0.1. 


or 


?cKX+l&-.±-.  (16-40) 

where  (  *  p^i2  ls  the  fr;lctlon~resistance  coefficient  for  flow  with 
heat  exchange;  £iz  =  6*»/Re  is  the  same, for  isothermal  flow;  ps  is 
the  mean  density  p  over  the  segment  from  x  =  0  to  x. 

Thus  the  quantity  P  can  be  interpreted  as  the  ratio  of  fric-r 
tlon-resistance  coefficients  for  viscous-gravitational  and  viscous 
isothermal  loads.  The  first  term  in  ( 16— 40)  characterizes  the  var¬ 
iation  in  hydrostatic  pressure,  and  the  second  the  variation  in 
pressure  caused  by  friction. 

2.  Case  in  which  3 t/ox  <  0  for  q  =  0.  Here  the  forced  and 

free  convections  at  the  wall  are  opposite  In  direction.  The  problem 
reduces  to  solving  (16-25)  with  a  minus  sign  on  the  last  term  and 
a  value  1/A'  =  0.  The  general  solution  of  such  an  equation  has  the 
form 


rr=c,MZ) +c1y0(Z)+cmz)  +c4/Co(Z), 


where 


Calculating  the  constants  with  the  aid  of  boundary  condition 
'16-27)  (in  particular,  it  follows  from  the  R  =  0  condition  that 

I 

=  Ch  =  0),  and  using  the  relationship  2  J  Wx RdR=  1,  we  obtain  an 

0 


-  H2 6  - 


(16-41) 


equation  for  the  velocity  distribution: 


W  -  a  r  /. (Z) /.(«)-/,(»)/. (Z)  i 
*  m  2  [  /,(*»)/,(•)-/,(«»)/,<«)  J’ 

where 


®  =  v/rRa. 

Substituting  this  expression  for  w  into  (16-20),  letting  q  » 

X  V 

=  o,  and  integrating  (16-20)  twice,  we  find  the  temperature  distribu 
tion: 


_ L  r;«  <Z>  '»  («*)  +  (»)  l*  V)  -  2/>  («>)  /.  («) 

2«[  /,(•)/,(*»)-/,(«)/,(•) 


(16-42) 


Fig.  16-29.  Radial  distributions  of  velocity 
(a)  and  temperature  (b)  for  case  in  which 

^-<0  and  K  =  «. 


Figure  16-29  shows  the  velocity  and  temperature  profiles  cal¬ 
culated  from  Eqs.  (16-41)  and  (16-42).  Here,  in  contrast  to  the 
preceding  case  (compare  with  Fig.  16-23),  the  fluid  velocity  in¬ 
creases  at  the  center  of  the  tube,  while  near  the  wall  It  decreases 
as  Ha  becomes  larger.  At.  Ha  =  |0'l.‘),  a.  reverse  flow  appear;:  at;  the 
wall;  by  Ha  lGd,  stability  Is  lost. 

Using  the  expressions  found  for  the  velocity  and  temperature, 
we  have  no  difficulty  in  determining  the  limiting  Nusselt  number: 


Nu  =• 


—  [/?(«) /„(«)+/$(«) /;  («))+ 


|/,M /,(<•>)  •■/.<«> 
;,(«)/,(«) 


(16-43) 


Figure  16-27  shows  the  way  in  which  Nu^  depends  on  Ra  (lower 


curve).  When  Ra  ■*  0,  Nu^  *  4.36,  wnich  corresponds  to  pure  forced 
convection;  as  Ra  increases,  Nu^  decreases.  The  same  figure  shews 
experimental  data  for  u>  <_  3.3  (Ha  <_  119).  They  are  in  satisfactory 
agreement  with  theory.  Measurements  of  temperature  fields  and  heat 
transfer  [17]  show  that  at  Ra  >_  168  stability  is  lost,  while  when 
Ra  >  250,  the  flow  becomes  turbulent.  These  results  are  in  qualita¬ 
tive  agreement  with  observations  of  ink-stream  motion  (see  §16-1), 
as  well  as  with  data  on  heat  transfer  at  constant  wall  temperature 
(see  §16-3).  Thus  the  theory  is  valid  only  for  Ra  <  168. 

Everything  said  in  this  section  holds  only  for  stabilized  flow 
and  heat  exchange.  Unfortunately,  there  are  still  no  data  available 
that  would  permit  us  to  find  the  distance  from  the  entrance  at  which 
stabilization  of  the  velocity  and  temperature  profiles  set  in. 

Some  information  has  been  published  on  heat  exchange  and  re¬ 
sistance  in  the  thermal  initial  segment  of  a  round  tube  for  gas 
flowing  with  variable  physical  parameters  when  the  forced  and  free 
convections  coincide  at  the  wall  [11]  (see  References  for  Chapter 
7). 

16-5.  FLOW  AND  HEAT  EXCHANGE  IN  FLAT  AND  PRISMATIC  VERTICAL  TUBES 

FAR  FROM  THE  ENTRANCE  UNDER  BOUNDARY  CONDITIONS  OF  THE  SECOND 
KIND  WITH  AND  WITHOUT  HEAT  SOURCES  IN  THE  FLOW 

1.  Let  us  consider  viscous-gravitational  flow  and  heat  exchange 
in  a  flat  vertical  tube.  Let  the  heat-flux  densities  be  identical 
at  the  two  walls  and  constant  over  the  surface,  and  let  heat  be  re¬ 
leased  uniformly  in  the  flow  by  the  internal  heat  sources.  All  re¬ 
maining  conditions  are  the  same  as  in  the  preceding  sections. 


If  the  fluid  moves  upward  with  heating  (d//dx>0,  the  x  axis 
has  the  direction  of  the  velocity  vector),  then  for  fully  developed 
flow  and  heat  exchange,  the  motion  and  energy  equations  will  have 
the  form 


(■£  +  Pc# ) + v  =  °. 


rf’O  A  .  <7. 

7yr=ir  <Wx  T’ 


where 


0  s 


Thus  the  problem  reduces  to  solving  Eqs.  (16-44)  and  (16-45) 
under  the  boundary  conditions 

for  f-±l. 

This  problem  (see  [1,  20,  21])  can  be  solved  by  the  method 
used  in  the  preceding  case  (see  $16-4).  However,  we  shall  use  an¬ 
other  method  proposed  by  Tao  [20].  This  method  is  valid  only  when 
Ra  is  positive.  Thus  the  entire  discussion  pertains  to  Rt  >  o. 

We  Introduce  the  complex  function 

•=r,+i.*e  - +*.-•/>, 


where 


Then  Eqs.  (16-44)  and  (16-45)  are  combined  into  a  single 
equation: 

J**G,  (16-46) 

while  the  boundary  conditions  take  the  following  form:  when 
y~z£l.  •ss»0.  By  introducing  the  function  f  *  ♦  -  G,  we  transform 
the  inhomogeneous  equation  (16-46)  into  the  homogeneous  equation 

(16-47) 

with  inhomogeneous  boundary  conditions:  when 
The  general  solution  of  (16-47)  is  written  as 

V=zC,ch  (CnmY) + C,  sh 


Using  the  boundary  conditions,  we  find 


ch 


O 


or 

The  velocity  and  temperature  will  evidently  equal 

IF*  =  Reel  (<I»)  .*1 0  =  •"'  Im 


(16-48) 


* */^42 
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For  clarity  and  convenience,  we  represent  these  solutions  as 
functions  of  a  real  variable.  As  a  result  of  our  manipulations,  we 


obtain 

Wx  =  Reel  (0>)  ft,— «»-  *PC<, 

(16-49) 

(16-50) 

where 

r  ,  ch*(l  +Y)coik(l-Y)+cotk(l  fK)ch*0— n. 

1  ch  2A  +  cos  2*  • 

,  th*(l  4-K)iln*<l— y)-f  sln*(l  +K)sh*(t  — JO. 
ch2*  +  cos2* 

y% 

The  parameter  P,  i.e,,  the  dimensionless  pressure  gradient, 
can  be  found  from  the  constant-flow-rate  equation, 

*jW,dY=2f 


Integrating  this  expression,  we  find 

or 

ft, =  1, 

where  {  _i_  1  f  sh?M-sin2*  1. 

«r— *  at  [  ch2*+cus2*  J’ 

I  j-  sh  2k  —  sin  Ik  1 
2*  [  ch  2*  -f  cos  2Jk  J’ 


Thus 

(16-51) 

The  dimensionless  mean  mass  temperature  of  the  fluid  is 
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and,  finally. 


(16-52) 


where 


ot  sV  2ft  — sin1 2*  . 
1J,  —  vRr  (ch  2ft  +cos  2*)*’ 

2 8h 2ft  tin 2ft 

i)<— •*<  (ch  2*  +  cos  2*)’ ' 


The  Nusselt  number,  defined  in  the  usual  way,  equals 

Nu  —  —2(1~f)  (16-53) 

50  on  e 

When  there  are  no  internal  heat  sources  in  the  flow  (F  =  0), 


and 


(16-5*0 


5  4ft sh  2ft  sin  2ft  —  3 (sh  2ft  —  sin  ?fe) (ch  2ft  cos  2ft) 

4k  (sh  2ft  —  s*n  2ft)’  *  (16-55) 


Figure  16-30  shows  the  wav  in  which  Num  depends  on  Ra  when 
F  =  0.  As  Ra  decreases,  Nu^  approaches  the  value  corresponding  to 

pure  forced  convection  (Nu<n=^-^  4,12, see  §8-2). 

The  method  used  here  to  solve  the  problem  had  certain  advan¬ 
tages  as  compared  with  the  usual  approach  (see  §16-4).  They  lie 
in  the  fact  that  the  basic  equation  is  of  order  two  (rather  than 
four),  while  the  solution  simultaneously  gives  the  velocity  and 
temperature  distributions.  The  method  is  particularly  convenient 
for  solution  of  two-dimensional  problems.  There  have  been  several 
studies  of  flow  and  heat  exchange  in  prismatic  tubes  for  viscous- 
gravitational  flow  with  dt/dx  >  0.  A  solution  has  been  obtained  in 
[20,  22]  for  a  rectangular  tube,  and  in  [19,  23]  for  tubes  with 
cross  sections  in  the  form  of  ring  sectors  and  complete  circular 
sectors.  All  calculations  were  carried  out  for  fully  developed  flow 
and  heat  exchange  with  the  wall  temperature  constant  over  the  peri¬ 
meter  and  the  heat-flux  density  constant  over  the  length  (but  var¬ 
iable  along  the  perimeter),  with  and  without  internal  heat  sources 
in  the  fluid  flow. 


To  conclude,  we  give  the  mean  values  over  the  perimeter  of 
the  limiting  Nusselt  numbers  for  a  square  tube  as  a  function  of 
Ra,  according  to  the  data  of  [22]: 

Ra  0  97,4  071  9740 
Nu_  3,GI  3,09  4,27  9,40 

CD 

The  values  of  Ra  and  Nu^  in  this  table  were  calculated  by 
means  of  the  equivalent  diameter. 
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Fig.  16-30.  Dependence  of  Nu^ 
on  Ra  for  F  -  0  in  flat  verti¬ 
cal  tube  for  ^.>0. 


16-6.  FLOW  AND  HEAT  EXCHANGE  IN  A  ROUND  HORIZONTAL  TUBE  UNDER 
BOUNDARY  CONDITIONS  OF  THE  SECOND  KIND 

An  approximate  theoretical  analysis  of  this  problem  for  fully 
developed  velocity  and  temperature  fields  with  q  =  const*0  along 
the  length  and  t  =  const  along  the  perimeter  has  been  given  by 

Morton  [2*1].  The  solution  was  obtained  as  a  series  in  powers  of  the 
Rayleigh  number,  and  it  holds  only  for  small  values  of  this  number. 
It  is  interesting  since  it  makes  it  possible  to  form  a  qualitatively 
correct  picture  of  the  flow  under  these  conditions.31 

Figure  16-31  shows  the  theoretically  calculated  streamlines 


Fig.  16-31.  Streamlines  in  right  half  of  section  through  horizontal 
tube  (projection  onto  plane  normal  to  axis) .  Distribution  of  dimen¬ 
sionless  velocity  components  w,  =  ir.«!V?or  RaRe  =  1000  and 

Pr  =  0.73  (the  dashed  line  corresponds  to  isothermal  flow). 


(projected  onto  the  vertical  plane  perpendicular  to  the  tube  axis); 
their  nature  is  determined  by  the  interaction  of  the  free  and  forced 
convections.  The  same  figure  shows  the  components  of  the  velocity 


j  o  ,  <  : 
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vector  in  the  axial  (w^),  radial  (y^),  and  tangential  )  direc¬ 
tions  for  RaRe  =  1000  and  Pr  =  0.73.  All  velocity  components  are 
given  in  dimensionless  form,  and  refer  to  the  same  tube  cross  sec¬ 
tion.  The  distributions  of  w  and  w  along  the  diameter,  which  lies 

x  .  v 

in  the  vertical  plane,  are  shown  at  the  right  and  left  of  Fig. 
16-31,  while  the  distribution  of  w-  along  the  radius  in  the  hori¬ 
zontal  plane  is  shown  at  the  bottom).  Free  convection  causes  the 
profile  of  the  longitudinal  velocity  component  to  become  asymmetric 
the  velocity  maximum  for  heating  of  the  fluid  shifts  downward. 


Fig.  16-32.  Distribution  of  i  —  t  over  tube  perimeter  for  Ra  = 

s 

=  (1 . 8-3  .0)  »107 ,  Re  =  1*100-1700.  The  values  of  d- £  .io»are:  1)  0.*<3; 

2)  0.75;  3)  1.2;  *1)  2.3;  5)  3.9;  6)  6.1;  7)  9-5  (the  curves  are 
displaced  with  respect  to  one  another,  so  that  the  scale  is  shown 
on  each  of  them;  the  angle  9=0  corresponds  to  the  upper  genera¬ 
trix)  . 


The  results  of  [2*1]  do  not  give  an  adequate  notion  of  the  heat 
exchange  laws.  Thus  we  turn  directly  to  the  experimental  data.  A.P. 
Polyakov  and  the  author  have  carried  out  an  experimental  investiga¬ 
tion  into  heat  exchange  for  viscous-gravitational  flow  in  a  hori¬ 
zontal  tube  with  the  heat  release  at  the  wall  constant  along  the 
circumference  and  the  length  [26,  27].  Heat  exchange  was  studied 
for  water  in  a  tube  heated  by  an  electric  current.  The  tube,  made 
from  1X18H9T  steel,  had  an  inside  diameter  d  ~  19  mm  and  a  wall 
thickness  0.36  mm;  the  heated  and  stilling  segments  equaled  rough¬ 
ly  lOOd  each. 

The  experiments  disclosed  significant  nonuniformity  in  the 
distribution  of  wall  temperature  and  local  heat-transfer  coeffi¬ 
cient  over  the  circumference;  this  is  naturally  associated  with 
the  existence  of  the  tangential  free-convection  flows.32 


Figure  16-32  shown  the  distribution  of  wall  temperature  t 

(measured  from  t  in  the  same  sect' on)  over  the  circumference  for 
various  values  of  the  reduced  length;  Fig.  16-33  shows  the  varia¬ 
tion  in  the  dimensionless  wall  temperature  T  on  the  upper  and 

lower  generatrices  as  a  function  of  the  reduced  length.  Figure 
16-34  gives  some  idea  as  to  the  nature  of  the  circumferential  and 
length  distributions  of  the  local  Nu  number  for  certain  values  of 
Re  and  Ra.  Here 


Tc  = 


Nu—  *£■■■;  Re=~; 

Ra  =  GrPr=^^. 

where  q  is  the  local  heat-flux  density  at  the  wall  at  a  given 

5 

point  on  the  tube  perimeter;  q  is  the  heat-flux  density  averaged 

over  the  perimeter  (owing  to  spreading  of  the  heat,  q o  will  vary 
noticeably  over  the  perimeter). 
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V-lO'*  8 10'3  2  V  f  8  W*  2  VS  8  NT'  7. 

Fig.  16-33.  Variation  of  T  on  upper  (a)  and  lower  (b,  c,  d,  e) 

s 

generatrices  as  function  of  reduced  length  for  Re  =  50-2400.  The  val 
ues  of  Ra-106:  1)  (15-30);  2) (5.5-7) ;  3)  (1.4-1. 8);  4)  0.3;  5) 
(18-25);  6)  (5. 5-6. 4).  I)  Viscous  flow  with  constant  physical 
properties . 


In  the  expressions  for  rg,  Nu,  Re,  and  Ra,  the  physical  proper¬ 
ties  of  the  fluid  were  selected  for  the  mean  mass  temperature  t  of 
the  fluid  at  the  given  cross  section. 

It  is  clear  from  the  figures  that  the  wall  temperature  varies 
substantially  along  the  circumference.  In  the  upper  part  of  the 


3 


tube,  T  is  substantially  greater  and  Hu  substantially  less  than 

b 

in  the  lower  part.  As  the  reduced  length  increases,  the  distribu¬ 
tions  of  t  and  Nu  over  the  circumference  become  less  uniform.  Thus, 

i  x  ® 

for  p£-—  >10-*,  the  value  of  Nu  on  the  lower  generatrix  is  roughly 
10  times  the  value  on  the  upper  generatrix. 

At  sections  close  to  the  beginning  of  the  heated  segment, 
there  is  a  local  reduction  in  wall  temperature  and  a  corresponding 
increase  of  Nu  near  the  lower  generatrix.  As  we  move  away  from  the 
entrance  to  the  heated  section,  the  drop  in  tg  -  t  and  the  increase 

in  Nu  gradually  vanish. 

The  way  in  which  T  *  Nu“l  varies  with  the  length  differs  from 

s 

the  variation  with  Ra  at  different  points. 

When  Ra  is  small,  the  wall  temperature  T  does  not  depend  on 

8 

Ra,  but  corresponds  to  the  values  of  T  for  pure  viscous  flow  (curve 

I  of  Pig.  16-33).  Por  sufficiently  large  Ra,  the  T  (X)  curves  for  the 

s 

uppwer  and  lower  generatrices  deviate  from  the  curve  for  viscous 

flow  at  values  of  X  that  are  smaller  the  larger  Ra.  On  the  upper 

generatrix,  T  first  rises  as  Ra  increases,  and  then  remains  con- 
s 

stant;  on  the  lower  generatrix,  Ts  decreases  as  Ra  Increases.  As 

Fig.  16-33  shows,  the  T  (Ra)  curves  differ  substantially  for  the 

s 

upper  and  lower  generatrices.  As  we  can  see  from  the  same  figure, 
however,  the  length  of  the  thermal  initial  segment  for  local  val¬ 
ues  of  T_  or  Nu  will  be  roughly  the  same  for  viscous-gravitational 
s 

flow  or  viscous  flow. 

This  type  of  variation  in  wall  temperature  and  Nu  over  the 
tube  surface  is  caused  by  the  specific  motion  of  the  fluid.  The 
latter  results  from  the  interaction  of  the  tangential  free-convec- 
tion  currents  and  the  longitudinal  forced  flow.  The  intensity  of 
the  fre e-convection  currents  rises  with  the  length,  which  leads 
to  a  significant  increase  in  heat  transfer  and  a  corresponding 
reduction  in  wall  temperature  near  the  lower  generatrix  of  the 
tube  as  compared  with  pure  viscous  flow.  Here  the  heat  exchange 
not  only  does  not  increase  near  the  upper  generatrix,  but  it  even 
decreases  as  compared  with  viscous  flow.  This  is  apparently  ex¬ 
plained  by  the  fact  that  comparatively  hot  fluid  within  which  the 
free-convection  currents  do  not  penetrate,  concentrates  near  the 
upper  generatrix,  so  that  this  fluiji  moves  only  in  the  axial  di¬ 
rection. 

These  features  of  heat  exchange  have  been  confirmed,  in 
particular,  by  measurements  of  the  temperature  field  in  a  flow. 

The  measurements  were  carried  out  in  the  horizontal  and  vertical 
diametral  planes  for  various  values  of  x/d.  The  measurement  results 

are  shown  in  Pig.  16-35,  where  R=r/r0’f  t0  is  the  temperature 

T 

of  the  fluid  at  the  entrance . 
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Fig.  16-34.  Distribution  of  local  Nu  number  over  tube  perimeter  for 
Ra  ■  (1.8-3.0)*107,  Re  =  1400-1700.  The  values  of  pHf*1*  are:  1) 
0.43;  2)  0.75;  3)  2.3;  4)  3.9;  5)  6.1;  6)  8.5;  7)  9.5. 


Fig.  16-35.  Distribution  of  temperature  in  flow  in 
vertical  (a)  and  horizontal  (b)  diametral  planes. 


-g,5,  //_  J--32.6;  ///-■ ~--7l 6,0;  /  -  Rl-(E.8-6.4)  •  10*;  Re-1  400-1  700;  7- Rl-(I.S- 3,0)  •  19’; 
S«-l  400-1  800;  i  -  R«-(l,#-M)  •  I01:  Re-760-  960. 


The  value  of  Ra  at  which  T  or  Nu  begins  to  deviate  from  the 

u 

corresponding  value  for  pure  viscous  flow  can  be  said  to  be  the 
1 imiting  value.  We  represent  it  by  RaQ. 

It  ir  clear  from  Fig.  16-33  that  within  the  thermal  initial 
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Fig.  16-3 6.  Comparison  of  Eq.  (16-56)  (solid  lines) 
with  experimental  data  (points)  for  Ra  *  2*105-4*107 
and  Re  *  50-2400. 


segment.  Rag  decreases  as  X  increases,  while  when  X  -*■  ®  [in  prac¬ 
tice  when  X  >  (l/Pe)(Z  ./<f)]  it  approaches  a  certain  constant 

n  •  l 

value.  When  Ra  <_  Rag,  the  value  of  Ts  (or  Nu)  corresponds  to  the 

values  for  pure  viscous  flow,  and  depends  solely  on  X.  For  Ra  >  RaQ, 

T  depends  on  X  and  Ra. 
s 


For  the  dimensionless  wall  temperature  T  or  the  local  Nus- 

s 

selt  number  (Nu  33  Tg”1),  the  interpolation  equation 

Tc  =  Tc .  +(fc#  -  r„)  (cos-!-)*.  ( 16-56) 

is  used,  where  TsQ  and  are  the  values  of  Ts  at  the  up^er  (<p  = 
=  0)  and  lower  (<p  *  it)  generatrices. 


Jjji.  —  i  4 _ _ 

r<  «  ’  l  +  0.2(Ra/«a,)‘  ’ 


(16-57) 


-0.15  + 


_ 

(I  t (R't'Ri'*)*| 1/18 


(16-58) 


here  2’  =  Nu  _1  is  the  dimensionless  wall  temperature  for  vis- 

cous  flow  of  a  fluid  with  constant  physical  properties;  Nuv  is 
the  local  Nusselt  number  under  the  same  conditions  (x)  or 

Nuv { .V )  can  be  computed  from  Eqs.  (8-13)  or  (8-15)];  RaQ  is  the 
limiting  value  of  Ra  for  local  heat  transfer:33 


Ra,  =  3.8- 10’*  —  (tor  A'  <  2*  10"*); 


Ra#  =  (2300  +  7,8*-) 


I  +  55- 10*  A' 


— )  (for  A’ >210-); 


X 
it  ' 


,3/443 
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Fig.  16-37.  Nusselt  number  averaged  over  perimeter  as  function  of 
reduced  length  (Re  »  300-800).  The  values  of  Ra  are: 

/-M-IT:  t-U-W:  i-t-Mh  t-lA-m 
l-UW. 


The  parameter  k  In  (16-56)  equals 


I  +5.2- 10-*  Ra 
■|  +3.|0-’Ra“* 


The  physical  properties  In  Eq.  (16-56)  are  selected  for  the 
mean  mass  temperature  of  the  fluid  in  the  given  section. 

In  Pig.  16-36,  Eq.  (16-56)  is  compared  with  experimental 

data  for  values  of  the  angle  <p  *  0,  ir/4,  and  w.  The  figure  clearly 

shows  the  way  in  which  T  depends  on  Ra  for  various  values  of  q>. 

s 

As  we  have  already  noted,  an  interesting  fact  is  observable  here. 

On  the  upper  generatrix,  T  first  rises  rapidly  (as  a  consequence, 

Nu  decreases)  as  Ra  increases,  and  then  remains  constant;  on  the 
bottom  and  intermediate  generatrices  (fortp  between  w/4  and  ir), 

T  decreases  while  Nu  increases  as  Ra  increases. 

8 

Equation  (16-56)  holds  for  values  of  50*£Kc-t;  2400.  2*  105  <  Ra  <  4*  Pr 
2<Pr<  10.nd4-10-I<A’<  0,2  for  heating  of  the  fluid. 


Figure  16-37  shows  the  change  in  the  Nusselt  number  Nu  aver¬ 
aged  over  the  perimeter  at  a  given  tube  cross  section  as  a  func¬ 
tion  of  the  reduced  length  for  various  Rayleigh  numbers.  Here 


Nu 


led 

6-0*’ 


where 


C  d<f 


is  the  mean  integral  value  of  wall  temperature  at 


the  given  section.  The  lower  (limiting)  curve  of  Fig.  16-37  cor¬ 
responds  to  Eq.  (8-13)  for  pure  viscous  flow  at  q  =  const.  For 

_  ‘ 

a  given  value  of  Ra,  Nu  for  viscous-gravitational  flow  first  coin¬ 
cides  with  the  corresponding  values  for  pure  viscous  flow  (for 
sufficiently  small  if)  and,  consequently,  depends  solely  on  the  re¬ 
duced  length; 3 k  it  then  takes  on  a  constant  value,  which  is  greater 
the  larger  Ra. 


These  aspects  of  the  behavior  of  fTu  for  viscous-gravitational 
flow  in  Horizontal  tubes  are  well  reflected  by  the  interpolation 
equation 


Nu 

Nu, 


(16-59) 


34/4/J3 
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where  NUq(X)  Is  the  value  of  the  Nuiselt  number  for  viscous  flow, 

while  Big  is  the  limiting  value  of  Ra  for  the  mean  heat  transfer, 

determined  from  the  condition  requiring  that  for  vis sous -gravita¬ 
tional  flow  Hu  not  differ  by  more  than  5%  from  Nuy.  The  following 
equations  are  used  for  RaQ: 

Ra,-5-IO>X->  (forX<|,7-I0-*); 

Ri-lf8*I04+55X-1-1  (ror  X>  1,7*  1(H). 


Pig.  16-38.  Comparison  of  Eq.  (16-59)  (solid  line) 
wi.th  experimental  data  (points).  Re  values: 

/-»-«•:  i-wo-300;  i-m-m:  t-iw-iw 


Fig.  16-39.  Resistance  coefficient  as  a  function  of  Ra  for  viscous- 
gravitational  flow  in  a  horizontal  tube,  q_  *  const. 

5 


The  physical  properties  in  Eq.  (16-59)  are  selected  for  the 
mean  mass  temperature  of  the  fluid  in  the  given  section. 


As  Fig.  16-38  shows,  Eq.  (16-59)  describes  the  experimental 
data  to  within  +5U.  It  is  valid  within  the  same  limits  of  varia¬ 
tion  of  the  controlling  parameters  as  Eq.  (16-56). 


When  X-+00  Ra,~- 
(U>-rj‘J),  we  have 


1.8* HI*  ,  and  Nuq  =  4.36.  Here  on  the  basis  of 


(16-60) 


As  we  can  see  from  Fig.  16-37,  for  viscous-gravitational  flow 
in  horizontal  tubes,  Nu  becomes  qonstant  over  the  length  at  lower 
values  of  X  than  for  pure  viscous  flow.  Thus  (16-60)  will  be  valid 
when  X>  1,7 •  10_*  and  Ra>  1,8-10«4- 55X~'-7 


Mori  and  his  associate*  [28]  have  measured  heat  transfer  for 

air  flowing  In  a  horizontal  tube  with  q  *  const  over  the  length  and 

t  *  const  over  the  circumference . *  *  They  only  measured  the  heat- 
s 

transfer  coefficients  averaged  over  the  circumference  at  a  section 

far  from  the  entrance,  i.e.,  for  otablllzed  flow  and  heat  exchange. 

Hie  results  of  these  measurements  agree  very  well  with  our  data 

(for  the  region  of  stabilized  heat  exchange),  and  are  described  by 

Eq.  (16-60)  with  the  same  accuracy  as  are  our  data.  Thus  we  can 

conclude  tnat  a  nonuniform  distribution  of  t  over  the  circumfer- 

s 

ence  has  noticeable  Influence  on  Ku,  and  that  (16-59)  and  (16-60), 
or  the  latter  In  any  case,  are  valid  for  values  0,7<Pr<I0. 


According  to  the  data  of  [29],  the  resistance  coefficient 
averaged  over  the  tube  length  rises  as  Ra  increases.  The  follow¬ 
ing  approximate  equation  holds  for  it: 


(16-61) 


where  *  6VRe  is  the  resistance  coefficient  for  isothermal  flow. 

The  physical  properties  in  (16-61)  are  chosen  for  a  mean  fluid 
tenq>erature  *zh  *  (tQ  +  t^)/ 2,  with  the  exception  of  ys  (the  vis¬ 
cosity  at  the  wall) . 

In  Pig.  16-39,  Eq.  (16-61)  is  compared  with  experimental  data 
[29].  It  Is  valid  for  values  Re <2300,  Ra<5*10,—*3-£Pr<10for  heating 
of  the  fluid. 
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Footnotes 


*This  case  Is  not  considered  here.  Gravitational  free 
convection  within  tubes  and  chambers  of  various  shapes 
has  been  investigated  by  G.A.  Ostroumov;  his  results  are 
reported  In  [1]. 

2For  simplicity,  we  shall  still  assume  that  there  are  no 
Internal  heat  sources  in  the  fluid  flow. 

3The  profiles  correspond  to  fully  developed  (stabilized) 

flow  and  heat  exchange  at  q  -  const. 

s 

40n  Figs.  16-1,  16-3,  and  16-5,  Gr  and  Re  have  been  cal¬ 
culated  for  the  tube  diameter;  the  temperature  drop  in  the 
expression  for  Gr  is  found  as  the  difference  between  the 
vail  temperature  and  the  temperature  at  the  tube  axis. 

sNo  observations  were  made  for  large  Re. 


3  s/443 
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•The  experiments  were  carried  out  at  T  z  const;  for 
more  details,  3ee  516-3 .  See  also  [4], 8 

398  7 The  values  of  Re^  and  G  were  computed  over  the  tu?e 

diameter;  in  the  expression  for  Gr,  in  the  temperature 
for  Gr,  the  temperature  head  is  found  as  the  arit  tune  tic 
mean;  the  physical  properties  of  the  fluid  in  the  Re^, 

calculation  were  taken  for  a  mean  flow  temperature  tsh  * 

-  (tvkh  ♦  ‘vykh)/2>  ^  for  0rPr  at  ‘g  *  <*zh  +  *s,/2- 

399  *566  the  first  footnote  to  page 

399  That  is,  the  curvature  of  the  ink  stream  and  its  subse¬ 

quent  disruption  when  Re  decreases  and  Gr  remains  constant. 

401  **The  first  equation  is  for  a  flat  tube  and  the  second  for 

a  round  tube. 

404  11 After  the  +  sign  under  the  radical  has  been  replaced  by 

a  —  sign,  Eq.  (16-6)  is  reconmended  for  flow  in  vertical 
tubes  when  the  free  and  forced  convections  are  opposite 
in  direction  at  the  wall.  There  is  no  basis  for  this,  as 
we  shall  see  later. 

405  12So  far  as  we  know,  there  have  been  no  measurements  of 

local  heat  transfer  for  constant  wall  temperature. 

406  1 sThis  naturally  does  not  imply  that  Nu  is  totally  inde¬ 

pendent  of  GrPr  in  turbulent  flow.  We  only  mean  that  such 
a  relationship  was  not  observed  within  the  limits  of  GrPr 
variation  used  in  the  given  experiments . 

407  1 *See  [4]. 

408  I5The  points  on  the  asymptote  are  not  shown  in  Fig.  16-11. 

The  points  corresponding  to  viscous  flow  are  not  shown  in 
Fig.  16-12. 

409  16 Unfortunately,  it  is  difficult  to  use  the  data  of  [10] 

owing  to  their  inadequate  accuracy  and  the  lack  of  informa¬ 
tion  on  the  properties  of  the  oils. 

411  I7In  this  equation,  the  heat-transfer  coefficient  refers  to 

the  arithmetic  mean  temperature  head. 

412  *«The  coordinates  on  Fig.  16-15  are  the  same  as  for  Figs. 

'  16-9  and  16-13. 

1  *The  coefficient  £  has  been  determined  from  experimental 
data  on  the  basis  of  Eq.  (7-85).  See  also  the  footnote 
to  page 

415  20In  Fig.  16-20,  a  relationship  between  £  and  GrPr  is 

found  only  for  fairly  small  values  of  Rezh,  since  the 
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“xoerlments  carried  out  over  a  relatively  narrow  range 
-f  it  (from  20  to  50°C). 

416  .  1  *A  solution  is  given  for  this  problem  In  other  studies, 

such  as  (16,  17 ,  18,  IS ].  A  different  method  was  used  to 
obtain  the  solution  in  the  last  paper  cited. 

417  2*The  quantity  Sp,  which  we  have  rather  arbitrarily  called 

the  coefficient  of  volume  expansion  (B  *  (p/P_)B,  where 

p  s 

B  is  the  coefficient  of  volume  expansion,  see  $3-2)  is 
tv-v  ^rature-dependent ,  generally  speaking.  Thus  the  as¬ 
sumption  of  constancy  lr.  an  additional  assumption  that 
is  truer  the  less  the  temperature  difference  in  the  flow. 

418  2  Another  method  for  solving  the  problem  has  been  proposed 
by  Tao  [19,  20].  By  introducing  a  complex  function  whose 
real  and  imaginary  parts  depend  on  the  velocity  and  temp¬ 
erature,  respectively,  he  reduces  the  energy  and  motion 
equations  to  a  single  second-order  differential  equation. 
Solving  this  equation  by  a  method  of  mathematical  physics, 
he  finds  the  velocity  and  temperature  fields  simultaneously. 
For  two-dimensional  problems  (for  example,  flow  in  a  rec¬ 
tangular  tube),  this  method  offers  certain  advantages.  It 
can  only  produce  a  solution  for  dt/dx  >0,  however. 

419  2*For  example ker(x)+ikd  (x)-k»( /7x).( see 
G.  Watson,  Theory  of  Bessel  Functions,  Foreign  Litera¬ 
ture  Press,  1949). 

421  25For  Ra  =  0,  the  velocity  and  temperature  profiles'  are 

constructed  from  the  corresponding  equations  for  pure 
forced  convection. 

423  2*The  values  of  qv  and  u  In  the  expression  for  Ra /K  may 

be  either  positive  or  negative. 

423  27The  dashed  line  shows  the  curve  for  Xi  in  a  larger  scale. 

424  28If  there  are  internal  sources  in  the  flow,  then  Nu^ 

becomes  inconvenient  and  unclear  (for  example,  when 
=  0,  Nu^  has  a  discontinuity).  In  such  ease,  it  is 
more  convenient  to  use  Eq.  (16-33)  to  determine  the 
wall  temperature . 

429  *9The  symbols  Red  and  ,ni  represent  the  real  and  imaginary 

parts  of  a  complex  function. 

432  s#Here  q  is  the  heat-flux  density  at  the  wall,  averaged 

s 

over  the  perimeter. 

432  3 1 m n  analogous  problem  for  inclined  tubes  (inclined  at 

ii-om  0  to  90°  with  respect  to  the  horizontal)  has  been 

33  ^Since  the  wall  thickness  and  thermal-conductivity  coef¬ 

ficient  are  fairly  small,  heat  transfer  by  conduction 
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will  not  equalize  tht  wall  temperature  over  the  circum¬ 
ference. 

437  33The  values  of  RaQ  are  so  selected  that  the  measured 

values  of  ro  wjll  differ  by  no  more  than  101  ^rom  the 

values  computed  from  Eqs.  (16-57)  and  (16-58).  Natural¬ 
ly,  the  selected  values  of  Ra0  may  differ  considerably 

from  the  actual  values. 


433 

’“Here  the  local  values  of  Nu  in  the  upper  and 
tube  sections  may  differ  considerably  from  one 
and  from  Nu. 

lower 

another 

440 

3*Brass  tube;  wall  thickness  1.2  mm;  d  *  35.6  mm;  l 
■  lobcg  -  *  U3P 
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Transliterated  Symbols 

397 

Kp  =  kr  =  kriticheskiy  *  critical 

397 

r  *  g  =  granitsa  =  limit 

403 

*  zh  *  zhidkost’  =  fluid,  liquid 

403 

c  -  s  *  stenka  =  wall 

403 

ji  *  1  «  logarifmicheskiy  *  logarithmic 

4o8 

h  =  n  =  narushnyy  =  outside 

4o8 

k  =  k  =  kol’tsevoy  =  annular 

411 

ac  *  as  *  asimptoticheskiy  =  asymptotic 

\?.e 

n3  *  iz  *  izotermicheskiy  =  isothermal 

-*37 

h.t  =  n.t  =  nachal’iyy  termicheskiy  =  thermal 

initial 

437 

c.b  =  s.v  =  vyazkostnaya  stenka  =  viscous  wal* 

439 

b  =  v  =  voedushnyy  =  air 

441 

bx  =  vkh  =  vkhod  =  entrance 

441 

3  ux  =  vykh  =  vykhod  =  exit 

443 

yen  =  usp  *  uspokoitel *nyy  =  damping 

443 

odor  =  obog  =  obogrevayemyy  =  heated 

Chapter  17 

HEAT  EXCHANGE  IN  TUBES  UNDER  NONSTATIONARY  CONDITIONS 

17-1 .  PRELIMINARY  REMARKS 

Recently,  much  attention  has  been  devoted  to  the  study  of 
convective  heat  exchange  under  nonstationary  conditions.  This  prob¬ 
lem  Is  Interesting  chiefly  In  connection  with  regulation  and  con¬ 
trol  of  heat-exchange  equipment  operating  at  high  thermal  loads. 

A  nuclear  reactor  Is  an  example.  Reactor  control  requires  a  know¬ 
ledge  of  Its  characteristics  for  both  atationary  and  transient  re¬ 
gimes  (startup,  shutdown,  change  In  power),  as  well  as  emergency 
regimes  (for  example,  reduction  or  Interruption  In  coolant  supply 
owing  to  a  pump  fault).  In  a  word.  It  Is  important  to  know  the  dyna¬ 
mic  behavior  of  the  equipment.  Naturally,  this  requires  development 
of  methods  for  determining  heat-exchange  processes  In  reactor  cool¬ 
ing-system  channels  In  nonstationary  operation.  i 

In  other  cases,  the  operating  principle  of 'a  heat  exchanger 
or  the  associated  equipment  supplying  coolant  determines  equipment 
operation  under  nonstationary  conditions.  Examples  are  certain 
types  of  regenerative  heat  exchangers,  as  well  as  equipment  In 
which  the  coolant  Is  supplied  by  piston  pumps,  compressors,  inter¬ 
nal-combustion  engines,  etc. 

In  the  general  case,  heat-exchange  calculations  consist  in 
determining  the  temperature  field  in  the  flow  and  in  the  wall 
washed  by  the  flow  and  calculating  the  heat  flux  at  the  fluid- 
wall  boundary.  This  requires  Joint  consideration  of  the  process 
of  convective  heat  exchange  in  the  fluid  flow  and  the  heat-conduc¬ 
tion  process  In  the  wall,  i.e.,  the  combination  problem  must  be 
solved  (see  §l-*0  .  The  solution  of  combination  nonstationary  prob¬ 
lems  involves  great  mathematical  difficulty.  No  analytic  methods 
have  as  yet  been  devised  for  solving  such  problems.  Thus  studies 
are  usually  limited  to  nonstationary  convective  heat  exchange  in 
a  fluid  flow,  with  heat  conduction  the  wall  ignored;  this  is 
done  by  .  peclfying  appropriate  thermal  boundary  conditions  at  the 
inside  surface.  Naturally,  this  limits  the  generality  of  the  re¬ 
sults  obtained;  they  become  suitable  only  for  very  thin  walls  or 
walls  with  very  high  thermal  diffusivity.  Nonetheless,  the  solu¬ 
tion  of  such  problems  is  very  interesting,  since  the  foregoing 
conuicons  hold,  in  approximation,  for  many  cases  of  practical 
importance.  By  analyzing  such  problems,  it  is  also  possible  to 
determine  the  physical  pattern  for  development  of  the  nonstation¬ 
ary  heat-exchange  process. 
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Fr<  to  the  viewpoint  of  the  factors  iresponsible  for  nonstation- 
arlty,  problems  of  convective  heat  exchange  under  nonstationary 
conditions  can  be  divided  into  three  groups.  The  first  includes 
problems  in  which  the  fluid  flow  is  stationary  while  the  thermal 
boundary  conditions  vary  with  tine  (see  Sl7-2,  17-3,  and  17-*0 ;  the 
second  Includes  problems  of  heat  exchange  with  nonstationary  flow 
and  boundary  conditions  that  are  constant  in  time  (§17-5,  17-6); 
the  third  Includes  problems  in  which  both  the  fluid  flow  and  the 
thermal  boundary  conditions  are  nonstationary  (§17-7). 

The  theoretical  Investigation  of  convective  heat-exchange 
processes  under  nonstationary  conditions  is  quite  difficult.  Thus 
the  analysis  is  frequently  carried  out  with  the  aid  of  simplified 
models  and  approximate  methods . 

The  simplest  approach  to  determination  of  heat  exchange  under 
nonstationary  conditions  consists  in  assuming  that  quaslstatlonarlty 
obtains.  In  this  approach,  we  assume  that  the  same  relationships  are 
valid  for  heat  transfer  under  nonstationary  conditions  as  under  sta¬ 
tionary  conditions  ,__provided  we  substitute  the  Instantaneous  values 
of  the  parameters  (*,  w,  t  ,  q  )  that  characterize  the  nonstationary 

process.  The  time  and  length  variation  of  these  parameters  can  be 
found  by  solving  the  problem  in  the  one-dimensional  approximation, 
i.e.,  the  values  of  the  corresponding  parameters  averaged  over  the 
cross  section  are  considered.  This  computational  method  can  be  used 
(as  has  been  confirmed  by  comparison  of  theory  and  experiment)  only 
when  the  parameters  characteristic  of  the  process  vary  slowly  enough 
in  time. 

Another  simplified  approach  consists  in  assuming  bar  flow 
(the  fluid  velocity  is  assumed  to  be  constant  over  the  cross  sec¬ 
tion  and  length,  but  it  can  vary  in  time);  in  many  cases,  this  per¬ 
mits  us  to  solve  the  problem  with  no  additional  simplifications. 
Calculations  based  on  this  approach  yield  a  qualitatively  correct 
pattern  for  the  process,  so  that  many  Interesting  features  can  be 
determined.  The  quantitative  data  may  depart  noticeably  from  the 
actual  values,  however. 

In  many  cases,  in  place  of  the  differential  equation  for  the 
energy  we  use  the  energy  equation  in  an  integral  form,  obtained 
from  the  differential  equation  by  integration  over  the  tube  cross 
section.  As  a  rule,  this  approach  yields  quite  satisfactory  results, 
finally,  we  might  also  mention  the  application  of  approximate  meth¬ 
od-.  of  boundary-layer  theory  and  numerical  computation  methods  to 
nonstatlonary  problems  of  convective  heat  exchange. 

In  the  ensuing  discussion,  we  shall  use  a  fairly  exact  method 
based  on  solution  of  the  energy  equation  in  integral  form.  The 
computational  results  obtained  by  this  method  are  usually  compared 
with  results  obtained  by  other  methods,  so  that  the  limits  of  ap¬ 
plicability  of  the  latter  can  be  estimated. 

17-2.  HEAT  EXCHANGE  IN  ROUND  AND  FLAT  TUBES  WHFN  THE  WALL  TEMPERA¬ 
TURE  VARIES  IN  TIME 

We  shall  consider  nonstationary  beat  exchange  in  round  and  flat 
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t  bes  for  stationary  stabilized  fl.-.:  of  the  fluli  with  a  parabolic 
velocity  profile.  We  assume  that  the  wall  temperature  at  any  time 
1 constant  over  the  surface.  At  ie  initial  instant,  let  the  temp¬ 
erature  field  in  the  fluid  flow  be  uniform  and  let  the  wall  tempera¬ 
ture  equal  the  fluid  temperature  tj  at  the  entrance,  so  that  there 

is  no  heat  exchange.  At  the  next  ns t ant,  the  wall  temperature 
changes  abruptly,  taking  on  a  new  'onstant  value  tg  tQ.  Here  a 

nonstationary  temperature  field  will  aopear  in  the  flow  together 
with  a  nonstationary  heat-eschange  process;  these  are  the  subjects 
of  investigation.  Siegel  [1]  has  solved  thi3  problem  for  round  and 
flat  tubes,  and  subsequently  generalized  it  to  more  complicated 
conditions . 

We  shall  henceforth  assume  that  the  physical  properties  of 
the  fluid  are  constant,  that  there  are  no  Internal  heat  sources  or 
energy  dissipation  in  the  flow,  and  that  the  variation  in  heat  flow 
along  the  axis  owing  to  conduction  is  negligibly  small. 

1.  We  first  consider  the  problem  of  heat  exchange  in  a  round 
tube.  Here  the  energy  equation  has  the  form 

*_L»  *  — „  1  d  frdi\ 

Substituting =  into  this  equation  and  introducing 

the  dimensionless  variables 

T. 


it_u .  Fo=s-^* 


we  obtain 


1 1  —  #*)  3R  (*,«)’ 


(17-D 


where  Fo  is  the  Fourier  number,  which  has  the  meaning  of  the  di¬ 
mensionless  time. 


The  initial  condition  is 

T{X,  R,  0)=0. 


(17-2) 


The  boundary  conditions  at  the  entrance,  on  the  tube  axis,  and 
at  the  wall  are 

T( 0,  R,  Fo)  0; 

(*)*.-*  I 

T{ X,  l,Fo)=  =  1. 


A  solution  of  the  corresponding  stationary  problem,  i.e.,  Eq. 
'17-1)  for  the  case  dTldFo=0  under  boundary  conditions  (17-3),  will 
be  found  in  §6-1.  This  solution  has  the  form 
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(17-*!) 


m  -• 

where  e  and  f~(R)  are  the  eigenvalues  and  eigenfunctions  of  the 

Sturm-Llouvllle  problem  for  Eq.  (6-7)  under  the  boundary  conditions 
♦  *(0)  *  0  and  4>(1)  «  0.  The  An  are  constants  determined  from  Eqs. 

(6-16)  or  (6-19).  The  values  of  e*  and  A  are  given  in  Table  6-2. 

ft  It 

We  seek  a  solution  of  the  nonstationary  problem  in  the  form 


T  -  i  -  V  A4u(R)f9{Xm  Fo). 

m  n 


(17-5) 


When  Fo  (or  t)  Is  sufficiently  large,  the  unknown  function 
n:ii  Fq)  will  obviously  take  the  form 

-*7  X 
?.  p  "  . 

In  general,  (17-5)  must  satisfy  (17-1).  We  confine  the  discus¬ 
sion  to  the  approximate  solution  of  the  problem,  however,  only  re¬ 
quiring  that  it  satisfy  the  energy  equation  in  integral  form,  which 
can  be  obtained  from  (17-1)  if  we  multiply  it  by  R  dR  and  integrate 
between  R  *  0  and  R  •  1: 

^  (17-6) 
o  e  •  ' 


We  then  obtain  the  following  partial  differential  equation  for 


-«•>*<«- (17-7) 


Using  the  method  of  characteristics1  to  solve  this  equation, 
we  write  the  characteristic  system  of  ordinary  differential  equa¬ 
tions  corresponding  to  (17-7): 


rfF<» _ _  (IX  _ ,lfa 

r  r  ~  I'1*' 

\inR>IK  {+.(1  -R’)RdR  ''['IRj 

0  0 


(17-B) 


Integrating  the  equation  formed  by  the  last  two  expressions  of 
(17-8)  with  respect  to  X ,  under  the  condition  that  =1  when  X  = 

-  0,  we  have  n 


[❖.,(1  -R*)RdR 
-6 


(17-9) 


After  integration  with  respect  to  Fo  under  the  condition  that 
cpn  =  1  when  Fo  =  0,  the  equation  formed  by  the  first  and  chird  ex- 

V^96 
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presslons  of  (17-8)  yields 


?«=exp 


Po 


(17-10) 


According  to  (17-9),  <Pn  is  a  function  of  X  alone,  while  ac¬ 
cording  to  (17-10),  <pn  depends  on  Po  alone.  The  method  of  charac¬ 
teristics  shows  that  the  two  equations  Join  along  the  limiting 
characteristic  line,  which  passes  through  the  origin  in  the  X-Fo 
plane.  The  equation  of  this  line  is  easily  obtained  by  integrating 
the  first  equation  of  (17-9): 


FOr- 


J  *■(!-«')#<« 


X=an  X, 


(17-11) 


where  a  is  the  ratio  of  the  integrals  in  brackets.  Equation  (17-9) 

tl 

is  valid  along  characteristics  cutting  the  positive  Po  axis  in  the 
Fo-X  plane,  while  (17-10)  is  valid  along  characteristics  cutting  the 
positive  X  axis  in  this  same  plane. 

After  multiplication  by  R  dR  and  integration  between  R  =  0  and 
R  ■  1,  we  find  from  '6-7)  (see  §6-1): 


0 


In  addition. 


/•'M 

*n  _  \<IK  ) K -| 

- - - 

\  **R<IR 
o 

Comparing  this  expression  with  (17-9)  and  (17-10)  and  consider¬ 
ing  what  has  been  said  previously,  we  find 

—  exp  ( —  y«Fo)  for  Fo<a„A\ 

Vn  *■•*!>(—  e'„  X)  for  Fo  OnX, 


where 

Substituting  these  values  of  cp  into  (17-5),  we  obtain 

'  Fu  ] 


/•  l 


i.  v. 


Fo  a,,  A. 


(17-12) 
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It  is  not  difficult  to  verify  that  (17-12)  also  satisfies 
initial  condition  (17-2)  and  the  boundary  conditions  (17-3)  and, 
consequently,  is  a  solution  of  the  problem.  When  Po  is  sufficiently 
large,  (17-12)  goes  over  to  Eq.  ( 17— ^ )  for  stationary  heat  exchange. 
The  eigenfunctions  $  and  constants  £*  and  it  in  (17-12),  as  we  have 

tl  n  n 

already  noted,  have  the  same  values  as  in  the  solution  for  the  sta¬ 
tionary  problem  (see  Tables  6-1  and  6-2).  Table  17-1  gives  the  first 
seven  values  of  the  constants  yn  and  an  required  for  calculations 

using  (17-12)  and  the  subsequent  equations. 

Using  the  Fourier  law  and  Eq.  (17-12),  we  obtain  an  expression 
for  the  dimensionless  heat-flux  density  at  the  wall: 

=“£  An  (rfir)*=,  X 

n-0 

The  values  of  the  constant  fi»=  — 4"^* .are  given  in  Table 

6-2.  V  7 


—In  ro 


Fo<an^;| 

Fb^aJT.  I 


(17-13) 


TABLE  17-1 

Values  of  Constants 

y  and  a  in  Prob- 
n  n 

lem  of  Nonstation¬ 
ary  Heat  Exchange 
in  a  Round  Tube 
Under  an  Abrupt 
Change  in  Wall 
Temperature 


n 

an 

0 

‘."uruo 

1 ,4190 

1 

10,202 

2,7432 

2 

2*1,918 

3,8078 

3 

11.302 

4.7118 

4 

02.327 

5,5925 

5 

80,324 

(1.3903 

t> 

99,592 

7.1403 

Fig.  17-1.  Heat-flux  density  at  wall 
of  round  tube  under  abrupt  change  in 
wall  temperature. 


As  we  can  see,  the  left  side  of  the  equation  is  the  local 
Nusselt  number,  in  which  the  heat-transfer  coefficient  refers  to 
the  initial  temperature  head. 


The  solid  lines  on  Fig.  17-1  show  curves  computed  from  Eq. 
(17-13).  The  nature  of  the  curves  becomes  clear  when  we  look  at 
the  heat-exchange  process  during  the  time  directly  following  the 
wall-temporature  jump.  At  those  tube  cross  sections  that  have  not 
been  r.’achf'd  by  fluid  located  outside  the  heated  segment  of  the  tube 
prior  t  >  the  jump,  the  temperature  will  change  only  in  time  and  along 


-  449  - 


the  radius,  remaining  constant  along  the  length  {(dr/<?*)«0).  .  At  these 
sections,  the  heat  transfer  will  be  independent  of  the  conditions 
at  the  entrance,  and  will  vary  only  in  time,  in  accordance  with  the 
top  line  of  Eq.  (17-13).  In  other  words,  here  heat  transfer  takes 
place  as  if  the  fluid  were  stationary,  i.e.,  in  accordance  with  pure 
heat  conduction.  Actually,  when  dT/nx~6  ,  the  energy  equation  (17-1) 
goes  over  to  the  heat-conduction  equation,  which  has  a  familiar  so¬ 
lution  for  the  case  in  which  there  is  aji  abrupt  change  in  the  wall 
temperature-,  which  is  constant  along  the  surface  [33.  This  solution 
leads  to  the  following  equation  for  the  heat-flux  density  at  the 
wall: 


X  ((,  —  I,) 


ft  -  H 


(17-14) 


where  the  u  are  roots  of  a  zero-order  Bessel  function  of  the  first 
kind.2  n 

Equation  (17-14),  obtained  by  solving  the  exact  differential 
equation,  is  in  good  agreement  with  (17-13)  (top  line),  which  was 
obtained  by  solving  the  integral  relationship.  This  is  quite  clear 
from  Pig.  17-1,  where  Eq.  (17-14)  is  represented  by  the  dashed  line. 

In  tube  cross  sections  that  have  been  reached  by  fluid  located 

outside  the  heating  segment  prior  to  the  jump  in  t ,  the  heat  trans- 

s 

fer  varies  both  along  the  X  coordinate  and  in  time.  This  type  of 
relationship  is  maintained  until  stationary  conditions  set  in. 


Fig.  17-2.  Time  at  which  sta¬ 
tionary  regime  sets  in  for 
round  tube  under  abrupt  change 
in  wall  temperature.  1)  Eq. 
(17-13);  2)  Fo  =  2X;  3)  Foa 
=  x . 


The  time  t  (or  Fo  =*  at  /r2,,  in  dimensionless  form)  at  which 

8  8  8  U 

the  stationary  regime  sets  in  can  be  determined  as  the  time  that 
must  elapse  for  the  heat  flux  at  the  wall  to  differ  by  no  more  than 

2/4h6 
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5%  from  its  value  at  t  ♦  Figure  17-2  shows  the  relationship  be¬ 
tween  F^  and  X ,  found  with  the  aid  of  (17-13) .  The  same  figure 
0 

shows  the  approximate  relationships  Fo„  »  2X  and  Fo„  =  X,  obtained 

from  the  selfevident  relationships =**/»„  i*»r*wa=2w  is  the  velo¬ 
city  on  the  tube  axis)  after  conversion  to  dimensionless  form. 

Example.  Consider  isothermal  flows_in  &  tube  with  diameter 
d  »  5  mm  of  transformer  oil  (a  «  2.5•1Q,,■',  m2/h),  water ,  (a  ■  5.63* 
•10"*  m2/h) ,  or  air  (a  =  9.0*10"2  m5/h)  at  Pe  »  1000.  At  a  certain 
time,  the  wall  temperature  changes  abruptly.  We  are  to  determine 
the  time  that  has  elapsed  after  the  Jump  when  the  stationary  state 
sets  in  at  a  distance  x  -  50 d  from  the  entrance. 

1  .V  -  . 

In  this  case,  pj— — -u.i.  As  we  can  see  from  Fig.  17-2,  this  value 

corresponds  to  ~o,=--  ~  «0,2.  Thus  we  find  that  for  transformer  oil  the 

rn 

stationary  regime  commences  after  t  =  18  s,  for  water  after  8  s, 
and  for  air  after  0.05  s.  0 


The  solution  for  a  single  wall-temperature  Jump  can  be  general¬ 
ized  to  an  arbitrary  variation  in  tB  with  time.  Let  J  be 

s  s  s  u 

be  a  certain  arbitrary  time  function,  as  shown  in  Fig.  17-3a,  and  let 
£q  -  const.  We  represent  the  curve  for  Og(Fo)  as  a  set  of  infinitesi¬ 
mal  temperature  jumps  d«  .  For  each  such  jump  occurring  at  time  Fo-, 

we  can  determine  the  change  in  heat-flux  density  at  the  wall,  using 
Eq.  (17-13): 


X 


OP 


exp  [--  Yn  (Fo  —  Fo,)],  0  <  (Fo  —  Fo,)  ^  anX 
exp [ —  A'],  (Fo  -  Fo,)  a„X 


(17-15) 


Since  the  energy  equation  is  linear,  we  can  obtain  an  expres¬ 
sion  for  q  with  an  arbitrary  change  in  0  in  time  by  summation  of 
s  s 

'he  elementary  step  changes  in  dq  or,  in  the  limit,  by  integrating 

b 

07-15)  over  the  0  curve.3  Integrating,  after  certain  manipula- 

b 

tions  we  obtain 


•tl 

K 


*  Y  ' 

(Fo.*)  >'  £  F 

To— anX 

-  ■  Y«  l'xp  (  (Fo  -  Fo,)]  *>c  (Fo,)  d  Fo,  j  -f- 

00  l-o 


+  2  Y-A  (Jjr)^  J  exp  [ -Y«  (Fo  —  Fo,)]  &c  (Fo,)  d  Fo„ 


(17-16) 


where  for  a  given  value  of  Fo,  N  is  found  from  the  relationship 

ax_lX<]ro--:aNX.  (17-17) 


•■Nc 
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-  H51  - 


For  N  •  Q,  the  first  sum  V  0  ,  while  the  constant  a  i  «  0. 


a  h 

Fig.  17-*3 -  Time  variation  in  wall 

temperature,  a)  Case  in  which  0  » 

s 

■  0  at  Fo  *  0;  b)  case  in  which 

/  0  at  Fo  *  0. 
s 


The  heat-flux  density  qg  is  calculated  as  a  function  of  time 

for  a  particular  value  of  X ,  for  example,  for  X  *  X. .  As  long  as  the 

time  that  has  elapsed  since  the  beginning  of  the  process  is  short, 

Fo  will  be  less  than  any  value  of  (n=0.  I . /)  ;  consequently  M  = 

»  0,  and  only  the  term  containing  the  second  sum  from  »  =  0  to  • 
remains  in  Eq.  (17-16).  As  the  time  increases,  an  ever  greater  num¬ 
ber  of  terms  is  associated  with  the  first  sum.  For  the  given  prob¬ 
lem,  we  need  only  consider  seven  terms  of  the  series,  since  when 
the  time  is  so  great  that  Fo  >  a^X . ,  only  the  term  containing  the 

first  sum  will  remain  in  (17-16). 

The  preceding  calculations  were  carried  out  on  the  assumption 
that  at  the  initial  instant,  the  temperature  field  in  the  fluid 
flow  is  uniform  ( 0  *  0  and,  consequently,  there  is  no  heat  ex- 

change).  If  there  is  a  stationary  heat-exchange  process  at  the  ini¬ 
tial  instant  (ti  j*  0,  see  Fig.  17-3b),  and  the  wall  temperature  la- 
s 

ter  changes  abruptly,  the  calculations  should  be  carried  out  as  if 

t^ere  had  been  no  heat  exchange  (d  =  0)  at  a  certain  time  preceding 

s 

the  initial  instant;  the  wall-temperature  Jump  occurred  later,  and 
during  a  certain  sufficiently  long  time,  this  temperature  remained 
constant,  so  that  at  t  5  0  a  stationary  state  was  reached;  subse- 
ently,  the  wall  temperature  again  began  to  vary  in  accordance  with 
the  specified  law.  Using  this  scheme  and  the  method  discussed  above, 
we  can  determine  the  nonstationary  heat  exchange  for  transition  from 
one  stationary  state  to  another. 

2.  We  turn  to  the  problem  of  nonstationary  heat  exchange  in  a 
fin'  tube  under  an  abrupt  change  in  wall  temperature,  on  the  as¬ 
sumption  that  the  temperature  field  is  uniform  at  the  initial  in¬ 
star4-  (t^  *  £q).  In  this  case,  the  energy  equation  can  be  written  in 

the  following  form  after  substitution  of  Expression  (5-11)  for  the 
elocity  profile: 

0T  i/i  i-n  <>T  &T 

dFo-r'1"'  ’<>X~dY2'  (17-18) 
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T  f  ■“  fg  p 

where  1  '  *.  :  ro—  ; 

the  flat  tube. 


ill-  Pc_ 

3  ft  f.  *  rC  “ 


•fr*. 


K=1  ; 

*• 


is  the  width  ol 


TABLE  17-2 

Values  of  Constants  cn, 
n  .  and  f  in  the  Prob- 

ti  n 

lem  of  Nonstationary 
Heat  Exchange  in  a  Flat 
Tube  with  Abrupt  Change 
in  Wall  Teaperature 
(Approximation  Using 
five  Terms  of  Series) 


m 

t- 

ii  ’■* 

i 

0 

2.30658 

2.82948 

1 .225(i  4 

1 

11.9441 

32.3656 

2.70975 

2 

24.9156 

96.2824 

3.62421 

3 

37.4251 

178.074 

4.75764  ' 

4 

92.5T92 

608.831 

6. $7754 
» 

The  Initial  and  boundary  condi¬ 
tions  have  the  form 


7*(X.J\0)=0; 

7-(0,K.Fo)=0; 


jT(A.  zt  l,Fo)s=I. 


(17-19) 


As  in  the  round-tube  case,  to  solve 
this  nonstationary  problem  we  use  Solu¬ 
tion  (6-47) »  corresponding  to  the  sta¬ 
tionary  problem.  If  we  go  from  the 
temperature  0  to  the  temperature  T, 
this  solution  will  have  the  form 


l-f+Efc- 

nsl 


(2m+))«K  1 

2  J* 


(17-20) 


where  e2  and  b 

n  nm 

Table  6-5). 


are  constants  (see 


We  represent  the  solution  of  the  nonstationary  problem  in  the 

fora 


T=  1  —  j  X.  Ho)  [cos f+J] 


(2m  I  l)*y 


:COS 


II  =i» 


mi*.  I  „ 


(17-21) 


Substituting  this  expression  into  the  integral  equation  for  the 
energy 


l 


which  can  be  obtained  from  (17-18),  we  find  the  partial  differen¬ 
tial  equation  for  the  function  Gn\  it  is  similar  in  form  to  Eq, 

^17-7).  Solving  this  equation  by  the  method  of  characteristics,  we 
arrive  at  the  final  expression  for  the  temperature: 


T  -  ■  >  -  %  K I  «< +£  £*  cos  JtsqEL  ]  X 

n  0  ml 

fX|>(  CJ:o),  Fov;/„A’  | 

\  oxp  <  T,„.V),  l\>  / i,.Y  r 


where 
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[l+2  (2n-i- !)(-!)-■}=■] 


[l+S^irr)<-,>-fe] 

lf!  =  l 

t'+S(2m+,)(-,>"fe'] 

_  **  m=l 

’!«— 32  * 

[J+E(25fW(“,)"£?] 

ms  I 

TABLE  17-3 

Values  of  Constants  In  Problem  of  Nonstationary 
Heat  Exchange  In  Plat  Tube  Under  Abrupt  Change  in 
Wall  Temperature  (Approximation  Using  Three  Terms 
of  Series) 


n 

NlO 

Nil 

Nut 

Ni* 

•I 

•» 

1 

j  ^ 

/#! 

o 

1, 1802ft 

0,0211847 

-ft.  Oft  1  MIDI 

2.82777 

2,31337 

2,8:1540 

1 .22568 

i 

0,0589906 

— r>.:»70!>7 

32, 1!ift8 

12.1389 

32,9332 

2,71304 

2 

0.033WM 

i 

8.99210 

104. (>83 

34,7142 

144,296 

4,15668 

Fig.  17—1* .  Heat-flux  density 
at  wall  of  flat  tube  under 
abrupt  change  in  wall  tempera¬ 
ture. 


-  ^  ~ 


Pig.  17-5.  Time  at  which  sta¬ 
tionary  regime  sets  in  for 
flat  tube  under  abrupt  change 
in  wall  temperature.  1)  Eq. 
(17-23);  2)  Fofl  =  3*/2;  3) 

Po  =  X.  8 

8 


and 


/. 


-  V 

I  •-  ■ '  V 


Using  the  Fourier  law  and  Eq.  (17-22),  we  obtain  an  expression 
for  the  dimensionless  heat-flux  density  at  the  wall: 


m=u> = f  [' + j  £  (-  ■>“  <2™+ ')  1  x 

I  exP  (  P°)i  Fo^fnX  l 
1  exp  (—  n„X),  Fo,  [nX  j 


(17-23) 


The  constants  in  (17-20),  (17-22),  and  (17-23)  were  determined 
by  computer.  Their  values  are  given  in  Tables  6-5  and  17-2  for  ap¬ 
proximation  by  five  terms  of  the  series,  and  in  Table  17-3  for  ap¬ 
proximation  by  three  terms. 

The  curves  calculated  from  Eq.  (17-23)  are  shown  in  Pig.  17-4 
by  the  solid  line.  The  same  figure  uses  the  dashed  line  to  show  the 
curve  corresponding  to  the  equation 


no 


n  ll 


i'2n  |  1)!  -  Fo 


(17-24) 


obtained  from  the  familiar  solution  to  the  problem  of  nonstationary 
heat  conduction  In  an  infinite  plate  of  thickness  2r~  under  boundary 
conditions  of  the  first  kind. 
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1,1 


Pig.  17-6.  Temperature  distribu¬ 
tion  in  fluid  flow  in  flat  tube 
for  values  of  Po  *  a/r\  equal¬ 


ing: 


1-0;  r  — 0,01:  *  n.i;  s - 

0.2;  t  -  0.5:  7  -  1.0;  l-e 0 


Figure  17-5  shows  the  time  Fo  required  for  the  stationary  re- 
gime  to  set  in  as  a  function  of  X ,  calculated  from  Eq.  (17-23)  un¬ 
der  the  condition  that  ==,,05^,=®* .  For  comparison,  the  same 

fig  re  givesFo,-.-.  -A'..  The  curves  of  Pigs.  17-4  and  17-5  are 

the  same  in  nature  as  for  heat  exchange  in  a  round  tube. 

The  solution  given  here  to  the  problem  can  be  generalized  to 
the  case  of  an  arbitrary  variation  in  wall  temperature  with  time 
(both  for  ts  «  tQ  and  for  tg  /  tQ  when  t  =  0),  as  was  done  for  the 

round  tube  in  paragraph  1. 

Sadikov  [5]  has  considered  certain  problems  involving  heat 
exchange  in  round  and  flat  tubes  under  an  abrupt  variation  for 
harmonic  oscillation  in  wall  temperature  with  time.  .  All  of  these 
problems  pertain  to  the  case  in  which  the  heat  appearing  in  the 
'’low  owing  to  energy  dissipation  is  completely  removed  through 
the  walls,  while  the  velocity  and  temperature  profiles  are  devel¬ 
oped,  so  that  the  velocity  and  temperature  do  not  vary  with  the 
length.4  In  this  case,  the  energy  equation  reduces  to  the  equation 
for  heat  conduction  with  heat  sources.  As  an  example.  Fig.  17-6 
shows  temperature  profiles  in  a  fluid  flov;  in  a  flat  tube  at  var¬ 
ious  times  after  the  stationary  state  was  disturbed  by  an  instan¬ 
taneous  change  in  wall  temperature  from  t  to  tg2. 

17-3.  HEAT  EXCHANGE  IN  THERMAL  INITIAL  SEGMENT  OF  FLAT  AND  ROUND 
TUBES  WHEN  WALL  TEMPERATURE  VARIES  IN  TIME 

In  this  section,  we  shall  consider  the  same  problem  as  in  the 
preceding  section,  but  for  the  region  of  the  thermal  initial  seg¬ 
ment.5  Adopting  this  restriction  and  using  the  approximate  method 
of  bound,  'v -layer  theory  in  conjunction  with  the  method  of  charac¬ 
teristics,  we  can  obtain  simple  analytic  expressions  for  the  heat 
transfer  under  nonstationary  conditions. 


4> V  496-497 


-  456  - 


1.  As  the  Initial  problem,  l^t  us  analyze  heat  exchange  in  a 
flat  tube  for  the  case  in  which  there  is  no  heat  exchange  at  the 
initial  instant  (*s  -  tQ),  while  the  wall  temperature  later  changes 

abruptly,  taking  on  a  constant  value  I1  tQ.  i 


Pig.  17-7.  Problem  of  nonsta¬ 
tionary  heat  exchange  in  the 
thermal  initial  segment  of  a 
flat  tube. 


Under  these  conditions,  the  energy  equation  for  the  nonr.ta 
t ionary  temperature  field  will  have  the  form 


•H 

iH 


« 


01 

Ox 


a 


on 


(17-25) 


The  flow  in  the  tube  can  be  divided  into  two  regions  (Fig.  17-7): 
a  thermal  boundary  layer  of  thickness  A  that  depends  on  X  and  r,  and 
a  core  whose  temperature  is  constant  and  equal  to  the  entrance  temp¬ 
erature  tQ. 

Integrating  (17-25)  with  respect  to  y  between  0  and  A  (for  de¬ 
tails,  see  §12-5) ,  we  obtain 

To  solve  this  equation,  we  specify  the  temperature  distribu¬ 
tion  over  the  boundary-layer  thickness  as  the  polynomial  t=b0+bty+hy  + 
+b3y'  i  whose  coefficients  can  be  found  from  the  boundary  conditions 


for  -t  >  0«n>)  //  -  0  t--  .  ~ji-  —  0: 
l  or  f>0  «»•  !I  r.  A  l  1 „  ™  —  0. 


With  allowance  for  the  first  boundary  condition,  the  second 
boundary  condition  follows  from  (17-25)  when  y  =  0. 


As  a  result,  we 
r  —  u 

t, 


obtain 

-  I 


(t>0.  0C//CA). 


(17-27) 


We  have  a  Polseuille  velocity  distribution: 

u>  -  L  [r«  )  v  •  /  | 


(17-28) 
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Substituting  ( 17-27)  and  (17-2&)  into  (17-26)  and  integrating, 
w<*  obtain  the  partial  differentia]  equation  for  the  thickness  t.  of 
4  he  thermal  boundary  layer,  depending  on  x  and  t.  In  dimensionless 
fora,  this  equation  looks  like  this: 


I 

*  dFo 


1^-1 

in-1* 


(17-29) 


where 


l=h-  F— ? 


Solving  (17-29)  by  the  method  of  characteristics,  we  write  the 
characteristic  system  of  ordinary  differential  equations  correspond¬ 
ing  to  (17-29): 


or 


d  Po  _  dX  ,r 

7  2 

(17-30) 

(US-- ii*)rfFo=</X. 

(17-30a) 

-i-A.’/A-  il  Fo. 

(17-30b) 

(■*■-**)*-"• 

(17-30c) 

Integrating  (17-30b)  under  the  condition  that  a=0  for  Po  *  0 
(for  any  X),  we  find 

£  =  (  8Fo)''*.  (17-31) 

Integrating  (17-30c)  under  the  condition  that  a=0  for  x=0 
(for  any  Po),  we  obtain 


—  a5 — 'a*  —  x 


(17-32) 


Equation  (17-31)  is  valid  along  characteristics  intersecting 
U.  positive  X  axis  on  the  X-Fo  plane.  Along  these  characteristics, 
A  depends  solely  on  Po.  Equation  (17-32)  Is  valid  along  characteris- 
L  ,ji!  intersecting  the  positive  Po  axis  on  the  same  plane.  Along  these 
lines,  A  depends  solely  on  X  and,  consequently,  Eq.  (17-32)  corres¬ 
pond-  to  the  limiting  case  of  stationary  heat  exchange.  The  two  equa¬ 
tions  Join  along  the  limiting  characteristic,  which  passes  through 
the  origin  and  divides  the  X-Fo  plane  into  two  regions  (Pig.  17-°). 
T‘e  region  lying  below  the  limiting  characteristic  correspond  to 
nonstationary  heat  exchange,  and  the  region  lying  above  to  station- 
aro  exchange.  Consequently,  the  equation  of  the  limiting  characterls- 

i  1 do*  ermines  the  time  Fo  required  for  the  stationary'  state  to  be 

8  — 

-eached  for  any  value  of  X.  Substituting  the  value  of  A  from  (17-31) 

' nto  (l?-30a)  and  integrating,  we  find  this  equation: 


^2For--iFo;=X 


(17-33) 
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Figure  17-9  illustrates  the  relationship  between  Fo  -nd  X 
(curve  ]).  * 


Using  the  Fourier  law  and  Eq.  (17-27)  we  find  an 
f°r  the  heat-flux  density  at  the  wall  (or  the  local  Nusselt^Smber) 


1*2 r. 


(17-3*) 


tain 


Substituting  in  the  value  of  A  from  (17-31),  we  finally  ob- 

3  n  _ 1/^  ft 


- ?***•  _  3  p  — •/?  p  .  p 

0  •  1*0  *Foa 

-  ft  •  _  «*  L\.  “  »/-*  p 

ns  *  * h*  :h>- 


(17-35) 


x-yo  — 


Here  Fos  depends  on  *,  and  is  found  from  Eq.  (17-33)  lor  Fig 
An  expression  for  qs  when  N»Fo.  ,  i.e.,  under  stationary  eon- 
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d’tlons,  can  also  be  obtained  if  we  substitute  the  value  of  A 
from  (17-32)  into  ( 17— 31* ) .  If  Ln  (17-32),  we  neglect  the  second  term 
ci  the  left  side,  which  is  permissible  when  a  <  I,  »  we  obtain  the 
following  equation  for  q  : 

S 


(/.  f#>* 


=  0.965 


/  I  X  \-'/3 

'vPe'2r.J  ' 


This  is  nearly  the  same  as  the  Leveque  equation  (6*-57)  for  a 
flat  tube  (the  constants  differ  by  only  1.3%) • 

Caspar':)  -  the  results  of  heat-transfer  calculations  using  the 
method  of  characteristics  with  results  obtained  by  direct  numerical 
integration  of  Eq.  (17-25),  we  see  that  the  discrepancy  between 
them  does  not  exceed  5%.  Just  as  good  agreement  is  obtained  for  the 
time  required  to  establish  the  stationary  state. 

Equation  (17-35)  representing  the  response  of  the  heat  flux 
to  a  single  Jump  in  wall  temperature  (when  there  is  no  heat  exchange 
at  the  initial  instant),  can  be  generalized  to  the  case  of  arbitrary 
variation  in  wall  temperature  with  time.  As  we  have  already  noted, 
this  generalization  is  possible  in  virtue  of  the  linearity  of  the 
energy  equation. 

The  change  in  heat-flux  density  dq  caused  by  an  elementary 
wall-temperature  jump  at  time  Fo*  (see  Fig.  17-3a)  will  equal 


dqe = rpf  h (Fo “ Fo*r'n dK '  F°-F°.<F°.; ' 

3  k  c  —  i/: 


Jqc^r~~Fo-',id*c,  Fo-Fo#*Fo„ 
where  Or = /<•  —  to:  /#= const. 


(17-36) 


For  an  arbitrary  variation  in  0  with  time,  the  response  of  the 

S 

leat-flux  density  at  the  wall  is  found  by  integrating  Eq .  (17-36): 
?.(*. -1.  (Fo— Fo,rw<<Po..  Fo«Fo.; 


Y* 

3  k 


1c(X,  Po)-.-iii[Fo;,^(»c^+ 

lJ*« 

+*  J  ,/r,v  (,  u'  Fw.r,//rfFo*  J> ,?u  l  o* 


-Fo. 


(17-37) 


!•'.<!•  example,  i **t.  the  wall  temperature  vary  Linearly  In  time, 
l.e.,  iK-  .ll'o.wh.,.  A  -const  .  Substitution  of  tills  expression  Into  (17-37) 
yields 

7c  -  .7y=7/Fo,/2.  Fo<  Fo,; 

<lc  A  FV  1/2  (Fo  f  Fo.),  Fo  Fo,. 

4  V  1  re 

Equations  (17-37)  are  also  valid  when  the  specified  variation 
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in  c<  ntains  Jumps.  Let  us  assume  that  there  is  f.  Jump  equaling 
s 

A  .  at,  Po  »  Fo, .  In  such  case,  we  use  the  ordinary  method  to 

S  •  “V  v 

evaluate  the  integrals  everywhere  except  for  Po.,  where  we  add  the 
additional  term 


J*  .A(F o_F 0,)~,/2A* 

4/2  ' 


Ci* 


If  FO(<Fo— FoSj  we  do  not  add  this  term  to  the  second  equation 
of  (17-37),  since  here  the  first  term  on  the  right  side  of  this 
equation  automatically  allows  for  the  influence  of  the  jump. 


Let  us  look  at  the  case  in  which  there  is  stationary  heat  ex¬ 
change  in  the  system  at  the  Initial  instant  (i.e . ,  t=0 tc^=t0),  and 
the  wall  temperature  then  begins  to  vary  arbitrarily  in  time  (see 
Fig.  17-3b).  In  this  case,  we  proceed  from  the  assumption  that  dur¬ 
ing  the  time  preceding  the  initial  Instant  (i.e.,  for  Fo  <  0),  there 
exists  a  certain  fictitious  transient,  appearing  when  and  ter¬ 

minating  in  the  stationary  state  at  Fo  =  0.  For  this  state  to  be  at¬ 
tained,  the  duration  of  the  transient  must  obviously  equal  Fo  .  Con- 

0 

sidering  the  fictitious  and  actual  processes  Jointly,  and  using  the 
results  of  the  preceding  analysis,  we  can  write 


q,(X,  F«)=i7f£  | 
(Fo-P°.rIB<(Fo.],  Fo<Fo.; 

0 

<*•  <-'»>  -  ,-p?  t,  [F»:,n  c.u.  + 

+  j  5W :(Fo-F°.r’B<'Fo.].  Fo  Fo.. 


F.i-IV. 


(17-38) 


2.  For  a  nonstationary  regime  In  the  thermal  Initial  segment  of 
a  round  tube,  the  heat  exchange  can  be  determined  by  the  same  method 
used  in  the  initial  segment  of  a  flat  tube. 

We  take  as  the  basic  case  the  situation  in  which  there  Is  no 
heat  exchange  at  the  initial  Instant  and  at  a  subsequent  In¬ 

stant  the  wall  temperature  varies  abruptly,  taking  on  a  constant 
value  4=^^. 


The  energy  equation  for  the  nonstationary  temperature  field 
will  have  the  following  form  in  this  case: 

01  ,  01  |  ()  /  oi  \ 

Ox  *1"  M'x  Ox  ‘  “  7"  Or  [ r  Or  )■  (  17-39  ) 

Co  1  i.t-  from  the  variable  r  to  the  variable  y~r0—r  and  integrat¬ 
ing  (17-39)  between  0  and  A,  where  A  is  a  function  of  x  and  t, 
we  obtain 
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4 


—  yiV-Ody  +  fc  j(r,- y)wx (t  —  tt)dy  — 

=_ar#|ii^|  • 

'  I  °y  Jjr=0 


(17-^0) 


To  solve  this  equation,  we  must  know  the  distributions  of  w  and 
t  over  the  cross  section  of  the  thermal  boundary  layer  A. 


We  know  the  distribution  of  w 


^=o/2  _y _ ML\ 

w  \  r\  ) 


(17-41) 


The  distribution  of  t  is  represented  as  the  polynomial 

t=b0+biti+b1y*+b3iji, 

whose  coefficients  are  determined  from  the  boundary  conditions: 

Cor  t  >  0  u«.i »/  ~-0  /  ~/c.  ~  J  (r,  —  ij)  J  |  ~  0; 
for  x  !>0«njy  =  A  /=/,,  ^  =  0. 

The  second  boundary  condition  follows  from  Eq.  (17-39)  when  we 

consider  thata’*  =  °  11  0  iijui  j/=0;the  remaining  conditions  are  self- 

evident  . 


As  a  result  we  obtain 
‘  -t.  _  i 


—  1  4r#A  +  A»  2 


(17-42) 


Substituting  the  values  of  wx  and  t  from  ( 17—^1 )  and  (17-42) 
ln*-o  (17-40),  we  obtain  a  partial  differential  equation  for  A(x,  i): 


<>/,  ,  (>U  f» 

0 1°  +  44 


(17-43) 


where 


/,-.2S*-25-  +  ^  +  J-(-f2M  *!•  -£*-$*); 

Solving  Eq.  (17-43)  by  the  method  of  characteristics,  we  obtain: 
for  the  region  of  nonstationary  heat  exchange  (Fo<Fo.) 

—  75^  +  30  —  In(x+  1  —  Fo; 
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■ 


for  the  region  of  stationary  heat  exchange  (Fo^Fo*) 


non  r 
To5-a- 


5632 

105 


ln(i+,)~** 


(17-45) 


Fig.  17-10.  Dependence  of  A  on 

I  X 

Fo  and  ^7  for*  the  thermal  ini¬ 
tial  segment  of  a  round  tube 
with  an  abrupt  variation  in 


Figure  17-10  shows  A  as  a  function  of  Fo  for  various  values  of 
'4-i;  the  relationship  was  found  from  Eqs .  (17-44)  and  (17-45). 

I’C  </ 

The  time  required  for  the  stationary  state  Fog(X)  to  set  in  is 

easily  found  by  solving  (17-4*0  and  (17-45)  simultaneously  for  each 
specified  value  of  X,  since  both  of  these  equations  are  valid  along 
the  limiting  characteristic.  The  results  of  such  a  computation  are 
shown  in  Fig.  17-9  (curve  2). 

Using  the  Fourier  law  and  Eq.  (17-42),  we  find  the  expression 
for  the  heat-flux  density  at  the  wall: 

(17-46) 

This  expression  is  valid  for  both  nonstationary  and  stationary 
conditions.  The  values  of  A  are  found  from  (17-44)  and  (17-45)  or 
from  the  graph  of  Fig.  17-10. 

Repeating  the  arguments  of  paragraph  1,  we  can  generalize  Eq. 
07-46)  to  the  case  of  an  arbitrary  variation  of  <4=4-4  in  time.  We 
can  at  once  write  an  expression  for  q o  when  for  *=0  there  is  a  sta¬ 
tionary  heat-exchange  process  (<4^=0)  and  for  x  >  0  the  quantity  is 
an  arbitrary  function  of  the  time:  s 
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,«<*.  Ho)  =  G±  r_l__(»,)  + 

•  l  <V+%, 

+?rfe/3 - Tii — -'F>4  »<F“<F-: 

o  4AP.—F...  +■  AFo— Fu,  J 

|  ,0F°,  '  °F<*,  F<v— Fo. 


X— 


i  AFo— Fh.  +  AF<>— Fu, 


Fo-Fo, 

t/Fo,j,  Fo  -  Fo,. 


(17-47) 


Here  when  A  has  a  subscript  containing  Fo,  it  corresponds  to 
the  nonstationary  regime,  while  when  the  subscript  contains  Fo  ,  it 

corresponds  to  stationary  conditions.  The  subscript Po— Fo, means  that 

A  is  a  function  of  F»— F«,  #  i.e.,  it  depends  on  the  time  that  has 

elapsed  since  the  instant  at  which  the  wall  temperature  began  to 
change.  Thus  for  the  period  of  variation  in  0  beginning  with  Fo#, 

in  Fig.  17-10,  the  variable  along  the  axis  of  abscissas  will  be 

i'o  —  Fo,  ,  and  the  stationary  state  will  be  reached  when  Fo  —  F«,  IV. 

If  there  is  no  heat  exchange  at  the  initial  instant, 

then  in  the  first  equation  of  (17-47) ,  the  first  term  in  brackets 

vanishes.  The  specified  variation  in  may  also  include  Jumps  (i.e., 

s 

a  step  variation  in  \^„).  In  such  case,  Eqs.  (17-47)  will  still  re- 
main  valid.  For  example,  let  there  be  a  Jump  equaling  Ai)  .  at  time 

S 1* 

Fo. .  Here  the  integrals  are  determined  in  the  usual  method  every- 
where  except  for  Fo.,  where  we  add  the  additional  term 


6TT 


A*, 


4AFo-Fo<+AF»-F"4 


C  U 


An  exception  to  this  rule  occurs  for  the  second  equation  of 

(17-47),  when  Fo .  <  Fo  —  Fo  .  Here  the  additional  term  is  not  added, 

8 

since  the  first  term  on  the  right  side  of  the  equation  allows  for  the 
jump. 


17-4.  HEAT  EXCHANGE  IN  THE  THERMAL  INITIAL  SEGMENT  OF  FLAT  AND  ROUND 
TUBES  WHEN  THE  HEAT-FLUX  DENSITY  AT  THE  WALL  VARIES  IN  TIME 

The  problem  of  heat  exchange  in  the  thermal  initial  segment  of  a 
flat  or  round  tube  for  a  specified  time  variation  in  the  heat-flux 
density  nt  the  wall  has  been  solved  elsewhere  [6,  7].  The  solution 
method  Is  similar  to  that  used  for  problems  considered  in  the  pre¬ 
ceding  section.  Thus  wo  shall  only  give  the  principal  steps  in  the 
solution  and  the  final  results. 

1.  Wo  consider  heat  exchange  in  a  flat  tube  at  whose  walls  the 
...  it-flux  density  is  constant  over  the  surface,  but  capable  of  vary- 
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ing  in  time 


Since  <js  is  specified  while 


* 

fc,  ,  in  accordance  with 


(17-26),  the  energy  equation  is  more  conveniently  written  in  integral 
fona  as 


'17-48) 


We  specify  the  temperature  distribution  over  the  thickness  of 
the  thermal  boundary  layer  in  the  form 


(17-49) 


while  the  Poiseuille  distribution  (17-28)  is  used  for  the  velocity. 


After  substituting  (17-49)  and  (.17-28)  into  (17-48)  and  integrat¬ 
ing,  we  obtain  a  partial  differential  equation  for  the  thickness  of 
the  thermal  boundary  layer  A(x,  t).  We  write  it  in  dimensionless  form: 


(17-50) 


Here  the  notation  is  the  same  as  in  (17-29). 

Equation  (17-50)  can  be  solved  by  the  method  used  for  (17-29). 


If  at  the  initial  instant  the  fluid  temperature  is  the  same 
everywhere  and  equal  to  t%  'i.e.,  there  is  no  heat  exchange),  while 
at  a  subsequent  time  the  heat-fluz  density  at  the  wall  abruptly  rises 
from  zero  to  q  ,  we  obtain  the  following  final  results. 


The  initial  nonstationary  increase  in  the  thermal  boundary  layer 
is  determined  by  the  equation 


A  =  {6Fo)l/2; 


(17-51) 


.  the  soluti >n  for  the  stationary  state  has  the  form 

TV  A’-TSF  (17-52) 

the  time  required  to  reach  the  stationary  state  is  determined  by  the 
equation 


yBiy'-'-  i?  Fo?r-  A'. 


(17-53) 


Figure  17-11  shows  Fo  as  a  function  of  X  (curve  1). 

8 

The  response  of  the  wall  temperature  to  a  single  jump  q 

s 
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(17-54) 


tc  - 1,  -=  Q Fo  Fo  <  Fo. 


=  Fo  -  Fo„  I 


where  Fo  (X)  is  found  from  (17-53)  or  Fig.  17-11. 
8 

0.16 
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Fig.  17-11.  Time  at  which  stationary  regime  sets  in  for  thermal  in¬ 
itial  segment  of  flat  (1)  and  round  (2)  tube  under  abrupt  change  in 
heat  flux  at  wall. 


"Using  the  same  method  as  before,  we  can  generalize  Eq.  (17-5*0 
to  the  case  of  an  arbitrary  time  variation  in  qg. 

If  at  the  initial  instant  there  is  a  stationary  heat-exchange 
process tor  t=0).and  during  the  succeeding  period  (t>0)  ,  qj, t) 

varies  in  time  in  accordance  with  the  specified  law,  we  have  the 
following  equations  for  the  wall  temperature: 


tc  (A,  Fo)-—  /, — (^«)po=o  4* 

1*0 

+  ^(Fo-Fo.)'^Fo,].  Fo<Fo.; 

0  •  l 


-FuJ^'i/Fo.  j,  Fo  "  Fo,.  j 

/ 


(17-55) 


When  there  is  no  heat  exchange  at  the  initial  instant  | (<?<•) po-o=0] 

the  corresponding  term  in  the  first  equation  of  (17-55)  drops  out. 
Tf  a4-  a  certain  value  Fo  =  Fo .  the  relationship  <^(Fo)  has  a  jump 

in  q ^  equaling  then  the  integrals  are  evaluated  by  the  usual 

'thod  and,  in  addition, we  add  the  term 

2^j£(Fo-Fo<)'^c,. 
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We  co  not  add  this  term  to  the  second  equation  of  (17-55)  if 
Foi<Fo — Fo,. 

2.  We  shall  now  consider  heat  exchange  in  the  thermal  initial 
segment  of  a  round  tube  at  whose  walls  the  heat-flux  density  is  con¬ 
stant  along  the  surface,  but  variable  in  time.  In  such  case,  the 
energy  equation  in  integral  form  looks  like  this: 

A  A 

•37J  ('• — y)  — '.My + ^  J  (rt  —  y)  »x  (17-56) 


ment  in  round  tube  when  q  varies. 


Using  Relationships  (17-41)  and  (17-49)8  for  the  velocity  and 
temperature  distributions  over  the  cross  section  of  the  boundary  lay¬ 
er,  and  integrating,  we  obtain 


-*-(L 

OVo  \  6 


-=l. 


(17-57) 


Solution  of  this  equation  by  the  method  of  characteristics  leads 
to  the  following  results. 

For  a  single  Jump  In  heat-flux  density  from  zero  to  a  (when 

s 

there  is  no  heat  exchange  at  the  initial  instant),  we  have: 

a)  for  the  region  of  nonstationary  heat  exchange  (Fo  <  Fo  ) , 

—  8 


(17-58) 


b)  for  the  stationary  state  (Fo  >  Fo  ). 

—  s'  * 


-'-A*  — 1  A4  l-  -A* 
b  Ht  1  00 


X. 


(17-59) 


6/-497 
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Figure  17-12  shows  A  as  a  function  of  Fo  and  X *  with  the  rela 
tionship  computed  from  Eqs.  (17-58)  and  (17-59). 


Solving  (17-58)  and  (17-59)  simultaneously  for  each  specified 
valud  of  2,  we  have  no  difficulty  in  finding  the  time  required  for 
the  stationary  state  to  set  in.  Figure  17-11  shows  the  dependence  of 

Fo  on  X  (curve  2). 

0 


The  variation  in  wall  temperature  produced  by  the 

q  is  found  from  (17-^9): 

’s 

t  _ /  _  r*  7 

tc  —  yt®' 


single  jump 


(17-60) 


where  A  is  found  from  (17-58)  and  (17-59),  or  from  the  graph  (Fig. 
17-12) . 

If  there  is  a  stationary  heat-exchange  process  at  the  initial 

Instant,  and  during  the  subsequent  period  q  varies  In  time  accord- 

s 

ing  to  the  specified  law,  then  the  wall-temperature  variation  can  be 
determined  from  the  results  for  a  single  jump  and  the  method  which 

we  have  employed  several  times  previously.  As  a  result,  we  obtain 


/«(*,  Fo)— /,=^[Api>  ^e)P(,=d+ 

+  f  Fo'  F»- 

Fo — Fof 


(17-61) 


Here  the  notation  Is  the  same  as  in  (17-47). 

When  there  is  no  heat  exchange  at  the  Initial  Instant  (when 
Fo  *  0),  the  corresponding  term  in  the  first  equation  of  (17-61) 
vanishes.  If  the  function  o_ (Fo)  has  a  jump  A q  .  at  Fo  =  Fo. ,  then 

S  St*  u 

evaluating  the  integrals  in  the  usual  way,  we  add  the  term 

This  term  is  not  added  to  the  second  equation  of  (17-61)  if 
Fo,<Fo-  Fo«. 

Example.  A  fluid  for  which  A  =  0.1  kW/m«deg  and  a  =  2. 47  •10-'1 
m*/h  flows  in  a  tube  of  diameter  d  -  20  mm  at  a  velocity  w  -  0.06 
u/s.  neat-flux  density  qQ  =  1500  kW/m2  is  maintained  for  a  long 

period  at  the  tube  wall:  the  stationary  heat-exchange  process  is 
disrupted  by  an  instantaneous  Increase  in  the  heat  flux  by  a  factor 
of  2.  We  are  to  determine:  1)  the  time  interval  after  which  the  new 
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stationary  regime  sets  in  at  a  distance  x  *  140 d  from  the  beginning 
of  the  heated  segment;  2)  the  wall  temperature  at  this  distance  30  s 
after  the  instantaneous  increase  in  the  heat  flux  and  After  the  sta¬ 
tionary  state  has  been  established. 

The  number  pT-  IT  “  •  -j-= 0,008  .  Here  the  value  of  X  (see  Pig. 

17-11)  is  =  0,062 .  Thus  the  time  after  which  the  new  stationary 

ro 

regime  sets  in  is  x  *  91.2  s. 

To  determine  the  wall  temperature  for  ,  we  use  the  first 
equation  of  (17-61).  With  allowance  for  the  rule  used  above  to  al¬ 
low  for  the  jump  Aq  . ,  in  our  case  we  have 

S  T> 

/c  —  l^Po4(Vc)Po=0l  +  ^  APo_Fo  Aqc<. 

By  hypothesis,  (qc)po=0=^c<  =  <7c  =  i500kW/mm2»  while  Fo.  =  0.  Conse¬ 
quently  , 


30  s  after  the  instantaneous  increase  in  the  heat  flux, 

Fo:  -5=0,020.  .  Using  (17-58)  or  Fig.  17-12,  we  find  V=r.°,67  and 
r0  * 

A?„=0.37 .  Using  the  last  equation  for  (4— to)  t  we  find  the  wall  temp¬ 
erature:  30  s  after  the  increase  in  the  heat  flux,  /c— /o=78°C  ;  after 
the  stationary  state  has  been  established  (Fo  =  Fo  ) ,  *c — fo=IOO“C. 

17-5.  HEAT  EXCHANGE  IN  A  FLAT  TUBE  i.ITH  PULSATING  FLOW 

In  many  cases,  the  heat-exchange  process  is  nonstationary  owing 
to  the  nonstationary  nature  of  the  flow.  In  such  case,  the  thermal 
boundary  conditions  may  remain  stationary.  An  example  is  heat  exchange 
with  a  pulsating  fluid  flow. 


1.  Let  pulsating  flow  take  place  in  a  flat  tube  whose  wall  temp¬ 
erature  is  maintained  constant  and  different  from  the  fluid  entrance 
temperature.  The  flow  pulsations  are  produced  by  sinusoidal  oscilla- 
lons  superposed  on  the  stationary  (time-averaged)  pressure  gradient, 
s».  that  the  instantaneous  pressure  gradient  is  a  periodic  time  func¬ 
tion: 


•lr 

Ox 


(17-62) 


COP  \  rj  |MC 

,77  J  =— — r  is  the  stationary  component  of  the  pressure  gradient; 
’  /  • 

■j  is  the  average  (over  the  cross  section  and  the  time)  flow  velocity; 

'  •  the  dimensionless  amplitude  of  pressure  oscillations;  u>  =  2tt/to 
is  the  oscillation  frequency j  to  is  the  oscillation  period;  x  is  the 


The  fluid  arrives  at  the  heated  tube  segment  from  the  stilling 
segment,  so  that  the  flow  is  stabilized  in  the  heated  segment  and, 
consequently,  the  velocity  is  independent  of  the  longitudinal  coor- 
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ilaate.  We  assume  that  the  fluid  is  incompressible,  and  that  its 
ohysical  properties  are  constant;  we  also  ignore  the  energy  dissipa¬ 
tion  in  the  flow  and  the  variation  in  heat  flux  along  the  axis  owing 
to  conduction. 

A  solution  is  known  for  the  problem  of  fluid  moving  under  such 
conditions.  The  velocity  distribution  has  been  given  in  §5-7.  Thus 
we  turn  directly  to  the  heat-exchange  problem,  which  has  been  solved 
in  approximation  by  Siegel  and  Perlmutter  [8],  Taking  the  conditions 
formulated  into  account  and  assuming  that  the  flow  contains  no  inter¬ 
nal  heat  sources,  we  write  the  energy  equation  in  the  form 

5T  +  “''3r==a5F*  (17-63) 


For  wx  we  have  the  equation 


(17-64) 


where  U(Y,  «*t,  Af)  is  a  periodic  function  depending  on  «=  2*t»  y=y{r. 

/-wJY1*  * 

and  the  parameter  ^=(27)  .  An  expression  for  U  is  given  in  §5-7. 

We  substitute  (17-64)  into  (17-63),  and  write  the  energy  equa 
tion  in  dimensionless  form: 


r)»r 

ay*' 


(17-65) 


Here  T Po~ 


UZ 


y _  8  ^ 

A  ~YPc 


2r, 


»*>d  Pe  : 


We  note  that  wt  and  Fo  are  connected  by  the  relationship 
<or =2M*PrFo. 


Equation  (17-65)  is  solved  under  the  following  boundary  condi¬ 
tions  : 


7(0,  Y,  Fo)  =0;  (l7-66a) 

T(X,  ±1,  Fo)  =  I;  (l7-66b) 

(,,r)y-o  °'  (17-66c) 


To  satisfy  .the  first  boundary  condition,  wo  must  impose  a  re¬ 
striction  on  the  pressure-gradient  fluctuations.  They  must  not  he 
so  large  as  to  produce  a  reverse  flow  of  fluid  from  the  center  por¬ 
tion  •'■*  the  tube  toward  the  entrance  to  the  heated  section. 

It  is  clear  that  T  will  vary  periodically  in  time.  For  very 
ill  pressure  oscillations,  the  expression  for  T  should  reduce  to 
solution  of  the  stationary  problem  (see  §6-2): 
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(17-67) 


T,=  1  —  £  *.4y,<>’)c*p(^-«*  Jf). 


Each  eigenfunction  >  is  a  series  In  cosines, 

ft 


co tEjr, 


where  Em=(m-\- ;  the  values  of  and  e*  are  given  In  Table 

o-5  • 

We  seek  a  solution  for  the  nonstationary  state  in  a  form  analo¬ 
gous  to  (17-67): 


r=l  '.(y)Fu(X.  Fo). 

■=.# 


(17-68) 


where  F„  is  the  unknown  function. 

ft 

The  dependence  on  Y  in  (17-68)  satisfies  the  boundary  condi¬ 
tion  (17-66b)  and  (17-66c).  The  function  F  should  be  a  periodic 

ft 

time  function,  and  should  satisfy  the  boundary  condition  at  the  en¬ 
trance  (17 — 6a).  In  addition,  for  small  velocity  oscillations,  P 

ft 

should  approach  the  expression  for  the  stationary  state,  exp(— e***), 
which  appears  in  (17-67). 


To  determine  F  -  we  use  an  integral  form  of  the  energy  equation, 

ft 

which  can  be  obtained  by  integrating  (17-65)  over  the  tube  cross  sec¬ 
tion: 


nirfar+  nfv-r+mrdr-ffl^. 


(17-69) 


Substituting  (17-68)  into  (17-69),  we  find  a  partial  differen¬ 
tial  equation  for 


i Ftofr*r+d-k-i  C  --  (%-)  . 

0  0  '  / 


(17-70) 


An  equation  of  this  type  is  solved  by  the  method  of  character- 

i 

istics.  If  we  use  the  abbreviated  notation^  gf*'.  Fo)fiff=g(Fo)to  write  the 

0 

Integral  coefficients  in  (17-70),  where  g  is  the  integrand,  then  the 
characteristic  system  of  ordinary  differential  equations  corresponding 
to  (17-70)  is  written  as 


d  Fo  _  d  X 

'fn 


(17-71) 
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We  integrate  the  equation  formed  by  the  first  two  expressions  of 
(17-71)  from  a  certain  arbitrary  point  with  coordinates  Xo,  Fo*.  As  a 
result,  we  obtain  the  relationship  between  X  and  Po,  which  is  the 
characteristic  equation  with  origin  at  X*  and  Fo*.  We  are  interested 
only  in  the  characteristic  with  origin  at  X  *  0,  since  this  will  satis¬ 
fy  boundary  condition  (17-66a).  Letting  X*  *  0,  we  thus  obtain 


^-Y'  +  W)KdFo= 


(17-72) 


have 


After  substituting  the  values  of  U  and  and  integrating,  we 

_X_.tm(c0,2Af,Pi  Fo— cos2Af*PrFo#)  -f 
+aFS^sin2AftprFo~sin2A!*PrFo^,  (17-73) 


WhtMV 


4. 


* M  ‘  ~F.m 

«C»  <1 


Vb-=-  ir£» 

Zjb-  ‘4A#*  +  £j, 
f  ■  (Af )  =  1  —  - i 


»-  tJJC 

Em 


4 


*«•  4iW«  +  /;i, 


s 


('»m  (--  I  )- 
km 


Now  that  we  have  found  the  equation  for  the  characteristics, 
let  us  see  how  Fn  varies  along  these  lines.  Equating  the  first  and 

last  expressions  of  (17-71)  and  integrating,  we  find 


(17-74) 


The  lower  limit  of  integration  corresponds  to 

dition  F  =  1  at  Fo  =  Foq .  Since  Foq  is  located  at 
n 


the  boundary  con- 
the  origin  of  the 
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characteristic  line,  where  x=0  ,  this  boundary  condition  is  equiva¬ 
lent  to  the  condition  F„=i  at  X=0  for  any  Fo#.  If  Fn= 1  ,  then  (17-68) 
-akes  the  same  form  as  Solution  0  7-67)  for  the  stationary  state  at 
0.  Since  7*,=0  when  X=0,  boundary  condition  (17-66a)  is  satisfied. 

Integrating  (17-7*0,  we  find 

Inf**— £„(Fo— Fo#),  (17-75) 


where 


4 


m= 0 


To  eliminate  Fo0 ,  we  solve  (17-73)  and  (17-75)  simultaneously. 
As  a  result,  we  obtain  a  relationship  for  F  that  is  valid  for  every 
X  and  Fo:  n 

— dl*7»r 1 cos  2AF  po  —  cos  2M*  Pr  (po  -f  In  ]  -f* 

+2STR-  [  sin  2Af 1  Pr  Fo  —  sin  2Af*  Pr  (fo+ JLlnFn)].  (17-76) 


where  »)«-/«>•.  The  numerical  valuer,  of  /„.  £„  ii  tjB  are  given  In  Table 
17-2. 7 

When  the  flow  fluctuations  are  small  (y  ♦  0),  the  terms  con¬ 
taining  the  ordinary  sine  and  cosine  drop  out  of  (17-76)  and  the  func, 
tlon  Fn  takes  on  the  limiting  value 

F„=exp(— TjJf). 

If  this  limiting  value  is  to  correspond  to  the  stationary  state 
.  r  which/"'n=exp(— e*nX),in  accordance  with  (17-67),  the  values  of  n 

Yt 

must,  coincide  with  the  values  of  e2  .  It  is  clear  from  Tables  6-5 

n 

•.  t  17-2  that  there  is  good  agreement,  except  for  large  «.  This  dis¬ 
crepancy  is  explained  by  the  fact  that  when  we  analyzed  nonstation¬ 
ary  flow,  we  represented  the  eigenfunctions  as  series  with  a  limited 
-moor  of  terms.  If  we  use  the  exact  values  of  the  eigenfunctions  or, 
in  other  words,  more  terms  of  the  series,  then  as  was  shown  in  [1], 

must  be  the  same  as  e2  .  Thus  within  the  limits  of  the  five-term 
>:  n 

approximation  used  for  the  eigenfunction,  the  approximate  solution 
obtained  reduces  to  the  exact  solution  for  the  stationary  state  when 
:!••  oscillation  amplitude  approaches  zero. 

Slice  we  now  know  the  temperature  field,  we  can  use  the  Fourier 
law  and  Fq .  (17-68)  to  find  an  expression  for  the  heat-flux  density 
at  tlie  wall: 


7/497 
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Pig.  17-13.  Heat  transfer  for  a  pulsating  flow  with  low  oscillation 
frequency  at  M-0.I; Pr-o.7;  1)  Calculated  from  Eq.  (17-77);  2)  cal¬ 

culated  on  the  assumption  that  heat  transfer  is  quasi stationary;  3) 
calculated  for  slug  flow;  *1)  heat  transfer  for  constant  average  velo¬ 
city.  a)  deg. 


17-14.  Difference  between  nonstationary  and  stationary  values 
of  heat  flux  for  pulsating  flow  with  M-  J.O;  Pr-o.7:  v-to  .  1)  Calculated 
from  Eq.  (17-77)  for  m  =  0-135°;  2)  the  same,  u>x  =  180-315°.  a)  deg. 


</,r, 

*  V. ■  -  i.) 


n  H  i»i  ll 


(17-77) 


Lot  us  analyze  the  way  In  which  the  heat-flux  density  depends 
on  the  parameter  M  associated  with  the  oscillation  frequency,  Pr, 
and  the  dimensionless  pressure-fluctuation  amplitude  y/2. 

The  influence  of  the  parameter  M  can  be  seen  on  Pig.  17-13, 
17-lH,  and  17-15.  For  the  cases  shown  in  these  figures,  a  value  of 
0.7  was  taken  for  Pr,  while  y  =  1  (i.e.,  the  amplitude  of  the  pres- 
rure-gradi ^nt  fluctuations  corresponds  to  half  the  pressure  gradient 
the  stationary  state).  Thus  the  cases  selected  for  illustration 
orrespond  to  fairly  large  pressure  fluctuations. 


-  - 


^ig  re  17-13  shows  the  varjaton  In  the  dimensionless  heat-flux 
density  along  the  tube  length  for  ft  «  0.1  for  every  eighth  cycle  of 
oscillation.  As  we  have  noted  in  §5-7,  at  such  a  low  frequency,  the 
oscillations  occur  so  slowly  that  the  velocity  distribution  is  quasl- 
st at ionary.  This  means  that  the  velocity  variations  are  in  phase  with 
the  pressure  variations,  and  the  velocity  profile  at  any  instant  will 
be  parabolic,  corresponding  to  the  instantaneous  pressure  gradient. 

If  we  calculate  the  heat  flux  for  specified  values  of  ut,  using  the 
stationary-state  equatons  and  the  Instantaneous  values  of  mean  velo¬ 
city,  as  Fig.  17-13  shows,  the  results  of  the  calculation  will  be  in 
good  agreement  with  the  results  of  calculations  using  Eq.  (17-77)  for 
the  nonstationary  state. 


Fig.  17-15.  Difference  between  nonstationary  and  stationary  values 
of  heat  flux  for  pulsating  flow  with  Pr-o.7;  y-i.o#  The  symbols  are 

the  same  as  for  Figs.  17-13  and  17-14.  a)  deg. 


Fig.  17-lb.  Difference  between  nonstationary  and  stationary  heat-flux 
valii  .  for  pulsating  flow  wit  h  Pr=o.oi; v~i.o .  1)  Calculated  from  Eq. 

(17-77)  for  toT  =  0-131°;  P)  the  same,  ut  =  180-315° ;  3)  computed  on 
t  he  ass.-.  •»  t  ion  tint  heat  transfer  Is  quasi  stationary ;  4)  computed  for 
slug  flew,  a)  deg. 
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Thus  when  M  <_  0.1,  the  heat  f_ux.es  under  nonstationary  condi¬ 
tions  can  be  determined  on  the  basis  of  the  assumption  that  _ the  heat- 
exchange  process  is  quasistationary.  In  particular,  when  *r=90.«a  270* 
the  pulsating  velocity  component  equals  zero.  Consequently,  the  mean 
velocity  of  the  nonstationary  flow  will  be  the  same  for  these  time 
values  as  for  stationary  flow.  Since  heat  exchange  is  quaslstatlonary 
in  this  case,  when  «t=90l«,270,>  ,  the  heat  fluxes  calculated  for  the  non¬ 
stationary  case  will  coincide  with  those  for  the  quaslstatlonary  ap¬ 
proximation. 

Figures  17-14  and  17-15  show  the  results  of  heat-transfer  cal¬ 
culations  for  M  =  1.0  and  2.0.  Here  the  axis  of  ordinates  shows  the 
dimensionless  difference  between  the  Instantaneous  nonstationary  heat 
flux  and  the  stationary  heat-flux  value  calculated  from  the  mean  velo- 

city  (the  stationary  heat  flux  corresponds  to  curve  4  on  Fig. 

17-13).  When  we  compare  the  curves  for  the  heat  fluxes  with  the  curves 
for  the  pulsating  velocity  component  (Fig.  5-22  and  5-23)  for  the  same 
values  of  M  and  ut,  it  is  easy  r.o  see  that  when  Af=l  or  2,  heat  trans¬ 
fer  is  still  not  quaslstatlonary.  For  example,  with Af=I  wr=I35* , 
the  pulsating  velocity  component  is  negative.  Consequently,  the  in¬ 
stantaneous  value  averaged  over  the  entire  tube  is  less  than  the  mean 
velocity  under  stationary  conditions.  In  this  case,  the  nonstationary - 
regime  heat  transfer  computed  from  quaslstatlonary  theory  should  he 
less  than  under  stationary  conditions.  But  in  facr;,  as  we  can  see 
from  Fig.  17-14  (the  curve  for  wt  *  135°),  the  heat  transfer  is  great¬ 
er  over  the  entire  tube  length,  except  for  a  small  segment  near  the 
entrance.  As  another  example,  let  us  look  at  the  case  in  which  M  *  2 
and  on  »  0.  Here  the  Instantaneous  mean  velocity  exceeds  the  mean 
velocity  under  stationary  conditions,  while  the  heat  transfer  is  less, 
which  also  contradicts  the  quaslstatlonary  theory. 

Comparing  Figs.  17-13,  17-14,  and  17-15,  we  note  that  as  the 
oscillation  frequency  or,  more  accurately,  the  parameter  Af,  increases, 
the  change  in  heat  transfer  caused  by  the  velocity  pulsations  decreases. 
This  is  explained  by  the  fact  that  the  velocity  pulsations  decrease 
as  ff  becomes  larger  (see  Fig.  5-23).  Thus  for  M  5  (y=l -hi  Pr=0,7)  ,  the 
velocity  pulsations  are  so  small  that  their  influence  on  heat  trans¬ 
fer  can  be  neglected. 

The  influence  of  Pr  can  be  seen  in  Figs.  17-14,  17-16,  and  17-17, 
which  show  the  results  of  calculations  for  A!  =  I,  y=-- 1  and  Pr  =  0.7, 

0.01,  and  10.  To  gain  a  better  understanding  of  these  results,  let 
us  determine  the  mean  distance  traversed  by  the  fluid  during  a  com¬ 
plete  oscillation  cycle.  This  distance  is  determined  by  the  mean 
stationary  velocity,  since  the  pulsating  velocity  component  vanishes 
when  we  integrate  over  the  entire  cycle.  The  oscillation  period 
t0=2 «/«•>  ,  while  the  distance  traversed  by  the  fluid  during  an  entire 

cycle  is  *>=  «'  ■—  or ,  in  dimensionless  form, 

..  N  I  .v,  2n 
*'•  r'iv":v,  _TuiM»r  • 

The  distance  X9  can  vary  within  wide  limits.  Thus  when  M  =  1 
nd  Pr  *  0.01,  0.7,  and  10,  the  corresponding  values  of  XQ  are  210, 

3.0,  and  0.21. 
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Fig.  17-17.  Difference  between  nonstationary  and  stationary  values  of 
heat  flux  for  pulsating  flow  at  Af-i.O;  Pr-iO;  v=l.o  .  The  symbols  are  the 
same  as  on  Fig.  17-16.  a)  deg. 


For  constant  wall  temperature,  it  makes  sense  to  consider  the 
heat  transfer  for  tube  segments  with  reduced  length  X  <_  3,  since  when 
X  is  large  the  heat  fluxes  become  very  small,  so  that  the  fluid  temp¬ 
erature  approaches  the  wall  temperature  (see,  for  example.  Fig.  17-13) 

When  Pr  <<  1,  for  example,  when  Pr  =  0.01,  the  reduced  distance 
X  =  3  forms  a  small  fraction  of  the  reduced  length  corresponding  to 
the  complete  cycle  of  Xo  oscillations.  In  essence,  this  means  that 
the  time  interval  characterizing  establishment  of  the  stationary 
state,  determined  by  the  value  of  X ,  turns  out  tc  be  far  less  than 
the  oscillation  period,  characterized  by  Xq.  Thus  results  calculated 
from  Eq.  (17-77)  for  each  value  of  u>t  should  coincide  with  the  solu¬ 
tion  for  stationary  flow  with  the  same  velocity  profile  as  the  instan¬ 
taneous  nonstationary  velocity  profile  for  the  given  values  of  M  and 
o) x.  For  M  <_  1,  when  the  velocity  profiles  are  nearly  parabolic,  the 
computational  results  should  agree  with  quasistationary  theory,  which 
is  the  case  in  Fig.  17-16. 

If  Pr  Is  sufficiently  large,  for  example,  Pr  =  10  (see  Fig. 
17-17),  then  the  reduced  length  corresponding  to  a  complete  cycle 
or  Y*  forms  only  a  part  of  the  reduced  length  X  z  3.  Here  the  actual 
heat-transfer  values  will  differ  substantially  from  the  values  pre¬ 
dicted  by  the  quasistationary  theory.  For  example,  when  M  =  1  and 
ox  =  90°,  the  pulsating  velocity  component  is  positive  (see  Fig. 

5-12),  so  that  In  accordance  with  the  quasistationary  theory,  the 
,it*at  transfer  should  be  greater  for  all  values  of  X  than  in  sta¬ 
tionary  flow.  As  we  can  see  from  Fig.  17-17,  however,  the  difference 
. -’tween  the  values  of  the  nonstationary  and  stationary  heat  flows 
'  v  «nT — 90° I  vary  along  X  in  accordance  with  an  oscillating  curve  that 
tuKes  on  positive  and  negative  values. 

Figures  17-14  anu  17-18  show  the  influence  of  the  pressure- 
oscillation  amplitude.  On  the  second  figure,  the  double  amplitude 
y  =  2,  i.e.,  it  is  2  times  the  value  for  the  first  figure,  while 
the  other  parameters  are  identical.  Increasing  the  amplitude  by  a 


i 

i. 


Fig.  17-18.  Difference  between  nonstat ionary  and  stationary  values  of 
heat  fluxes  for  pulsating  flow  with  M  =  1.0;  Pr  *  0.7;  Y  “  2.0.  The 
symbols  are  the  same  as  for  Fig.  17-16.  a)  deg. 


factor  of  2  does  not  significantly  change  the  nature  of  the  curves, 
but,  as  we  might  expect,  the  difference  in  heat  transfer  for  the 
nonstationary  and  stationary  regimes  nearly  doubles.  The  amplitude 
has  the  same  influence  in  other  cases:  the  curves  are  deformed  some¬ 
what,  while  exhibiting  no  new  features. 

We  must  once  again  emphasize  that  the  heat-transfer  calcula¬ 
tions  considered  here  are  valid  only  for  a  combination  of  the  para¬ 
meters  M  and  y  such  that  no  reverse  flows  appear  (a>*^0).  For 

1  t  however,  the  velocity  pulsations  are  so  large  as  to 
cause  a  reverse  flow  of  the  fluid.  This  effect  will  become  more  pro¬ 
nounced  at  greater  amplitudes  and  the  same  value  of  M. 

The  determination  of  heat  exchange  in  pulsating  flow  will  be 
significantly  simplified  if  we  introduce  the  notion  of  the  uniform 
velocity  distribution  over  a  cross  section,  i.e.,  if  we  use  the  slug- 
flow  model.  In  this  case,  there  is  an  exact  solution  for  the  energy 
equation.  Such  calculations  have  been  carried  out  in  [9].  Certain 
of  the  computational  results  are  shown  in  Figs.  17-13,  17-15,  and 
17-16  in  the  form  of  individual  curves.  The  computation  based  on 
the  slug-flow  model  and  the  integral  method  considered  here  yield  a 
qualitatively  identical  kind  of  heat-transfer  variation,  but  differ¬ 
ent  quantitative  results. 

To  determine  the  resultant  influence  of  velocity  pulsations  on 
the  mean  heat  transfer,  it  is  necessary  to  integrate  the  instantan¬ 
eous  heat  fluxes  at  each  point  in  the  tube  over  the  entire  oscilla¬ 
tion  cycle,  and  then  to  integrate  the  local  values  (averaged  over 
time)  found  for  these  quantities  over  the  tube  length.  For  example, 
the  curves  of  Figs.  17-15  and  17-17  are  symmetric  about  the  X  axis 
(the  positive  and  negative  components  are  identical,  in  the  main). 
Here  Is  obvious  that  we  cannot  obtain  an  increase  in  the  mean 
h.->at  transfer  as  compared  with  the  stationary  regime.  For  nonsymme- 
tric  curves  such  as  those  of  Figs.  17-14  and  17-18,  heat  transfer 
will  increase  at  certain  points  along  the  length  and  decrease  at 
others.  As  a  rule,  the  absolute  values  for  negative  results  will  be 
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somewha<  greater  near  he  entrance.  Consequently,  heat  transfer 
should  decrease  slightly  for  short  tubes.  Por  sufficiently  long 
tubes,  however,  the  change  In  average  heat  transfer  Is  negligible. 

Thus  velocity  pulsations  lead  to  no  noticeable  Increase  or  de¬ 
crease  in  the  mean  heat  transfer  a 3  compared  with  stationary  flow 
conditions.  Naturally,  this  condition  holds  provided  the  flow  re¬ 
mains  ^.amlnar  over  the  entire  oscillation  cycle.  When  this  condi¬ 
tion  Is  satisfied,  the  conclusion  Is  In  agreement  with  the  experi¬ 
mental  data.  Experiments  carried  out  for  sufficiently  small  values 
of  Re,  where  it  is  impossible  to  go  over  to  turbulent  flow,  either 
show  no  pulsation  influence  whatsoever,  or  a  slight  increase  in 
heat  transfer  [10,  14],  If  the  value  of  Re,  calculated  from  the  mean 
stationary  velocity,  is  sufficiently  great  (although  less  than  Re^,) , 

then  during  flow  acceleration,  the  instantaneous  values  of  mean  velo¬ 
city  may  reach  values  corresponding  to  Re  >  RekI>.  In  such  case,  as 

experiment  has  shown  [10],  there  will  be  a  significant  growth  In 
heat  transfer  (by  a  factor  of  2  or  more)  as  a  result  of  turbulence. 
This  Is  an  even  stronger  possibility,  since  Rekr  is  apparently  lower 

for  pulsating  flow  than  for  stationary  flow.  Thus  according  to  the 
data  of  [11],  Re^  is  about  1500  when  calculated  from  the  mean  sta¬ 
tionary  velocity,  as  against  2100  for  stationary  flow  (see  also  §5-7), 

2.  The  prcblem  of  heat  exchange  during  pulsating  flow  In  a 
flat  tube  has  been  solved  for  constant  heat-flux  density  only  on  the 
assumption  of  slug  flow.  As  in  the  preceding  case,  let  the  velocity 
variation  be  produced  by  sinusoidal  oscillations  In  the  pressure 
gradient  in  accordance  with  (17-62). 

We  take  the  fluid  velocity,  constant  over  the  cross  section, 
to  equal  the  actual  flow  velocity  averaged  over  the  cross  section, 
i.e.,  we  follow  Eq.  (5-57)  (see  §5-7).  Thus  the  Instantaneous  velo¬ 
city  depends  solely  on  the  time.  All  remaining  problem  conditions  are 
the  same  as  In  the  preceding  paragraph. 

After  the  concept  of  slug  flow  has  been  Introduced,  the  problem 
admits  of  the  exact  solution  obtained  In  [9].  This  has  the  form 


"  H  +  T  Y*  — T  -  2S  yp  cos  (wtf) <*P  [~  (««)W).  (17-78) 

rtr=l 


The  function  H(X,  Fo)  Is  found  from  the  equation 
X^H  —  s^Tpr  Icos  2M' Pr  Fo  —  cos  2 M*  Pr  (Fo  —  H)\  -f 


Q 

lsin  2M ' Pr  Fo  —  sin  2 M*  Pr  (Fo  —  H)], 


(17-79) 


where 


_ 3t  Ti  *h2A<  +tia2Af  1. 

1  iSP  [  ”  +  j* 

n  __  3r  f*l»2itf-*in2AM 

TO?  [  TXf  (/<*  +  #)  “J: 


i4=sh/Vf sinAf;  B=chAfcosAf;  X 

PC  2f| 


The  remaining  definitions  are  the  same  as  in  the  preceding  para¬ 
graph.  Since  i  .  this  case  the  heat-flux  density  q  at  the  wall  is 

s 

specified  and  we  are  required  to  determine  the  wall  temperature,  let¬ 
ting  Y  *  ?  in  (17-78),  we  obtain 

(±l$r  ,l  +  7  “ 2  jj  exp [ -  (n*)'  //).  (  i7_8o  ) 


When  the  velocity  pulsations  are  very  small  (y  -*■  0),  the  function 
H  =  X  and  Eqs.  (17-78)  and  (17-80)  take  on  the  form  corresponding  to 
the  limiting  case  of  stationary  slug  flow  in  a  flat  tube. 


(tru if} 
<kr» 


Fig.  17-19-  Difference  in  wall 
temperatures  for  pulsating  and 
stationary  flows  at  M  =  1.0; 

Pr  =  0.7;  y  =  1.  a)  deg. 


When  Ji-  heat-flux  density  is  constant  at  the  wall,  the  velo- 
'  y  pulsations  produce  periodic  oscillations  in  wall  temperature; 
is  important  to  know  these  if  we  are  to  evaluate  the  operating 
reliability  of  a  heat-exchange  system.  As  an  example.  Fig.  17-19 
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shows  the  variation  in  wall  temperature  along  tube  length  at  various 
times  during  the  complete  oscillation  cycle  for  'M=i,  Pr=0,7..nd y=  I  .  The 
axis  jf  ordinates  gives  the  dime  ns  ionless  difference  in  wall  temp¬ 
eratures  for  pulsating  (i  )  and  stationary  (t  )  flows  with  identical 

5  5  8 

average  (over  time  and  over  cross  section)  velocities  u. 

As  we  see,  the  wall  temperature  may  deviate  very  significantly 
from  the  values  corresponding  to  stationary  flow.  The  deviations 
equal  zero  at  node  points  with  coordinates  X  equal  to  or  multiples 
of  the  dimensionless  length  of  a  complete  cycle  of  oscillation  in 
*o  (  in  this  case  A'0-nM ‘/2Pr  ) .  Thus  the  larger  Pr  or  M,  the  more  node 
points  will  fit  within  a  given  tube  segment.  Under  the  conditions 
corresponding  to  Pig.  17-19,  therefore,  Xq  =  4.il9>  and  three  node 
points  will  fit  within  a  tube  segment  of  length  X  »  9.  As  M  increases, 
the  deviation  of  the  wall  temperature  from  the  values  corresponding 
to  the  stationary  state  will  decrease. 

To  conclude,  we  note  that  the  results  given  here  are  valid  only 
for  an  infinitely  thin  wall  whose  heat  capacity  is  zero.  If  the  wall 
has  finite  thickness  and  heat  capacity,  these  will  smooth  the  tempera¬ 
ture  fluctuation. 

17-6.  HEAT  EXCHANGE  IN  A  FLAT  TUBE  FOR  STEP  VARIATION  IN  PRESSURE 
GRADIENT  WITH  TIME 


Let  a  fluid  be  in  stationary  motion  within  a  flat  tube  at  a 
mean  velocity  wi;  let  there  be  a  stationary  heat-exchange  process  at 
constant  wall  temperature.  At  time  t  =  0,  the  pressure  gradient 
changes  instantaneously  and  takes  on  a  new  constant  value.  As  a  re¬ 
sult,  a  nonstationary  transient  process  appears,  during  which  the 
fluid  velocity  changes  from  w*  to  the  new  constant  value  w2;  here 
the  wall  temperature  is  maintained  constant.  All  other  conditions 
are  the  same  as  for  the  problem  considered  in  the  preceding  section. 


Let  us  investigate  the  nonstationary  heat  exchange  during  the 
transient  period.  For  this  case,  the  energy  equation  will  have  the 
same  form  as  (17-63).  The  velocity  distribution  during  the  transient 
is  also  known,  and  is  found  from  Eq.  (5-^8).  Thus,  going  over  to 
dimensionless  variables,  we  have 


— _ d— 

d  Fo  “  3  *  dX  ~  dY' ' 


(17-81) 


where 


to,  2 


Here  we  let 


-  Y'  ~ 4 (l  -  ^cos £,rexp(-£’Pr  Fo)J •  (17-82) 


T—\ — T:  =  — Pc .  y  y  ' 

U-t,  ■:  3  Pe  2r,  Fe_  — ,  Y  =  ~- 


Equation  (17-81)  must  be  solved  under  the  initial  condition 
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(I7-?3a) 


T(X,  Y,  i ,  =  r„ 


and  the  boundary  condition 


7*  (0,  K,  Fo)  =  0, 
rt  1 ,  Fo)»l, 


(17 -83b) 


where  T  ,  is  the  stationary  temperature  distribution  at  the  initial 
8  1  • 

instant. 

The  solution  of  this  non3tationary  problem  can  be  represented 
in  a  form  analogous  to  Solution  (17-67)  for  the  stationary  case: 

fo).  d7-84) 

where  Gn  is  the  unknown  function,  which  depends  both  on  X  and  Fo. 

Equation  (17-84)  already  satisfies  the  second  and  third  boundary 
conditions.  The  initial  condition  requires  that 

Gn(X,  0)  =  exf./-V|Lx)  (17-85) 

( wi/wi  appears  since  X  contains  W2»  and  at  the  initial_instant  the 
fluid  velocity  averaged  over  the  cross  section  equals  wi). 

The  function  Gn  must  also  satisfy  the  boundary  condition  at  the 

entrance:  for  sufficiently  large  Fo,  it  approaches  the  new  station¬ 
ary  value 

Gn  (X,  oo)  =  exp  (—  e*  X). 

As  in  the  preceding  cases,  Gn  can  be  found  from  the  energy 

. -nation  in  integral  form,  which  is  solved  by  the  method  of  charac¬ 
teristics.  The  calculations  lead  to  the  following  results  [12], 

For  each  value  of  n  there  is  a  characteristic  curve  that  di¬ 
vides  the  Fo-X  plane  into  two  regions,  and  passes  through  the  origin. 
This  curve  is  described  by  the  equation 


T  si 

“77+ 

Pr+. 

l  !>.»(-  i)m 


[exp(-£’PrFo)-  1). 


msO 


(17-86) 


F'r’  the  region  below  the  characteristic  curve  (small  values  of 
Fo),  G  is  determined  from  the  equation 
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Fig.  17-20.  Heat  transfer  in  a 
flat  tube  with  step  variation 
in  pressure  gradient  and_con- 
stant  wall  temperature  (wj  *  0, 
Pr  =  0.7). 


(17-8/) 


for  the  region  lying  above  the  characteristic  curve  (large  values  of 
Fo)  Gn  is  found  from  the  equation 


±  j  %  •tfexp(-<P.  Fo)  X 

_  n  "* 


(17-88) 


x[l-exp(  -£>  >=£-)]. 

Here  N'».  Em,  b„<,.  bnm/bn0  *•„  have  the  same  values  as  in  (17-67); 


I 

* 

*(’•'  *J  _  The  constants  {»««.* in  are  found  with  the  aid  of  the  same 

l> 

relationships  as  the  similar  constants  in  (17-73)  and  (17-75);. 
tin «■*/„;„.  Their  values  are  given  in  Table  17-2. 

When  Fo  -*■  the  exponential  term  in  (17-88)  vanishes,  and 

then 


G„  =  esp( — r|„X). 

Since  the  values  of  are  in  good  agreement  with  the  values  of 
(except  for  large  n) ,  we  see  that  for  sufficiently  large  Fo,  ap- 
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proximate  solution  { 17 —SI; )  reduces  lo  the  exact  solution  for  the  sta¬ 
tionary  state.  Thus  we  can  use  (17-86)-^ 17-88)  to  de -ermine  ;  In 

(i.7-8A).  Using  the  Fourier  law  and  Eq.  vl7-84),  we  find  the  expression 
for  the  heat-flux  density  at  the  ..all: 


We-t,) 


=ES‘~Cc>- 


n  -0  «t=0 


1  )-£«C«. 


(17-89) 


As  an  example,  let  us  consider  the  case  in  which  the  pressure 
gradient  is  initially  zero,  and  then  abruptly  takes  on  a  constant 
value.  This  the  sharpest  possible  change  in  the  pressure  gradient, 
so  that  this  case  illustrates  the  maximum  influence  that  flow  non- 
stationarity  can  have  on  heat  exchange.  Thus  the  fluid  is  first  mo¬ 
tionless  and,  consequently,  its  temperature  in  the  heated  segment 
of  the  tube  will  equal  the  wall  temperature,  thus  differing  from 
the  temperature  of  the  fluid  at  the  entrance  (i.e.,  there  is  no  heat 
exchange  in  the  heated  segment) .  Figure  17-20  shows  the  change  in 
heat-flux  density  at  the  wall  with  time  for  Pr  =  0.7  and  several 
values  of  X.  At  the  beginning  of  the  nonstationary  period,  when 
fluid  motion  arises,  the  heat  transfer  in  a  certain  cross  section 
X  will  remain  equal  to  zero  until  the  fluid  at  temperature  t%  reach¬ 
es  this  section.  During  the  subsequent  period,  the  heat  flux  will 
rise  rapidly,  and  will  then  take  on  a  constant  (stationary)  value 
corresponding  to  the  velocity  distribution  that  has  been  established. 

17-7.  HEAT  EXCHANGE  IN  A  FLAT  TUBE  WITH  SIMULTANEOUS  TIME  VARIATION 
IN  PRESSURE  GRADIENT  AND  BOUNDARY  CONDITIONS  AT  THE  HALL 

In  this  case,  the  heat-exchange  process  is  nonstationary  owing 
both  to  the  nonstationary  nature  of  flow  and  the  time  variation  in 
the  boundary  condition  at  the  wall;  these  two  factors  act  simultan¬ 
eously. 

1.  Let  a  fluid  be  in  stationary  motion  at  an  average  velocity 
i)i  in  a  flat  tube.  The  fluid  and  wall  temperatures  are  identical 
everywhere,  and  equal  to  the  fluid  temperature  at  the  entrance 
[!=  (,■•  ~to),  so  that  there  is  no  heat  exchange.  At  a  certain  time  (t  = 

=  0) ,  the  pressure  gradient  and  the  wall  temperature  at  the  heated 
segment  change  instantaneously,  taking  on  new  constant  values. 

These  disturbances  produce  a  nonstationary  transient  process;  with 
the  course  of  time,  this  process  leads  to  a  new  stationary  state  of 
fiow  and  heat  exchange  with  mean  velocity  wr  and  wall  temperature 


^his  nonstationary  problem  resembles  the  one  considered  in  the 
preceuing  section.  If  we  define  the  dimensionless  temperature  in  the 
form 


T  ^ 


-  t\' 


then  the  energy  equation  (17-81)  and  the  boundary  conditions  (17-83b) 
Iso  apply  to  this  case.  The  initial  condition  will  differ,  however. 
In  place  of  (17-83a),  we  must  write 

T(X,  Y,  0)  -0. 
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I 


The  solution  of  this  problem  has  the  same  form  as  for  the 
preceding  one: 


T  -  l  //.{*.  Fo). 


(17-90) 


where  8  is  an  unknown  function. 

It 

The  function  J?n  is  determined  from  the  energy  equation  in  inte¬ 
gral  form,  which  is  solved  by  the  method  of  characteristics.  Calcu¬ 
lations  given  in  [12]  show  that  the  characteristic  curve,  which  di¬ 
vides  the  Fo-X  plane  into  two  regions  and  passes  through  the  origin, 
as  in  the  preceding  case,  is  described  by  Eq.  (17-86). 

For  the  region  lying  below  the  characteristic  curve  (small 
values  of  Fc) ,  the  function  Hn  is  found  from  the  equation 

//.«cxp(-{„Fo).  07-91) 


where  is  the  same  constant  as  in  (17-75). 

For  the  region  lying  above  the  characteristic  curve  (large 

values  of  Fo),  the  function  H  is  determined  with  the  aid  of  the 

n 

same  equation  as  the  function  Gn  in  the  preceding  section,  i.e., 
Eq.  (17-88),  where  we  must  replace  Gy  by  Hn  for  the  present  case. 


Fig.  17-21.  Heat  transfer  in 
flat  tube  for  simultaneous 
step  variation  in  pressure 
gradient  and  wall  temperature 
(wi  -  0,  Pr  =  0.7). 


The  expression  for  the  heat-flux  density  at  the  wall  coincides 
v. -  . !  Eq.  (17-89)  if  we  replace  the  function  Gn  by  the  function  H 

in  this  equation. 

Figure  17-21  shows  the  results  of  heat-transfer  calculations 
for  the  case  in  which  the  fluid  is  first  motionless  («»,  =  ())  ,  being 
everywhere  at  the  same  temperature  as  the  wall  i  =  /0)  ;  the  pres¬ 

sure  gradient  and,  simultaneously,  the  wall  temperature  change 


_ — ■  - . a 
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avruptly,  and  then  remain  unknown.  we  can  see  from  Fig.  17-21, 
for  each  value  of  X ,  the  heat  transfer  will  pass  through  a  minimum 
arid  then  increase  to  a  certain  cor.  -tant  value  corresponding  to  the 
stationary  state.  The  minimum  points  correspond  to  the  tire  inter¬ 
vals  i -ring  which  the  fluid  that  had  previously  been  in  tn?  stilling 
segment  reaches  the  given  tube  cross  section.  For  small  Ft  (less  than 
the  Fo  values  corresponding  to  the  minimum  points),  the  temperature 
along  the  tube  axis  will  not  change,  and  the  convective  term  will 
drop  out  from  the  energy  equation.  Thus  the  curve  on  the  left  side 
of  Fig.  17-21,  corresponding  to  a  reduction  in  heat  transfer,  essen¬ 
tially  reflects  the  process  of  nonstationary  heat  conduction.®  For 
values  of  Fo  xceeding  the  Fo  values  at  the  minimum  points,  the  der¬ 
ivative  ZT/dX  no  longer  equals  zero,  the  convective  term  in  the  en¬ 
ergy  equation  has  a  finite  value,  and  under  the  influence  of  the 
increasing  velocity  the  heat  transfer  increases  until  the  velocity 
reaches  the  constant  value  U2. 

2.  In  contrast  to  the  preceding  problem,  if  prior  to  the  ini¬ 
tial  time  there  is  stationary  heat  exchange  On  ¥*/•),  while  the  wall 
temperature  later  changes  abruptly  from  t  to  tS2>  with  a  simul¬ 
taneous  abrupt  change  in  the  pressure  gradient,  a  solution  can  be 
obtained  to  this  problem  by  summation  of  the  solutions  applying  to 
the  two  special  cases  considered  previously.  Let  the  following  con¬ 
ditions  obtain  in  each  of  these  cases: 


1 

Otyu*  j 

~  3 

TfMoepa* 
Typ*  m 
KxoAe 

- 3 - 

Cuu  nmtpiTjw 
errata 

- 5 - 

HiHnrnr  cto- 
POCTB 

5  flcpauH 

/.~0 

Or  0  ao  /c2-/c, 

'6  _  7 - 

Ot  w,  flo  w. 

9  Bropofi 

e  Or  /cl 

^>rw,  flo  w. 

9  CXllUHH 

6  Or  ffI  flo  re. 

^Or  tr,  ao  it. 

1)  Case;  2)  exit  temperature;  3) 
Jump  in  wall  temperature;  4) 
velocity  change;  5)  first;  6) 
from;  7)  to;  8)  second;  9)  to¬ 
tal. 


As  we  can  see,  summation  of  the  temperature  conditions  for 
uaes..  two  cases  yields  the  conditions  corresponding  to  our  present 
problem  (i.e.,  to  the  general  case). 

A  solution  can  be  written  for  the  first  case  if  we  use  Eq . 
(17-90): 

*  =  (/c,-fc,)[l-£  bn^n(Y)H„(X,  Fo)]. 

n=0  J 

'  •’  the  second  case,  on  the  basis  of  the  results  of  the  pre- 
coding  ?o  ■  i  ">n  [see  Eq.  (17-84)],  we  have 

1  V',  --/,)[  1  -  >]  M',,  (Y)Gn  (X,  Fo)]  +/„. 

#f=0  1 


teazel j?j&^2ti£sis£X£l 


V497 
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Fig.  17-22.  Heat  transfer  in  flat  tube  at  distance  I  *  0.1  from  the 
entrance  with  step  variation  in  pressure  gradient  and  temperature 
of  outside  wall  surface  («i  =  0;  2r«  *  6.5  mm;  wall  of  chrome-nickel 
steel,  air  as  heat-transport  medium). 


lem: 


Adding  these  expressions,  we  obtain  the  solution  to  our  prob- 


[  —  jl  tf*  —  tr\ 

/c«-  Irt  — /• 


4 

b„^n(Y)Hn(X.  Fo)]  + 

RaO  J 


4 

'I— £  *».  W)  On  (X,  Fo)l. 

nZo  J 


(17-92) 


When  /r2=/C|  ,  Eq.  (17-92)  reduces  to  (17-84),  while  when 
/ci  =/o,  it  reduces  to  (17-90). 

3.  In  studying  nonstationary  heat  exchange  under  a  step  change 
in  wall  temperature  with  time,  we  have  always  assumed  that  the  wall 
is  either  very  thin,  or  that  it  possesses  extremely  high  thermal 
diffusivity,  so  that  its  inside  surface  takes  on  the  specified 
temperature  almost  instantaneously  following  a  jump.  To  allow  for 
the  influence  of  finite  wall  thickness  on  heat  exchange,  we  must 
specify  the  instantaneous  change  in  temperature  at  the  outside 
surface,  and  Jointly  consider  the  nonstationary  conduction  processes 
in  the  wall  and  the  convective  heat  exchange  between  the  wall  and 
the  fluid  flow.  A  complete  solution  of  this  problem  is  very  diffi¬ 
cult,  but  we  can  give  a  certain  amount  of  analysis. 

During  the  initial  period  following  the  Jump  in  t  ,  heat  is 

s 

transported  in  the  flow  basically  by  conduction;  thus  to  calculate 
the  heat  exchange  during  this  period,  we  can  make  use  of  the  solu¬ 
tion  to  the  problem  of  nonstationary  heat  conduction  in  a  two-layer 
1  finite  plate.  The  first  layer  corresponds  to  the  tube  wall  and 
the  second  to  the  fluid  included  between  the  wall  and  the  tube  axis. 
A  solution  of  this  problem  under  corresponding  boundary  conditions 
has  been  given  in  [131,  while  an  expression  for  the  heat  transfer 
appears  in  [12].  This  computation  will  be  valid  for  values  of  Fo 
from  0  to  the  values  at  which  the  fluid  that  had  previously  been  in 
the  stilling  segment  begins  to  exert  an  influence  on  heat  transfer 
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in  the  given  cross  sectioi  (the  iaii.iir.Jin  points  in  Pig.  17-21,  whose 
locations  are  known).  For  large  values  of  Fo,  corresponding  to  the 
stationary  state,  we  can  use  the  heat-exchange  calculation  method 
discussed  in  Chapter  11.  For  a  stationary  regime,  however,  the  in¬ 
fluence  of  finite  wall  thickness  will  not  be  gr*eat,  as  a  rule,  and 
it  can  be  neglected.  Interpolation  must  be  used  for  intermediate 
values  of  Po. 

Figure  17-22  illustrates  the  influence  of  finite  wall  thick¬ 
ness  on  heat  transfer  in  a  flat  tube  at  a  distance  X  *  0.1  from  the 
entrance  when  the  temperature  of  the  outside  wall  surface  jumps  from 

t0  C  .  The  remaining  conditions  are  the  same  as  for  Fig.  17-21 

(in  particular,  wi  *  0).  As  we  see,  the  finite  wall  thickness  may 
have  a  very  considerable  influence.  While  when  6=0  (the  same  case 
as  in  Pig.  17-21),  the  heat  transfer  drops  during  the  initial  per¬ 
iod,  and  then  increases  to  a  finite  stationary  value,  when  6  =  p  /fl, 
the  heat  transfer  first  increases  from  0  to  a  maximum,  and  then 
drops  to  a  minimum  point;  only  after  this  does  it  again  increase  to 
a  stationary  value.  When  6  =  r  /2,  the  heat  transfer  spends  the  en¬ 
tire  time  rising  from  zero  to  the  stationary  value,  i.e.,  there  are 
neither  maximum?  nor  mlnlmums. 

4.  The  problem  of  heat  exchange  in  a  flat  tube  with  simultaneous 
step  variations  in  the  pressure  gradient  and  heat-flux  density  at  the 
wall  has  been  solved  on  the  assumption  of  slug  flow  [14], 9  The  fluid 
velocity,  constant  over  the  cross  section,  is  taken  equal  to  the 
mean  velocity  of  the  actual  flow,  and  is  determined  from  Eq.  (5-49). 
All  other  conditions  are  the  same  as  for  the  problem  of  heat  ex¬ 
change  with  step  variation  in  ip/ix  and  t  ,  which  was  considered  in 
paragraph  1 .  1 

If  the  flow  is  initially  stationary,  with  no  heat  exchange 
(»r=wi,  <=/0"“  ?e=0),  and  the  pressure  gradient  subsequently  changes 
abruptly  while  at  the  very  same  instant  a  heat-flux  density  q  is 

set  up  at  the  inside  wall  surface,  then  the  change  in  wall  tempera¬ 
ture  with  time  and  with  length  will  be  described  by  the  equation 


where 


MA\  Fo)+4-2  y!s4rf„(A,  Fo), 


n=0 


4 

Pc 


2  r,’  Pe 


ie»2r, . 
a 


(17-93) 


T!  e  functions  LQ  and  are  a  cermined  differently,  depending 

op  •‘■tch  of  the  two  regions  on  the  Fo-Y  plane  contains  the  given 
point.  These  regions  are  separated  by  the  limiting  characteristic, 
whc'-  equation  has  the  form 


..  i  ere 


9  /  4  o  7 
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Em - 

For  points  lying  below  the  limiting  characteristic  (small  values 
of  Fo), 

£,=Fo,  \ 

Iw= exp  (-(««)*  PoJ.  /  (17-95) 


For  points  lying  above  the  limiting  characteristic  (large  values 
of  Fo) ,  Lq  and  L  are  found  from  the  expressions 


m— 0 


X  1 1  —  exp  (~  E:m  Pr  Lt)\, 


1  <17"96> 

ffi  “0 

Xexp(-^.PrF.)[l-M,p(-^l„i,)].  J 


Fig.  17-23.  Variation  in  wall 
temperature  of  flat  tube  under 
simultaneous  step  change  in 
pressure  gradient  and  heat  flux 

at  wall  ^  a>|  — 0,  Pr  -0.7,  Fo=  "r  j. 


Figure  17-23  shows  the  results  of  a  wall-temperature  calcula¬ 
tion  using  Eq .  (17-93)  for  the  case  in  which  =  0  and  Pr  =  0.7, 

During  the  initial  period,  the  wall  temperature  increases  to  a 
maximum  .<nd  then  decreases  to  the  stationary  value.  This  value  is 
established  when  t lie  fluid  velocity  reaches  the  final  value  w2. 

Nonstationary  heat  exchange  in  a  flat  tube  has  also  been  de¬ 
termined  on  the  assumption  of  slug  flow  under  more  complicated 
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Fig.  17-24.  Time  variation  in  mean  velocity  (a),  mean  fluid  tempera¬ 
ture  (b),  and  heat  transfer  (c)  under  double  step  increase  ir.  pres¬ 
sure  gradient . 


boundary  conditions  [16],  in  particular  for  an  arbitrary  variation 
jn  in  time  and  over  tube  length,  and  with  a  simultaneous  change 
in  velocity  with  time  [in  the  latter  case,  just  for  an  elementary 

type  of  relationship,  '/<•  '</<•( i.-v) w  w( t)]  .  As  We  have  already  noted, 

l 'dilations  based  on  the  slug-flow  model  give  qualitatively  cor¬ 
rect  results,  but  the  quantitative  values  of  the  unknown  variables 
may  depart  substantially  from  the  true  values. 

.  We  have  so  far  considered  nonstationary  processes  of  convec¬ 
tive  heat  exchange  for  pure  forced  motion  of  the  fluid.  Certain  re¬ 
sults  pertaining  to  joint  action  of  forced  and  free  convection  are 
of  some  interest,  however.  In  [17],  a  study  was  made  of  nonstation¬ 
ary  flow  and  heat  exchange  in  flat  tubes,  and  in  [18]  in  round  ver- 
t'c'-"’  ^ubes  for  heating  of  an  upward-flowing  fluid  or  cooling  of  a 
uowiiu -  ^-flowing  fluid.  An  analysis  was  carried  out  for  fully  devel- 
■  >ed  (stabilized)  flow  and  heat  exchange  with  a  linear  variation  in 
11  temperature  along  the  length,  and  uniform  heat  release  in  the 
:>w.  The  initial  stationary  state  was  disrupted  by  an  arbitrary 
'  ne  variation  in  wall  temperature,  pressure  gradient,  and  output 
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of  internal  heat  sources. 


The  calculations  show  that  under  such  conditions  the  time  var¬ 
iations  in  velocity,  fluid  temperature,  and  heat  transfer  take  the 
form  of  oscillations  with  damped  amplitude.  The  oscillations  are 
most  noticeable  when  Pr  =  1  and  Ra  or  Gr  are  large,  as  is  quite 
clear  from  Fig.  17—24 .  This  figure  shows  the  results  of  calculations 
for  a  nonstationary  transient  in  a  round  tube  when  the  flow  contains 
no  internal  heat  sources,  for  Pr  =  1,  and  for  two  values  of  Ra,  1  and 


104 


(hereRa  =  Gr  Pr= 


Pf,  whcrr  ,4 


01 

OX 


=const).The  nonstationarity  results 


from  an  abrupt  change,  by  a  factor  of  2,  in  the  pressure  gradient 

while  the  wall  temperature  remains  constant  (in  time).  The  figure 

shows  curves  characterizing  the  time  variation  in  the  mean  velocity 

Wy  the  mean  temperature  i5  over  the  cross  section  (measured  from  t  ) . 

m  s 

and  Nu  (which  was  computed  with  the  aid  of  the  temperature  head  0  ) . 

All  these  quantities  refer  to  the  corresponding  stationary  values  at 
the  initial  instant.  While  all  these  variables  change  monotonically 
when  Ra  =  1,  they  oscillate  when  Ra  =  104;  the  oscillation  amplitude 
is  damped  with  time. 


The  appearance  of  oscillations  can  be  explained  as  follows. 

The  increasing  pressure  gradient  causes  an  increase  in  the  fluid 

velocity  and,  consequently,  in  the  heat  transfer  (since  dt/dx  = 

=  dt/dx  =  const) .  If  the  wall  temperature  remains  constant  in 
s 

time,  this  will  increase  the  mean  fluid  temperature  and  correspond¬ 
ingly  reduce  the  lift  force.  The  latter  entails  a  reduction  in. velo¬ 
city,  a  decrease  in  heat  transfer *  and  a  reduction  inthe  mean  fluid 
temperature.  This  increases  the  lift  force,  which  again  leads  to  a 
rise  in  the  velocity,  etc.  The  oscillation  frequency  is  greater  the 
larger  Ra.  The  oscillations  are  gradually  damped  by  the  viscosity 
and  heat  conduction. 


17-8.  SOME  GENERAL  LAWS  GOVERNING  NONSTATIONARY  HEAT  EXCHANGE  FOR 
LARGE  VALUES  OF  THE  FOURIER  NUMBER 


In  the  preceding  sections  of  this  chapter,  we  have  given  solu- 
ions  for  individual  problems  of  nonstationary  heat  exchange.  Here 
Wi  snail  consider  certain  .general  laws  governing  the  behavior  of 
the  nonstationary  temperature  field  and  the  Nusselt  number  for  large 
values  of  Fo.  The  following  discussion  is  based  on  results  obtained 
by  V.D.  Vilenskiy  [19]  with  the  aid  of  asymptotic  estimates  of  the 
.^stationary  temperature  field. 


Let  us  consider  nonstationary  heat  exchange  with  stationary 
notion  of  a  fluid  in  a  straight  tube  whose  cross  section  is  arbitrary 
but  constant  along  the  length.  If  we  assume  that  the  physical  proper- 
L..ou  of  the  fluid  are  constant,  that  the  flow  is  stabilized,  and  that 
effects  associated  with  energy  dissipation  and  heat  conduction  along 
the  axis  are  negligibly  small,  then  the  nonstationary  temperature 
field  is  described  by  the  equation 


m+w*V-  Z)-;!P 


,  o's 
01'  ’ 


(17-97) 
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wh  ere 


«=^Fo=!'lf'’=T- 

X=wx;  r-±;  Z-±i 


•XI 

here  d»=-j-  is  the  equivalent  diameter,  /  is  the  tube  cross-section¬ 
al  area;  e  is  the  perimeter;  and  t0  is  the  fluid  temperature  at  the 
tube  entranoe. 

Let  there  be  stationary  her',  exchange  before  the  nonstationary 
process  commences  in  the  tube.  Then  the  temperature  field  at  the 
initial  time  is  described  by  the  equation 


ero-o-e0(X,  Y,  Z ). 

where  0#  is  the  solution  of  the  problem, 

m  d*St  |  d*%. 


*  HY~^Yr^^zr' 

e.(0,  y .  z)=o,  e4<*.  yc,  zc)=®„ 


(17-98) 


(17-98a) 


where  I  and  Za  are  the  values  of  the  Y  and  Z  coordinates  at  the 
wall.  3  3 

The  fluid  temperature  at  the  tube  entrance  is  assumed  to  be 
constant  over  the  cross  section  and  invariant  in  time,  i.e.. 


6(0.  Y,Z,  Fo)-0. 


(17-99) 


We  confine  the  discussion  to  nonstationary  processes  resulting 
from  the  fact  that  beginning  at  time  Po  *  0,  the  wall  temperature, 
which  is  constant  over  the  surface,  changes  with  time  in  accordance 
with  the  law 


8(*.  Zc,  Fo)  -<D(Fo). 


(17-100) 


As  to  the  function  $(Fo),  we  assume  thatit  is  differentiable 
a  sufficient  number  of  times,  and  that  ^ >0 ! 0 

Considering  the  existence  and  uniqueness  of  solutions  to 

boundary-value  problems  for  .equations  of  the  type(17-97),  we  see 

that  in  the  region  j K |-^| Kc l.  |Z|<|Ze|,’Fo>0,  tf>0,  the  solution  of  Eq. 

(17-97)  is  uniquely  determined  by  Conditions  (17-98)-(17-100) . 1 1 

We  use  the  plane  X  =  WJ?o  (w  is  the  maximum  value  of  the  fluid 

tn  tn 

velocity  W£)  to  divide  this  region  into  two  regions: IH^I^cl.  |Z|<|Ze|, 
Fo>0,  X  Fo  and  |Kj<|Kc|,  jZ|<|Zc|,  Fo>0.  X<^„,Fo  .  We  note  that 

x  »  fc^Fo  corresponds  to  the  maximum  distance  traversed  during  time 

1  o  by  the  fluid  located,  at  the  initial  instant,  in  the  entrance 
;  a  r  1  on  to  the  heated  tube  segment.  In  the  first  region,  the  no  Tub  lor 
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of  (17-97)  Is  uniquely  determined  by  just  the  initial  condition 
(17-98)  and  the  condition  (17-100)  at  the  tube  wall.  In  the  se¬ 
cond  region,  the  solution  is  determined  by  the  condition  (17-99) 
at  the  entrance,  the  condition  (17-100)  at  the  wall,  and  the  con¬ 
dition  at  the  boundary  between  the  first  and  second  regions: 

(17-101) 

where  0i  and  02  are  the  fluid  temperatures  at  Xs»W„,Fo  and  , 

respectively . 

1.  The  solution  at  A'-* U7„, F<>  does  not  depend  on  the  conditions 
at  the  entrance,  and  in  the  case  considered  reduces  to  solu¬ 

tion  of  the  heat-conduction  equation.  This  solution  has  been  obtained 
in  [19].  To  determine  the  time  variation  of  Nu,  however,  it  is  more 
convenient  to  replace  the  exact  solution  by  asymptotic  estimates  for 
the  temperature  field,  which  are  valid  for  large  Fo.1* 

As  has  been  shown  in  [193,  the  limiting  properties  in  time  for 
the  temperature  field  and,  consequently,  for  Nu  are  determined  by 
the  limit  of  the  logarithmic  derivative  of  the  function  describing 
the  change  in  tube  wall  temperature  with  time  when  Fo  -»■  Asympto¬ 
tic  estimates  of  the  temperature  field  are  obtained  for  two  types 
of  function  <J>(Fo).  The  functions  of  tile  first  type  include  those 
functions  $(Fo)  for  which 


litn 

F0-.00 


tf  In  <J> 
d  Fo 


=0; 


while  the  functions  of  the  second  kind  include  those  functions  for 
which 


liin 

Fo-»oo 


d  In  « 
d  Ko 


=  *. 


When  Fo  is  large,  for  functions  of  the  first  type 

«,**<Fo)  +  V,<)\  (17-102) 

while  for  functionsof  the  second  type 

H,  Z)<I>(Fo)  +o((|»)* 1 3.  (17-103) 

The  functions  Vi  and  Vg  are  found  from  the  solution  to  the  follow¬ 
ing  problems: 

V,(Kc  Ze)  =  0; 

V.(YC,  Zc)=  1. 

Using  Expressions  (17-102)  and  (17-103),  we  can  show  that  when  ,Y 
is  sufficiently  large  (as  large  as  the  value  of  Fo  at  which  the 
asymptotic  estimates  (17-102)  and  (17-103)  become  valid,  which 


1 1  > 1 3 97 


-  *<93  - 


happens  when  X 2*  Wm Fo  ) ,  the  local  v,  ii  ^  Nu  =  ^  approaches  tne  limit 

Ni i  .If  $(Fo)  is  a  function  of  the  first  type,  then 
00 


(17-104) 


where  L—  lim 
directed  toward 
area. 


.V  =  -7—7-  is  the  dimensionless  normal  to  the  wall, 

dy/2 

4  f 

the  fluid:  F=-,-  is  the  dimensionless  cross-sectional 
dl 


Since  for  fixed  X ,  the  values  of  Fo  are  bounded  in  the  region 
X  iv', Fo  >  Nu  reaches  values  Nul0O  only  if  approaches  L  rapidly 

enough.  Here,  as  we  can  see  from  (17-104),  Nui()0,  depends  on  *,  since 

0o  depends  on  X.  When  L  -  0,  Nuleo  coincides  with  the  stationary  values. 

da> 

If  jfo  rises  without  limit  when  Fo  ",  then 


Nula,= 


(17-105) 


and,  consequently,  it  does  not  depend  on  X . 


If  $(Fo)  is  a  function  of  the  second  type,  then 


Na 


-(*L 


z~zr 


loo  ■ 


1— ;-jvj 


W*dF 


(17-106) 


The  value  of  Fo  at  which  Nu  reaches  values  Nu  depends  on  the 

tube  geometry,  the  type  of  function  that  <I>(Fo)  I:-.,  and  the  distance 
[‘  nn  the  beginning  of  the  heated  segment  (if  there  was  stationary 
heat  exchange  prior  to  the  beginning  of  the  nonstationary  process). 
It  can  be  determined  for  each  specific  case  by  using  the  exact  solu¬ 
tion  given  in  [19]. 


2.  In  the  region  of  values  *<lFmFo  ,  the  temperature  field  de¬ 
pends  on  the  conditions  at  the  entrance,  and  is  determined  by  the 
solution  of  Eq.  (17-97)  under  Conditions  (17-99),  (17-100),  and 
'17 -i").  Here  also  wo  can  obtain  an  asymptotic  representation  for 
tne  i  .  .uper-it  ure  field  t  hat  is  valid  for  large  Fo.  It  has  the  form 

y>  Z)x<(Fo)  +  0#(A\  Y,  Z).  (17-107) 
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The  Tunc'  ions  U ^  are  solutions  of  the  problems 


w  W* -L  oi,»  -  ten  1 

oZ '  ***'••  l 

t/,( o.  y,  z)= o.  u .  (X,  yc.  £«)=  i;  | 

n7  Wi  i  ICJI  —II  1 

Ui  (0,  y.  z) = o.  v, (X.  yc.  Ze) = o.  j 


(17-108) 


(17-109) 


The  functions  X.  are  determined  by  the  relationships 

X,  =  «l>  —  «1»,; . . . ;  X,  =  ‘-^—1  —  Ki .,X4.,; 

Ai  -  *  lim  -vs—, 

Fo-mb  “O 

.  rflnXjt 

If  for  a  certain  1  - *''rf¥5f  =r:|v. »  then  Series  (17-107)  breaks  off 
at  term  it,  and  we  obtain  the  following  asymptotic  expression  for 


V 


e,==Vl/,  (X.  y.  Z)  X<(Fo)+0[exp(-l,Fo)]  . 


1 4 


/=0 


where  Xx  is  the  first  eigenvalue  of  the  problem 

*<£+'-& +^=0.  V(KCf  Z,)=0. 

Using  (17-107),  we  can  derive  asymptotic  equations  for  speci¬ 
fic  cases.  These  equations  will  be  valid  beginning  at  a  certain  Po 
value  that  can  be  determined  by  numerical  solution  of  the  corres¬ 
ponding  problem,  or  by  the  approximate  method  given  in  [19]. 


Using  the  asymptotic  equations  for  the  temperature  field,  we 
can  obtain  the  corresponding  expressions  for  Nu. 

When  A'< U",„Po  }  the  limiting  heat-exchange  properties  correspond¬ 
ing  to  large  Fo  values  are  determined,  as  In  the  case  in  which 
•Y  ’  ff/,„Fo  ,  by  the  limit  of  variation  for  the  logarithmic  derivative 
of  the  function  <t>(Fo)  describing  the  wall-temperature  variation  in 
time.  If  the  function  4>(Fo)  is.  of  the  first  or  second  type,  then  Nu 
is  stabilized  in  time.  While  In  the  first  case  the  limiting  Nusselt 
number  corresponds  to  a  stationary  value,  in  the  second  case  it 
differs  from  the  stationary  value. 


If  4>(Fo)  is  a  function  of  the  second  type,  then 


NufcB  =  - 


' ) -r  ,  7-zr 


I - Jr  f  U%WtdF 


(17-110) 
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.ilhen  X  Uq  and,  consequently ,  iiu:a.  will  cease  to  depend  on  /, 

i.e.,  Nu*.  becomes  stabilized  along  the  tube  length. 

TABLE  17-1* 

Values  of  Nu  in  Round  Tube  When  the  Wall  Temperature 
Varies  Linearly  in  Time 


Fo 

Nu 

Fo 

Nil 

Jfi-O.S 

-T=!.n 

x-?.0 

X-0.5 

AttI  .0 

A-r2,0 

0.005 

•  .  " 

:\\  M 

3!. 56 

5.0 

4.17 

5.15 

5,97 

o.ei 

22.07 

22.07 

22.07 

10 

3.93 

4.72 

5.93 

0.06 

10.63 

50.63 

10.6.1 

741 

3.71 

3/18 

5.67 

0.1 

8.21 

8.21 

8,21 

UK! 

3.68 

3.83 

5.42 

0.25 

6.55 

6.55 

6.55 

500 

3.66 

3.09 

4.54 

0.S 

6.02 

6.11 

6.11 

1000 

3.66 

3.67 

4.20 

0.75 

5.62 

5.03 

6.02 

50)0 

3.66 

3.66 

3,79 

1.0 

5.34 

5.86 

6.01 

10000 

3.66 

3.G6 

3.72 

As  an  example.  Table  17-4  shows  the  results  of  calculations 
for  Nu  in  the  case  of  nonstationary  heat  exchange  in  a  round  tube 
produced  by  a  linear  increase  in  wall  temperature  with  time,  un¬ 
der  the  condition  that  there  is  no  heat  exchange  at  the  initial 
instant.  When  Fo  =  0,  Nu  is  infinite,  while  as  Po  increases,  it 
drops  sharply,  approaching  the  limit  Nuleo  =  6.  For  values  X  >  1.2- 

1.5,  Nu  reaches  its  limit,  and  with  a  further  increase  in  Fo  shows 
almost  no  variation  up  to  Fo  *  x/2t  when  the  fluid  that  had  been 
at  the  entrance  to  the  heated  segment  at  the  initial  instant  arrive 
at  the  cross  section  under  consideration.  Following  this,  Nu  again 
drops,  approaching  the  stationary  value.  For  values  X  <  1.2,  Nu 
varies  in  like  manner,  except  that  within  the  region  X  >  2Fnt  it 
•annot  reach  the  limit  Nula>. 


u- 


447 

‘lljU 


2l  c;  l 
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Footnotes 


1See,  for  example  [2]. 

2The  first  six  roots  ire  derived  on  page  .  There  they 
are  represented  by  the  symbol  e^. 

3This  is  the  superposition  method,  based  on  utilization 
of  the  Duhamel  principle;  this  is  discussed,  for  example 

[4]. 


■  corresponding  stationary  problems  are  considered  in 
§§15-1  and  15-2. 


456  5These  problems  have  been  solved  by  Siegel  and  Sparrow 

[6,  73. 

467  6The  temperature  profile  Is  approximated  by  quadratic 

relationship  (17-49)  for  a  stationary  regime  with  an 
error  of  up  to  14?  of  the  exact-solution  result.  Util¬ 
ization  of  a  higher-order  polynomial  gives  no  noticeable 
improvement,  however. 

473  77he  numerical  values  of  the  constants  in  this  problem 

are  the  same  as  for  the  problem  solved  in  §17-2,  para¬ 
graph  2 . 

486  0This  curve  can  be  well  described  by  the  familiar  solu¬ 

tion  to  the  problem  of  nonstationary  heat  conduction  in 
an  unbounded  plate  which  was  at  first  at  a  constant  temp¬ 
erature  to,  and  then  experienced  a  temperature  Jump  on 
its  surface. 

488  9The  problem  of  heat  exchange  in  flat  and  round  tubes 

with  stationary  slug  flow  and  a  step  variation  in  q 

s 

in  time  has  been  considered  in  [15]. 

492  10A  similar  approach  can  be  used  to  investigate  the  case 

in  which  wall  temperature  decreases,  as  well  as  other 
nonstationary  processes  (time  variation  in  heat  flux  at 
wall  or  in  fluid  temperature  at  entrance) . 

492  1  1  For  the  references  to  the  original  studies,  see  [ 19 ]  . 

493  1  Estimates  can  be  obtained  by  the  same  method  as  In  the 
study  referi’ed  to  in  §6-6  (see  Reference  [19]  in  the  ref¬ 
erences  for  Chapter  6). 

493  1 3The  symbol  o(x)  means  that  o(x)  is  of  lower  order  than 

x. 

495  1 4The  symbol  0(x)  means  that  0(x)  is  of  the  same  order 

as  x. 


Manu¬ 

script 

Page 
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446 

479 

488 

492 


Transliterated  Symbols 

c  =  s  =  stenka  =  wall 

Kp  =  kr  =  kriticheskiy  =  critical 

is  *  n  =  naruzhnyy  =  outside 

3  =  e  =  ekvivalentnyy  =  equivalent 
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